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Abstract: Let R be a unital associative ring. Our motivation is to prove that left derivations in column finite
matrix rings over R are equal to zero and demonstrate that a left derivation →d : � � in the infinite upper
triangular matrix ring � is determined by left derivations dj in =R j 1, 2, …( ) satisfying =d a bij ij(( )) ( ) for any

∈aij �( ) , where
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The similar results about Jordan left derivations are also obtained when R is 2-torsion free.
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1 Introduction

Let R be an associative ring, and let M be a left R-module. An additive mapping →d R M: is called a left
derivation if = +d xy xd y yd x( ) ( ) ( ) for all ∈x y R, , and an additive mapping →d R M: is called a Jordan left
derivation if =d x xd x2

2( ) ( ) for all ∈x R. A (Jordan) left derivation in a ring R means a (Jordan) left derivation
from R into itself.

In 1988, the Singer-Wermer theorem was generalized by removing the boundedness of a derivation (see
[1]), which was called as the Singer-Wermer conjecture. In 1990, Brešar and Vukman [2] introduced the concept
of left derivations. They based upon the rather weak assumptions to exhibit that the existence of a nonzero
Jordan left derivation in a 2-torsion free and 3-torsion free ring R implies that R is commutative. Using this
result, they showed that continuous linear left derivations in a Banach algebra A map into its radical, which is
a noncommutative extension of the classical Singer-Wermer theorem.

The (Jordan) left derivation has been widely studied in some special rings and algebras (see [3–7]).
Concretely, related results have been proved in prime rings (see [8]), semi-prime rings (see [9]), and Γ-rings
(see [10,11]); on the other hand, related results have been proved in Banach algebras (see [12–17]). Some results
were generalized to different types of semi-rings, which play an important role in theoretical computer science
(see [18,19]). In 2010, Li and Zhou [20] proved that Jordan left derivations or left derivable mappings at zero or
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unit on some algebras are zero under certain conditions. With the concept of generalized left derivations
developed, the properties of the generalized (Jordan) left derivations have been discussed (see [21–30]).

Specially, in 2001, Cui and Niu [31] showed that an arbitrary derivation of infinite matrix rings of finite
nonzero entries is a sum of two special derivations, and came up with the decomposition formula of a series of
important derivations in infinite matrix rings. In 2010, Xu and Zhang [32] dealt with the case of left derivations
in matrix rings and upper triangular matrix rings over a unital associative ring. It is natural to consider
(Jordan) left derivations in infinite matrix rings over a unital associative ring.

In what follows, suppose R is a ring with 1 unless stated otherwise. The aim of this article is to establish
explicit representations of left derivations and Jordan left derivations in column finite matrix rings and
infinite upper triangular matrix rings over R. Let � denote the column finite matrix ring over R. We validate
that left derivations in � are all zero and that Jordan left derivations are all zero when R is 2-torsion free. Let
� be the infinite upper triangular matrix ring over R and →d : � � be a left derivation. We demonstrate that
there exist left derivations →d R R:j =j 1, 2, …( ) such that =d a bij ij(( )) ( ) for any ∈aij �( ) , where

=
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⎨
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ij
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A similar result for Jordan left derivations is obtained when R is 2-torsion free.
Some symbols will be declared throughout this article. An ×� � matrix M over R is called column finite

if the number of nonzero entries is finite in every column. Let � be the ring consisting of column
finite matrices, and let � be the ring consisting of matrices with only a finite number of nonzero entries.
Denote by eij the ×� � matrix whose entries are all 0 except the i j,( )-entry, which is equal to 1. We define

= ∈ = ∈ >a a i j i j0 for all , withij ij �� �{( ) ∣ }, and = ∈ ∩M�� � �{ }. The differences among , ,� � �

and �� can be seen clearly as follows: ⊆ ⊆ ⊆, , and� � � � �� � . Specifically, the form of any element in

� is as
⎡
⎣⎢

⎤
⎦⎥

* 0

0 0
, the form of any element in � is as =

⎡
⎣⎢ ⋱

⎤
⎦⎥

T

a *

0

11

, and the form of any element in �� is as
⎡
⎣⎢

⎤
⎦⎥

T 0

0 0
.

