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1 Introduction

Over the years, there have been numerous discussions and proposals surrounding the use of complex approx-
imations. The field of approximation theory has seen significant advancements, with noteworthy contribu-
tions to its knowledge base. One particular area of research that has garnered attention is the work of Aslan,
which centers around their exploration of [1]. Aslan’s research delves into the intricate nature of approxima-
tion methods that involve operators. Their article provides valuable insights and significant findings regarding
the behavior of these operators, ultimately contributing to our overall understanding of their ability to
approximate. On the other hand, Agrawal et al.’s research [2] takes a different approach by studying the
interrelationships among various types of operators. This enriches the scope of approximation theory and
provides valuable resources for effectively approximating functions.

Cicek and izgi’s study [3] is centered on bivariate operators and their ability to estimate functions within
triangular regions. The findings of this research carry significant weight for numerous fields and prac-
tical uses.

The past few years have seen a proliferation of talks and propositions regarding the effective employment
of intricate approximation operators. Q-calculus holds a crucial importance in the realm of mathematical
research and has been emphasized in the seminal book by Aral et al. [4]. This work serves as a fundamental
reference in the realm of g-calculus, revealing the profound utility of g-calculus in operator theory. Various
researchers have introduced and examined several g-operators, focusing on their properties in approxima-
tion. One notable contribution to this field came in 1987 from Lupas [5], who presented the initial g-analogue of
the traditional Bernstein polynomials. Additionally, Phillips [6] made a significant contribution by introducing
another important innovation. The g-analogue of Bernstein polynomials is a mathematical concept that seeks
to extend the traditional Bernstein polynomials to a g-parameterized version. This extension introduces a new
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level of complexity and versatility to the polynomials, allowing for a broader range of applications and
calculations within the realm of mathematical analysis. In 2012, there were two notable studies conducted
by Maheshwari and Sharma [7] and Govil and Gupta [8]. These studies focused on examining the approxima-
tion properties of g-Baskakov-Beta-Stancu operators and g-Beta-Szdsz-Stancu operators. The researchers also
provided estimations of the moments and successfully established a direct correlationbetween the outcomes in
relation to the modulus of continuity and a formula that approaches infinity for the g-operators.

Yiiksel and Dinlemez provided a Voronovskaja theorem for the g-analogue of a specific family called
Szdsz-Beta in their work published in [9]. The use of type operators is discussed in the literature. Gupta and
Agrawal [10] provide information on the rate at which the Szdsz-Beta operators converge, using g-integers.
Dinlemez [11] explores the approximation properties of q-Szasz-Beta-Stancu-type operators and presents a
weighted approximation theorem for these operators. Following these studies, further research has been
conducted to expand upon these findings. Numerous captivating generalizations concerning the g-calculus
of the Beta operator have been presented in various sources, including [12-14].

The main focus of [15] revolves around the q analogue of the widely recognized Stancu-Beta operators.
This includes an examination of their moments, recurrence relation, and the presentation of various direct
outcomes related to the modulus of continuity of the g-Stancu-Beta operators. In a separate study, Yiiksel and
Dinlemez introduced a positive linear operator of the g-Baskakov-Schurer-Szasz variety, along with its Stancu
generalization [16]. Furthermore, Cheregi explored the complex g-Baskakov-Schurer-Szasz-Stancu operators
on compact disks [17]. The current research expands upon prior studies and introduces a modified version of
the Beta-type generalization of complex g-Baskakov-Szasz-Stancu operators on compact disks. The focus of this
study is specifically on the modified Beta operators, as mentioned in [18]. For recent related work, we refere
to [19-23].

In order to address the restricted abilities of g-Beta operators to solely replicate constant functions, we present
a resolution to improve the convergence of approximating functions on compact disks. Notwithstanding this
constraint, the operators retain their versatility as a result of their capacity to handle intricate variables and adapt
to diverse weight functions. This adaptability renders them a valuable instrument for a range of applications.

In programming languages, the aforementioned operators play a vital role in data manipulation and
transformation. These operators are specifically designed to carry out a range of operations on different
data types, including arithmetic calculations, logical comparisons, and assignment of values. Programmers
rely on these operators to develop intricate algorithms and incorporate specific functionalities into their
programs. It is imperative to utilize these operators correctly and efficiently to write code that is both func-
tional and efficient. Additionally, type operators are indispensable for ensuring the proper handling and
manipulation of data in programming.