2 Left derivation

We need some key lemmas for proving the results of this article.

Lemma 2.1. Let d be a left derivation in R (not necessarily with 1). Then,

+ = ∈x z d y y z d x for all x y z R, , 0, , , .[ ] ( ) [ ] ( )

Proof. From =d xy z d x yz(( ) ) ( ( )) for all ∈x y z R, , , we have that + = +zd xy xyd z xd yz yzd x( ) ( ) ( ) ( ), implying

+ + = + +z xd y yd x xyd z x yd z zd y yzd x .( ( ) ( )) ( ) ( ( ) ( )) ( )

Hence, + =x z d y y z d x, , 0[ ] ( ) [ ] ( ) , for all ∈x y z R, , . □

Lemma 2.2. Let d be a Jordan left derivation in R (not necessarily with 1). Then,

+ = + ∈d xy d yx xd y yd x for all x y R2 2 , , .( ) ( ) ( ) ( )

Proof. For all ∈x y R, , from + = + + = + +d x y x y d x y x y d x d y2 2
2(( ) ) ( ) ( ) ( )( ( ) ( )) and + =d x y 2(( ) )

+ + = + + +d x y x y d x y xy yx2 2(( )( )) ( ), we obtain

+ = +d xy d yx xd y yd x2 2 ,( ) ( ) ( ) ( )

as desired. □
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Lemma 2.3. Let d be a Jordan left derivation in R (not necessarily with 1). Then, =d e 0( ) for any idempo-
tent ∈e R.

Proof. Since = =d e d e ed e2
2( ) ( ) ( ), we have = =ed e ed e2 0( ) ( ) , and then =d e 0.( ) □

First, we discuss left derivations.

Lemma 2.4. Let →d : � � be a left derivation. Then, =d 0.

Proof. For any ∈i j, � with ≠i j and ∈a R, eii and +e aeii ij are all idempotents. By Lemma 2.3, we obtain
=d e 0ii( ) and + =d e ae 0ii ij( ) , whence =d ae 0ij( ) . Note that

= = + = ≠d ae d ae e ae d e e d ae i j0, for any .ii ij ji ij ji ji ij( ) ( ) ( ) ( )

It follows that =d ae 0ij( ) for all ∈i j, �. For any = ∈A aij �( ) , there exists ∈n � such that = ∑ =A a ei j

n

ij ij, 1
.

Thus,

∑ ∑=
⎛

⎝
⎜

⎞

⎠
⎟ = =

= =
d A d a e d a e 0.

i j

n

ij ij

i j

n

ij ij

, 1 , 1

( ) ( )

Hence, =d 0. □

We note that the first main result is shown as follows.

Theorem 2.5. Let →d : � � be a left derivation. Then, =d 0.

Proof. By Lemma 2.1, we obtain + =A C d B B C d A, , 0[ ] ( ) [ ] ( ) , where ∈A B C, , � . By Lemma 2.4, we obtain
=d A 0( ) for all ∈A � . Then, =A C d B, 0[ ] ( ) for all ∈A � and all ∈B C, � . Let =A e11 and =C e i1 with >i 1.

Then,

= = >e e d B e d B i0 , , 1,i i11 1 1[ ] ( ) ( ) (2.1)

which means the ith row of d B( ) is zero for >i 1.
Let = =A e C e, .12 21 Then,

= = −e e d B e e d B0 , ,12 21 11 22[ ] ( ) ( ) ( ) (2.2)

which means the first row of d B( ) is zero.
We conclude from (2.1) and (2.2) that =d 0. □

Recall that = ∈ = ∈ >a a i j i j0, for all , such thatij ij �� �{( ) ∣ } and = ∈M M is finite�� �{ ∣ }.

Lemma 2.6. Let →d : �� � be a left derivation. Then, there exist left derivations →d R R:j =j 1, 2, …( ) such
that for any ∈aij ��( ) , we have =d a bij ij(( )) ( ), where

=
⎧
⎨
⎩

=
≠

b
d a i

i

, 1,

0, 1.
ij

j 11( )

Proof. For any ∈i j, � with <i j and ∈a R, eii and +e aeii ij are all idempotents of �� . By Lemma 2.3, we have
=d e 0ii( ) and + =d e ae 0ii ij( ) , whence

= ∈ <d ae a R i j0, , .ij( ) (2.3)

Note that = = + =d ae d e ae e d ae ae d e e d aeii ii ii ii ii ii ii ii ii( ) ( ( )) ( ) ( ) ( ) for ∈a R and ∈i �. We observe that =0

= =d ae d e ae e d aei i ii i ii1 1 1( ) ( ( )) ( ) for ∈a R and >i 1. We have
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= ∈ >d ae a R i0, , 1.ii( ) (2.4)

Let = ∈A aij ��( ) . Then, = ∑ ≤ ≤ ≤A a ei j n ij ij1
for some positive integer n. By (2.3) and (2.4), we have

∑= =
≤ ≤ ≤

d A d a e d a e .

i j n

ij ij

1

11 11( ) ( ) ( )

Note that =d a e e d a e11 11 11 11 11( ) ( ). For ⩾j 1, set →d R R:j such that =d a e d ae ej j jj1 11( ) ( ) for ∈a R. So =d a e bij11 11( ) ( ),
where

=
⎧
⎨
⎩

=
≠

b
d a i

i

, 1,

0, 1.
ij

j 11( )

Note that = = +d abe d ae be ae d be be d ae11 11 11 11 11 11 11( ) (( )( )) ( ) ( ), which means = =d ab e d abe ej j jj1 11( ) ( )

+ = + = +ae d be e be d ae e ad s e bd a e ad s bd a ejj jj j j j j j j j11 11 11 11 1 1 1( ) ( ) ( ) ( ) ( ( ) ( )) . So →d R R:j ( ⩾j 1) are left deriva-
tions. □

Furthermore, we obtain another main formula.

Theorem 2.7. Let →d : � � be a left derivation. Then, there exist left derivations →d R R:j =j 1, 2, …( ) such
that for any ∈aij �( ) , we have =d a bij ij(( )) ( ), where

=
⎧
⎨
⎩

=
≠

b
d a i

i

, 1,

0, 1.
ij

j 11( )

Proof. By Lemma 2.1, we obtain + =A C d B B C d A, , 0[ ] ( ) [ ] ( ) for all ∈A B C, , � . Let = =A e C e, i11 1 , where >i 1.
Then, = =e e d B e d B, 0i i11 1 1[ ] ( ) ( ) for all ∈B � and all >i 1. Particularly, for ∈B � such that =Be 011 , consider

= + −d B d e B I e B .11 11( ) ( ( ) )

Since

− = − − = − − =d I e B d I e I e B I e d I e B 011 11 11 11 11(( ) ) (( )( ) ) ( ) (( ) )

and since

= − = − =d e B d e B I e I e d e B 0,11 11 11 11 11( ) ( ( )) ( ) ( )

it follows that =d B 0( ) . Let ∈aij �( ) . By Lemma 2.6, we have that d determines mappings →d R R:j such that
=d a bij ij(( )) ( ), where

=
⎧
⎨
⎩

=
≠

b
d a i

i

, 1,

0, 1.
ij

j 11( )

It is easy to check that →d R R:j =j 1, 2, …( ) are left derivations. □

3 Jordan left derivations

We now turn to discuss Jordan left derivations.

Lemma 3.1. Let →d : � � be a Jordan left derivation, and let R be 2-torsion free. Then, =d 0.