The terminologies that we introduce in our work are specifically linked to the analysis of q.

Each integer I 2 0, ¢ > 0, [1]; is accompanied by a set of corresponding definitions [17]:

— g er\m
[Mg={1-q W
k, q=1
Forl € N and [0], = 0, the definition of the g-factorial is as follows:
1412]6-[1]4, VI e N*
[1]g! = [l]q[ o1ty - @
and in their respective order
n-1
1+ ¢t € N*
(1 + Z)i{ - ll:(l)( + QZ); Vl ) (3)

1, [=0.

The g-binomial coefficient is defined for integers 0 < I < m as follows:
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n [m]q!
] = ! @
Uy [lg!m - 1]
Let us denote the g-derivative of D, f,(2) of f, for a fixed value of q > 1 as follows:
he-f@
7’ Z bl
Dif(z)=1 (q@-Dz ©)

£;(0), z=0.

Also, Df, = f and DJ'f, = Dy(D]" 'f,), Vm € N.
We have presented two different forms for the g-exponential function. Jackson defined the g-exponential
function e,(z) using |q| <1 and |z| < = q'
e(2) = (1 -z + qz);". (6)

Assuming e,(z) is an entire function for |q| > 1,

ad 1 z
e,(z) = 1+ — - . @)
q( ) m|_=|0 qm qm+1]

To acquire an alternative exponential function, we need to invert the base in equation (6), for values of q
such that |q| is less than 1:

E2)=(1-2z+qz). ®

Upon requesting it, we are promptly provided with

Ef2) = [1A +2q™ - zg™Y), gl € (0, ), 9)
m=0
by (7).
Our study focuses on the scrutiny of an analytical function that lies within a disk centered at the origin,
denoted as O, and has a specific radius of R.
Consider a disk Dy = {z € C||z| < R} in the complex plane C.
Let H(Dg) represent the set of analytic functions on D, where ﬁl maps to f: [R,®) U Dg — C continu-
ously in (R, ©) U Dp.
In our writing regarding f, € H(Dg), it is permissible to utilize the expression f,(z) = Y meoCmz™ for any
value of z within the domain Dg.
Assume that there exists real-valued continuous functions fq and fq defined on the interval [0, o),

q€(0,1),p,lEN,m € N*

a ] Qa
M%mu— fszﬂmwﬁ +é@a 10)
where
1 - m+1 12 Xl
by, p(x) [ ; ]qq A x0T (11
and
1],t +
s’ln’p(x) - Meq mHt 12)

[T
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2 Additional outcomes

Lemma 1. The recurrence formula is defined as

(aq B) z(1+2) ) (aq B m+1],z+1+1 (aq )
qmpl+1() [m+1] mpl() [m+1]q qmpl() (13)

where Téfl,f{,l;‘f)l(z) = Bygff{ff)(el)(z) and N° represents the collection of all non-negative integers. It can be observed

that the said recurrence formula applies to all integers withinm,p,1 € N° 0 < a, < Bq, and z € C.
Proof. By denoting e;(z) = z! and writing,

(aqB) (m-1] ¢ p
2(1 + 2)DTe0(z) = Wq Y2z + 1)qu,$1,p(z)js,’,,,p(t)tldt,
=1

q

[m

1]
[m]q — Z(z - [m + 1],2)bY, p(z)J' shp(0tdt,

=T Zb e )j[(l [m + 1gt) + (Im + 1]yt - [m + 1],2)]sh, (O)eldt,

-1
=_[”Em] —]q S bl p<z>IDqsmp(t>r’+1dt+ [m + 1y Tympn(2) = [m + gz Tymyi2),
q =1

(qu (qﬁq qﬁq qﬁ‘l

Z(1+Z)D qmpl(z)_ @+1 qmpl(z)_[m+1]qz qmpl(z)+[m+1] qmpl+1(z)
B (ag.By) (ag.By)
[m + 1]q qrglpqlﬂ(z) = Z(l + Z)D Tq,rgl,pq,l(z) + (l +1+ [m + 1]qZ)Tq,rlrll,pq,l(Z):
k) 20+2) ) oy Mgz UL )
Tomp11(2) = [m 1] i Tompi(2) + T men, Tompi(2)- O

We were able to obtain the desired result for z € C.