Proof. For any ∈i j, � with ≠i j and ∈a R, eii and +e aeii ij are all idempotents. By Lemma 2.3, we give =d e 0ii( )

and + =d e ae 0ii ij( ) , whence =d ae 0ij( ) . Since + = + + = +e ae e ae e ae ae aeij ji ij ji ij ji ii jj
2( ) ( )( ) , it follows that

+ + = + = + =e ae d e ae d e ae d ae ae2 0,ij ji ij ji ij ji ii jj
2( ) ( ) (( ) ) ( ) (3.1)
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where ≠i j . Since =d e 0ii( ) , we derive

− + = = = − +d a e I d ae ae d ae a e I d ae1 2 2 1 ,ii ii ii ii ii ii
2 2((( ) ) ) (( ) ) ( ) (( ) ) ( )

i.e., − =I e d ae2 0ii ii( ) ( ) . By (3.1) we gain − = − =I e d ae I e d ae2 2 0jj jj ii jj( ) ( ) ( ) ( ) for all ∈i j, �, i.e., =d ae2 0ii( ) .
Note that R is 2-torsion free implies =d ae 0ii( ) . It follows that =d ae 0ij( ) for all ∈i j, �. For any = ∈A aij �( ) ,
there exists ∈n � such that = ∑ =A a ei j

n

ij ij, 1
. Thus,

∑ ∑=
⎛

⎝
⎜

⎞

⎠
⎟ = =

= =
d A d a e d a e 0.

i j

n

ij ij

i j

n

ij ij

, 1 , 1

( ) ( )

Hence, =d 0. □

The following main conclusion is about a Jordan left derivation.

Theorem 3.2. Let →d : � � be a Jordan left derivation, and let R be 2-torsion free. Then, =d 0.

Proof. Using Lemma 2.2, we obtain + =d e A Ae e d A2ii ii ii( ) ( ) for ∈A � and =i 1, 2,… . By Lemma 3.1, we have
=d Ae 0ii( ) . Then,

− =I e d e A 0.ii ii( ) ( ) (3.2)

Let = −α e A e Ae ,ii ii ii = −β Ae e Aeii ii ii, = − −γ I e A I e .ii ii( ) ( ) Combining

− + − = + +d I e A A I e d α d β d γ2ii ii(( ) ( )) ( ) ( ) ( )

and − + − = −d I e A A I e I e d A2ii ii ii(( ) ( )) ( ) ( ) implies

+ + = − = − + + +d α d β d γ I e d A I e d α d γ d β d e Ae2 2 2 .ii ii ii ii( ) ( ) ( ) ( ) ( ) ( )( ( ) ( ) ( ) ( ))

Using Lemma 3.1, we obtain

= =d β d e Ae0, 0.ii ii( ) ( )

By (3.2), we obtain

− + = −I e d α d γ I e d γ2 2 .ii ii( )( ( ) ( )) ( ) ( )

Hence, + = −d α d γ I e d γ2 2 ,ii( ) ( ) ( ) ( ) i.e.,

+ =d α e d γ2 0,ii( ) ( ) (3.3)

for all =i 1, 2,… . On the one hand,

− + − =d I e γ γ I e d γ2 .ii ii(( ) ( )) ( )

On the other hand,

− + − = −d I e γ γ I e I e d γ2 .ii ii ii(( ) ( )) ( ) ( )

Hence, =e d γ2 0ii ( ) . Observe that R is 2-torsion free, which implies

=e d γ 0.ii ( ) (3.4)

By (3.3), we derive =d α 0( ) . Since = = + =d Ae d β e Ae d e Ae0 ii ii ii ii ii( ) ( ) ( ), which follows that

= + =d e A d α e Ae 0,ii ii ii( ) ( ) (3.5)

(3.4) and (3.5) imply

= − + =e d A e d I e A e A 0,ii ii ii ii( ) (( ) )

for all =i 1, 2,… . Finally, =d A 0( ) for all ∈A .� □
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Recall that = ∈ = ∈ >a a i j i j0 for all , such thatij ij �� �{( ) ∣ } and = ∈M M is finite�� �{ ∣ }.