Lemma 2. Denoting B,(,,Op 1(€)(2) as Bm 2,q(€)(2), forallm,p,l € N, we have established a recursive relation for

ag. ﬁq

the images of monomials e, under Bm in terms of By p (e, j = 0,1, L.

a 1] [m+1fag’
o - 5[}

m B, p,q(€)(2). (14)

Proof. When [ equals zero, equation (15) remains true. For the specific value

Jqt]
(aq B,) t [m+ 1]qaq
14 _.p 2), 15
Tympt(z) = ]Zo[j q([m FET Bq)t m,p,q(€)(Z) (15)
let it be true that I equals ¢.
Using equation (14),
gt
(aq,ﬁq _ 2+ 7) « [m + 1]}a,
Top e+ i 16
m,p,t 1z [m+1 q]zo (Im + 1] + ﬁ )t m,p,q(e/)(z) (16)

[m+1]qz+l+1‘ m+1
e Bm,p,q(ej)(z): an

[m + 1], (m+1]q+ﬁ)t
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C(e) [m+ 1) a7
= T 2 11 4 p il 18
/go[j]q([m g + B (18)
1 m+1lz+1+1
s f])D Brpg(€)(2) + %Bm,p,q(esz) , (19)
q

which has been obtained.
By deriving a recurrence relation for the complex g-Beta-Baskakov-Szasz-Stancu operator, it becomes
evident that

] f [m + 1ja;7"!
(qﬁq( - z[ t ]

Top,t+1(2 j-1) (m+1), + ﬁ Yo B,p,q(€)(2)

t [m + 1]Ja‘ 1
3 t] Brpa(@)(@), 0)

ol (m + 1, +ﬁ>f+1'

Gy 1) [m+ a7
- Z[ ]([

i 1, prrtme

)(2),

providing proof for the lemma. O

3 Approximation of complex g-Beta-Baskakov-Szasz-Stancu
operators

We proceed to provide numerical approximations in the subsequent section, accompanied by the following
theorem.

Theorem 1. Let R be a real number greater than 1, and let f, be a function defined on [R, @) U Dy that is
continuous and bounded in [0, «) and analytic in the disk Dg. In particular, we can write f; as a power series

Y0ciz! that converges for all z in Dg and for all non-negative integers l. For any 0 < a, < B,and1<r<R
assuming arbitrary but constant values, we present an estimate that holds true for all|z| < r andq > 1,m €N,

[m+ 11,8, + 1) + B
B q(Pq 4
B U@ = 1@ = Gy G+ 11, + B’

(21
where

G =20 +2)Y gl + 2)!r'! < oo,
=1

Proof. Through the use of Lemma 2, we are able to obtain

;",ﬁffl(ezxn - e(2)

m +1 ]a -j
[ ] ( )l “(Bm,p,q(6)(2) ~ €(2))

m+1

[m + 1}}a [m + 1]
+ Z[ ] m (e)(2) + mBm,p,q(el)(z) - ¢(2).

The utilization of Lemma 1 presents a potential opportunity for the acquisition of
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( _z(1+ (ag,B) - m + 1],z ; _

qf;gliql( - (1+2) q(quz:lle_l(z) -7y + 7( a,:i’;‘ll 1(2) - 211
[ +1], L+ Ll @
SADHADr 0 ey m,p EN.

[m+1],
We denote the norm ||-|| in C(Dg) for 1 < r < R. Here, Dy is defined as the set of complex numbers z where

|z| < r. Within the closed unit disk, we establish an inequality that states |D,Py(z)| < %||Pl||, for all|z| < r. This is
applicable to Pi(z), which is a polynomial of a degree less than or equal to l. Using the recurrence relation
mentioned earlier, we are able to derive the following result:

(aqxﬁq) _ (aq ﬁq m + 1] (a‘l Bq _ -1 Q - 1
|Tq,m,p,l(z) | < [m +1] [ ]” m,p,1- ll- + [m + 1] | m,p,l- 12) - 27 + [m + 1]qr

The suggestion made using the notation ¢ = r + 2 is that

(agByp X @+ 1k r)k k) k .
ITympi(2) — z |5[’" + [m + 1], I qmqu llr + 7[”1 ; 1]q(2 + r)rk-
_ (Wq k-1
=|r + + re-.
[m + 1] ” q.m,p,k- 1||r [m ¥ 1]q

The process of deriving outcomes involves utilizing induction in regards to k, and taking into account the
condition of m +1 2 «:

(ag.B) < 1+ 2)!

— ol -1
|Tq,m,p,l(l) zZ' < [m + 1]qr‘ , Vi1, (23)

The aforementioned recurrence transforms into

(ag.B)
I Tompe1(2) = Zl+1|5[7"+

W+n [+ . (1+1)
[m+1]; |[m + 1], [m+ 1],

S[H (@ +1)

m + 1, ](l + 2+ r(+1).

Given that the value of m added to 1 is greater than or equal to ¢, we can conclude that:

ITywlo (@) = 2 < (r+ 1+ DA+ 2! + 1L+ 1) < (1 + 3)Ir.

For any value of [ greater than or equal to one and a fixed value of r greater than or equal to one, the
validity of this is evident.
In the course of our work, we employed the equation denoted as (23):

a L1 [m +1}jal” [m + 1]]a”
HT;,m,l;q,)l(el) - el“r < Z[ ] ( m + 1 + ﬁ )l ” m,p,q(e] e]”r [ (m + 1 )l ( )(Z)
j
[m + 1], [m + 1],
+ —([m N 1]q + ;Bq)l ||Bm,p,lI(€l) - el + [1 - _([m A 1]q i Bq)l] rl
<([m+1] ta) (1+2) o (Im + 1]y + ap) [m + 11,
(Im+ 1y + B [m+1] (Im+1g+B)  (Im+1], +B) 24)
. [m + 1]1 W1+ 2)| 1y |y [m + 1]51 o
([m+1]y + ﬁq)l [m + 1]q (Im +1]g + B!
al+2)! ‘ 1B,
Si[m+1] ri-1+ or! TES) +[3q
([m +1]pB, + 1 + B,

([m +1l)([m + 1, + B) 2L+ 1L



DE GRUYTER Approximation of complex g-Beta-Baskakov-Szdsz-Stancu operators = 7

Incorporating the inequality 1 - |'|3-=1xj < leq(l - X;) is a common practice in mathematical discourse.
This equation is applicable when considering variables x; within the range of 0 to 1, where j is any integer
between 1 and l.

Now, we write quﬁ" (f(2) = YT, (,f, p1(2), which implies

B (@) = [, @I= Tl Ty - 21

% (Im + 1)(B, + D) + B,
=1 ([m +1])([m + 1], + ﬁq
(m+1)B,+ D+ B, &
(Im + 1])([m + 1], +%)ZMH1+D|ﬂ1

(k+2)!- i1 (25)

=2r+2)

We denote that, for every value of r from one to R, and for every value of z smaller than or equal tor, the
following notation holds

C =20 +2)Y gl +2)!r'! < oo,
=1

As a result, the demonstration has reached its conclusion. O

Lemma 3. We can establish that the given inequality holds true for all values of |z| less than or equal to r, where
r is greater than or equal to 1, q is greater than 1, and m, p, and | are all natural numbers, provided that m is

greater than or equal to r + 1. The absolute value |Tl§fl,f,’fgl,i)l(el)(z)| < 4ri(l+ 2)N

Proof. We start with the following inequality for the norm in the disk of radius r:

(ag:By) (ag:B)
I Tgmpi(ellr < 1Ty mpiCe) = el + lleil-
This is just the triangle inequality for the norm.
Next, we employ the relationship indicated in equation (23)
(@g.p,) (r+2a+2)t ., G+ A+ 2!,

T, @l s ———————— -rtt+rl=
Wampr@ll = =173, r(m + 11,)

Now, we can simplify the aforementioned expression:

(g

I TgmpiCellr < 1! A+ 2D+t <3rl(T+ 2)! + rl < 4rl(1 + 2)),

2
1+ =
r

forallr21, m,p,l€Nandmz=r+1. O

Theorem 2. Assuming that the Theorem 1 conditions are met, where 0 < ag < ﬁq, 1<r<R,and q>1, the
Voronovskaja-type finding applies to all |z| < r and m, p € N. The inequality expression

A ag+1-fz -1 2(z +2)
Bmp.q (J)(2) - f(2) - Wf( z) - 2m + 11,4

MUY NUY B
T (Im+ 1]q)2 [m + 1]q ([m + 1]q + ﬁq)z

Promary MC))

(26)

holds true. The next formulas illustrate a complex mathematical equation with various contributing factors

““G>=%r+ﬂ”2mva—nz—ﬁa—n+(r;D
=2
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and

N = 3 s+ afas o<

l=m+2

B(f) = X lallll - DQag + B2 = agh, + 38) + (B, + D(ag + D) + (r + D(ag + BIU + 2)Hr! < w.

Proof. Considering all z € Dg, we examine

JRCwS “Bz-1 2(z2+2) ,
Bmpq (f)(2) - f,(2) - Tf (2) - qu (2)
= Bup(f, f”( 2) + Bt (f,)(2) = Bup.o(£,)(@)
a - Pz-1)
- Wfq @).

Using the expression fq(z) = Zfioqzl in the second term, we are able to obtain our desired result:

ag+1-Fz-1) (z+ 2)z
[m+1]q 10 @ = v, a

z+2z
[m ] 2m ]f()‘

. B,z -1
Bup(e)(2) - B pq(e(2) - #
q

Bug ()@ - f,(@) - T I )‘

Bupa(£))@) - f,(@) -

-1

The equation involves several absolute values of the difference between certain functions and their approx-
imations, as well as a sum of absolute values of coefficients and differences between certain modified and
unmodified functions, along with a polynomial expression with coefficients that depend on the function being
approximated.

We have developed a method to estimate the first sum by expressing By, p,4( }jl )(z) as a summation of |¢]

multiplied by By, p 4(e))(2), with I ranging from 0 to infinity.

Thus,
Bup )@ - (2 F A
< 30l Bupal@)@ - o(@) - [mil]q A e !
Busa)® =@ ~ i ) - Z)j e >‘

=Y

Z|Cl|

[I(1 - Dz + 212 - D]z
2[m + 1],

Bmpq(e(2) - e(z) -

For any natural numbers m, p, and [, along with any complex number z, we possess Lemma 1.

A+z)z m+1l,z+1+1

Bmp,q(e1:1)(2) = meBm,p,q(el)(z) + [m +1] Bm,p,q(eD)(2).
q q

We currently denote
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[I(1 - D)z + 212 - D]z
2[m + 1], '

Om,i(z) = By p g(e1)(2) - e(z) - (27

The polynomial O, ;(z) has a degree that does not exceed 1; after some basic computation and utilizing the
aforementioned recurrence relation, we arrive at their conclusion:

_z(1+2) [m+1],z +1
Om,i(z) = meOm,l—l(Z) + Wom,l—l(z) + Eni(2),
where
_2ar ZFY - DA - 2%z + 1)
Eni(2) = m+ 1P T (I-DA-2)F-2+2) + 2m + 11

Givenl = 2,m, p € Nand|z| < r, the statement holds true. Using theorem 1, we were able to derive an estimate.
The following inequality is true for the polynomial function

|Bm,p,q(eD)(2) — e(z)| < wr“.

[m+ 1],
The inequality expression states that
r(r+1) l
|Om,i(2)] < [m+ 1] |DyOm,1-1(2)] + [T’ + 1l [Om,1-1(2)] + |Em,1(2))].
q q

Due to the fact that Op,;-1(2) is a polynomial with a degree of less than or equal to [ - 1, we are able to
obtain

l -
DO 42 £ = 10m 1@l
From (27),
l- I-D- l- - Dler-
200015 = et - e ‘ 0= 26 20 366~ Dy H
q
L[, (0= DA-2r+20- DG - l)]rl-Z]
r [m+ 1], 2[m + 1],

-1 ri2

< Tr+2A+ 2+ A -DUA-2)(r + 2)]

r [m + 1],

_ A=-Dr2(r+ [+ 2)! + (1 - DI - 2)]
rim + 1],

y ri=3(r + 2)(1 + 3)!

- [m+1],

The equation can be simplified to

r(l+r) ri=2(r + D(r + 2)(1 + 3)!
[m + 1]q |Dq0m,l—1(z)| = [m + l]czl

and

|Om,1(2)] < i+ D0+ 2)(1+ 3)! + [r +

[m + 11 [m + l]ql|0m,l—1(z)| + |Emi(2)].
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Assuming [ is greater than or equal to two, and with m, p, and r being natural numbers, it is required that m is
greater than r + 1. We were able to obtain the following result forl < m, m > r + 1, and |z| < r, by using the

1
inequality r + ——— e, Sr+1.

ri=2(r + D(r + 2)(1 + 3)!

|Om,i(2)] < [m + 1 =+ (1 + D|On,1-1(2)| + |Emi(2)],
with
2ri-2 _ _ _ rEi - DX - 2)X(r + 1)
|[Em,1(2)] < i+ 1]2 (-2 -2)(2-21+2) + 2Am + 1]2

We were able to derive

2r + ) r(r+ D ¢ r+ DM +2) <
Om DX - 2 2% +2 DAj -2+ ——— =2 3)!
|Om(2)] < v 1F ]Zz(] Y- -2+2)+ Am 1E ,Zz(] Y -2+ m 1 ]ZZ( j+3)
Lu- DI (r + 1)l+1[ ) 1-2?2 -1+ 20+ 1)
[m + 1], SO -2 4r ] " [m + 1], 3

foranyz € C and 2 < I < m + 1, where |0y o(2)| = |0m1(2)] = 0.
To deduce or conclude something, one needs to have a premise or condition, which is typically repre-
sented by

P Jp)@ I8 f(*zm+mﬂ“‘
n+2
SZM%MW+ZMWMM
I=m+3

- + _ _ - 2)2
S m+1p IZZZICII(I Dr(r + 1) 1{(1 -2 +2)+ }

+ L= 1+ 2)(r + DL+ 3)!
[m+1qlzz( )(r+ 2)(r + )71+ 3) o

[I(0 - Dz - 211 - 2)]z1!
2[m + 1],

+ Z |cil| B, p,q(e1)(2) - e(2)] -

I=m+3

IA

Z|Cl|(l - Dr(r+ 1)’”‘(1 2)(12-20+2) +
[ +1]; I7 1=

(ﬂﬂ

-1

SU-D0+ DI+ Y gl 2D,

+ 2
[m+1qzz 1=m+3 [m + 1]

) NG
T (Im+ 1]q)2 [m+1], ’

where

MU = 2+ DS lelrd - 17 - a1+ T 2 g <
1=2

and

N = Y lal

l=m+2

% + 1](1 +2)Irtt < o,

We proceeded to estimate the second sum by using Lemma 2, which involved rewriting the sum in the
following manner:
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JRCwS Bz-D-a;

Bm,p.q (e)(z) = Bm,p,q(e)(2) + [m + 1, Izi1
[m +1)ja}’ [m + 1],
[ 1)y + . Prea @O L |Gy g | e @)
+ u -1
[m+1]q + B,
2 [m+1al’ laglm + 1]
= JZO ] qm . Bm,p,q(ej)(z) + mBm’p’q(el_l)(Z)
S _m+ 187 Blz-D-a
) ,;, j] ([m +1]g + B, " Bmpq(eN(z) + i+ 1), + B, Iz
< [m + 17 lagim + 115 ]
= 20[ qm Bmpq(€)(2) + (—_'_ﬁ)l(Bmp,q(el—l)(z) -z
li 1) [m+187 5 1B,[m .
pr’ ([m + 1 + B )l mpq(el)(z) ([m ] B )1( mpq(el)(z) )
lag . [m +1];! I8,

I [m +1];"

+ -1 + -

m+1l,+ B, |(m+1l,+ B M+l + B, | (m+1l+ B
Bt Bt Bz Im 11y

[m + 1ly((m + 1], + B,)

Using Lemma 3 in conjunction with the subsequent inequality, we can proceed as follows:

l [}
_ M <sh [m + 1], b "
m+1l,+8,) A Im+1+8 [m+1]q+/3q
We obtain
- [m + 1]](1 i
g[ ] (Im + 1], + B)l B p.q(€)(2)
[m + 1]1 I=j

: [ ] (Im + 1], )l "1Bm.p.q(€)(2)]

j=0

I}
MN

(-1 (1-2) [m+1la”
La-pa-1 —j)[ j ] T el + iy Prrd @)

-n _ a o 1-2) mr e
P STy 4“’”2[ ']<m+1 R
211 - Dirt2ag
(m+ 1, + B

IA

IN

Now, we have obtained
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; B(z-1-a
By (e)(2) - Bupg(en(@) + ————;éﬂ*

_ -2~ 2 _ 2
Smalw“%+ KHD%ZUMW”+ MIDQZWH
(m+ 1+ B (m+1] +B) (m+1l, + B)

- Dagp, 1@r+ma+ml (- DB?

+ ril+ —r
m+1,+ B (m+1l + By (m+1l,+ B

By(ag + B, + By + [m + 1plr'-!
.
(Im + 11, + B,7 ’

which led to

) P~ D", an
B (€0(2) = Bnpa( @) + g =g b = o S

B(f,) = Y lell - 1(2aZ + B = agf, + 38) + (B, + Diag + 1) + ( + D@y + fIU + 2! < o,

Using (28) in conjunction with this, we are able to establish the intended outcome. (I

Theorem 3. Assuming that q is greater than 1 and 0 < a4 < B, and the conditions of the function f are met as
described in Theorem 1, suppose that 1 < r < R is a constant. Then, for any m and p that belong to the set of
natural numbers, where m is greater thanr + 1 and |z| is less than or equal to r, we have demonstrated that

(aq:ﬁq) _ N 1
||Bm,p,q (fq) (f;l)”r m+ 1,

(30)

The equivalence’s constants are solely dependent on the values of f,, aq, B, and r, provided that f, is not a
polynomial of degree less than or equal to zero.

Proof. We state that, for any natural numbers n and p, as well as for any complex number z with an absolute
value less than or equal to r, the following holds:

k) G- B r1-Bz 2(z+2) ,, )
B ()~ &) ==y Qm+2m+ﬂ@@wﬁm+mmHuq
JRC R Bz - B, - _ ,
B (f,)(2) - gu>——7;—7——f() [ ]f(J
By making use of the inequality that follows
1 + Gyll- = [lIFll- = [1Ggll- = lIFgll- = [1Gyllr»
we were able to obtain the following result:
(@) 1 , 6’1(6’1 ” 1 2
1B ) = ol 2 gy || @a * 1= B+ B + G 1
gk Ben-Bi—ag-1 (e + 2)91 "
Ba () ~f + =g, - )|

We are able to write, based on our hypotheses on f, that f cannot be considered a polynomial with a
degree of <1 in Dg:
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31(91 .,

(ag+1-Be+ Bf' + ———

The application of Theorem 2 leads to the conclusion that:

ag, B €1~ ((1 + B + 1)
BASI(f) ~ f, + o T e1(91 Dy |

[m + 1]

An independent constant C with a positive value is present.
We have established that, given fq, ag, ﬁq, q, and r, there exists an index m, such that for all n greater than

or equal to mg, the condition ———— [m+1] — 0 asm — o is satisfied.
+ 2)e
(ag + 1 - Byey - D)f + ——== ) @) - Im+ g
Lt ﬁ€1‘ aq+.3+1), (er +2)ey ,,
B (f) = f+ = : - = 1f()
[m + l]q + ﬁq 2[m +1]7¢
2 e
(ag+1- (e - Dy + LD
This suggests
(ag.B) 2)81 .

1Bmp.q (fy) = fyllr 2 (ag +1- Byler - D) +

_1
2[m + 1],

Whenever the value of the parameter m is greater than or equal to the baseline value of m,, the following
statement applies for all m. On the other hand, if the value of m is between 1 and m, - 1, inclusive, we obtain
the following outcome:

||B (aqsﬁq)(f ) f ” > “4, ,n(f )
w 1 1 [m 1Iq '
(aq;ﬁq)

If My m( fq) = [m + 1]g||Bm,p,q ( fq) - flIr is taken into consideration, it is evident that the value obtained will
always be greater than zero. Ultimately, we are able to acquire.

3D

B
My " (f,
(ag.Bp) _ T Mg/ (32)
1Bmp.qa (fp) = fll- 2 1,

Using the function My q’ﬁ"( fq) defined as the minimum of M; 1( fq) through M, p,-1( fq), and also incorpor-

ating;|/(ag - B,e1 + B, f'+

(e ey 2)e1 - "I, we, as stated in Theorem 1, are able to attain the desired conclusion.

Theorem 4. Ifq > 1,0 < a4 < B, and the conditions of f in Theorem 1 are met, then suppose1 <r <1 <R are
the constants. In this scenario, and for all m, p, u € N, where m > r + 2 and |z| < r, we have established the
following:

1

(aq ﬂq)
[m+1],

IBrpd F) 0 = f), ~ (33)

The constants present in the equivalence are dependent solely on j:I, q,Ug, 11, g, ﬁq, andr, provided that jjl isnota
polynomial of degree less than or equal to ug - 1.

Proof. Let ¢ be the circle with center O and a radius of r;, where 1 < r < r; < R. Because |z| < r and ( is a part of
I, it follows that |t - z| =2 , — r. Applying Cauchy’s formulas, we can deduce that for any |z| < r as well as
nm, p € N where m > r + 2, the following is true:
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(aq By
(Bm a8, (f )(Z))(uq) f(uq) (2)<s—+ I Bm,p,q (f Ok f Q) de

(t = z)4a*
(a -By)
My gt 2 (39)
[m +1), 2t (n-r)t?
(a By
o (ﬁl uq!rl

RSN e

This serves as confirmation for one of the inequalities present in the equivalence.
We obtain a result from Cauchy’s formula

(aqﬁ
a Bt (F)0 ~ £,0
B @) = [10(2) = il T 3

We have considered all values of ¢ in the set I', along with natural numbers p and m:

a 1
;%;’,’flq W - (0= o 1] (ag+1-Bof; (0 + ¢ ;r "
o (F1-BY ) (36)
* g Im LB U0 ~ 0 - [m+1]+ﬁqf()- [m+1]f()
Using Cauchy’s formula, we were able to derive our results:
B ([ = f{0(2)
B 2(z+2),, J%
1, 1] (@ +1-Fuf @+ ——, (Z)l @7
1 fugt ( Im* 1l Fr-a.-1 ,
* oo 1zt | P U0 =0+ SO S Of
By transitioning to the norm ||||,, we were able to obtain the following result:
@) o\ g
|1Bmpg (f) 0 = f10|,
1 , el(el . ()
* el (ag+1- Beofy + f (z )] .
1 e m+12 ﬁ L= dg
iy | 2 G B0 - 10+ L, 10~ g Do

We have, according to Theorem 2, established that for any natural numbers p and m, the statement
holds true:

[m + 1] L) Bt - aq ( Y
Zm ) (=2 T Bmpd (O - f(O + ﬁf -0 1] f (O)de -

Ug! Y
S o -y )uqﬂZ My ).

It is possible to express f in Dy by means other than a polynomial of degree <0, given that it does not
belong to that category:
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(W)
,, (e +2)e
(Clq +1- ﬁq(el - 1))fq + qu > (0. (40)

One can obtain the remaining portion of the proof in a similar manner as demonstrated in the proof for
Theorem 3 (see [12]). O

4 Conclusions

The utilization of g-calculus has enabled the creation of g-analogues of numerous traditional operators and has
been explored in terms of their approximation properties. In the subsequent article, we introduced a Beta-type
generalization that had been modified for complex Baskakov-Szasz-Stancu-type operators and applied it to
their g-analogues on compact disks. We also confirmed the convergence of these operators and provided
estimates of the errors in the modified Beta-type generalization of complex Baskakov-Szasz-Stancu-type
operators and their corresponding g-analogues. The properties of our approximations have been a subject
of interest. In response to the limited capabilities of g-Beta operators to only replicate constant functions, we
propose a solution to enhance the convergence of approximating functions on compact disks. Despite this
limitation, the operators remain versatile due to their ability to handle complex variables and conform to
various weight functions. This flexibility makes them a useful tool for various applications.
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