Lemma 3.3. Let →d : �� � be a Jordan left derivation, and let R be 2-torsion free. Then, there exist Jordan left
derivations →d R R:j =j 1, 2, …( ) such that =d a bij ij(( )) ( ), where ∈aij ��( ) and

=
⎧
⎨
⎩

=
≠

b
d a i

i

, 1,

0, 1.
ij

j 11( )

Proof. For any ∈i j, � with <i j and ∈a R, eii and +e aeii ij are all idempotents of �� . By Lemma 2.3, we have
=d e 0ii( ) and + =d e ae 0ii ij( ) , whence

= ∈ <d ae a R i j0, , .ij( ) (3.6)

Since

= = − + = − +ae d ae d ae d a e I a e I d ae2 1 2 1 ,ii ii ii ii ii ii
2 2( ) (( ) ) ((( ) ) ) (( ) ) ( )

for ∈a R and ∈i �, which follows that − =I e d ae2 0ii ii( ) ( ) , since

= = + = + +ae d ae d ae d ae e ae e d ae e2 2ii ii ii ii i ii i ii i
2

1

2

1 1( ) (( ) ) (( ) ) ( ) ( )

for ∈a R and >i 1, and since

+ + = +ae e d ae e ae e d ae2 2 ,ii i ii i ii i ii1 1 1( ) ( ) ( ) ( )

we gain =e d ae2 0i ii1 ( ) for ∈a R and >i 1. Note that R is 2-torsion free which implies − =I e d ae 0ii ii( ) ( ) for
∈i � and =e d ae 0i ii1 ( ) for >i 1. Hence,

= ∈ >d ae a R i0, , 1.ii( ) (3.7)

Let = ∈A aij ��( ) . Then, = ∑ ≤ ≤ ≤A a ei j n ij ij1
for some positive integer n. Then, (3.6) and (3.7) imply

∑= =
≤ ≤ ≤

d A d a e d a e .

i j n

ij ij

1

11 11( ) ( ) ( )

Note that − =I e d a e 011 11 11( ) ( ) . Then, d determines mappings →d R R:j such that =d a e bij11 11( ) ( ), where

=
⎧
⎨
⎩

=
≠

b
d a i

i

, 1,

0, 1.
ij

j 11( )

It is easy to check that →d R R:j =j 1, 2, …( ) are Jordan left derivations. □

we establish the new representation of Jordan left derivations.

Theorem 3.4. Let →d : � � be a Jordan left derivation, and let R be 2-torsion free. Then, there exist Jordan left
derivations → =d R R j: 1, 2, …j ( ) such that =d a bij ij(( )) ( ), where ∈aij �( ) and

=
⎧
⎨
⎩

=
≠

b
d a i

i

, 1,

0, 1.
ij

j 11( )

Proof. By Lemma 2.2, we obtain + =d e A Ae e d A2ii ii ii( ) ( ), where ∈A � and =i 1, 2,… . Using Lemma 3.3, we
have − =I e d Ae 0ii ii( ) ( ) , and thus,

− =I e d e A 0.ii ii( ) ( ) (3.8)

Let = −α e A e Ae ,ii ii ii = −β Ae e Aeii ii ii, and = − −γ I e A I eii ii( ) ( ). Combining

− + − = + +d I e A A I e d α d β d γ2ii ii(( ) ( )) ( ) ( ) ( )

and − + − = −d I e A A I e I e d A2ii ii ii(( ) ( )) ( ) ( ) follows
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+ + = − = − + + +d α d β d γ I e d A I e d α d γ d β d e Ae2 2 2 .ii ii ii ii( ) ( ) ( ) ( ) ( ) ( )( ( ) ( ) ( ) ( )) (3.9)

Using Lemma 3.3, we derive =d β 0( ) for =i 1, 2,… and =d e Ae 0ii ii( ) for all >i 1. By (3.8), we obtain

− + = −I e d α d γ I e d γ2 2 .ii ii( )( ( ) ( )) ( ) ( ) (3.10)

Then, (3.9) and (3.10) imply + = −d α d γ I e d γ2 2 ,ii( ) ( ) ( ) ( ) i.e.,

+ =d α e d γ2 0,ii( ) ( ) (3.11)

for all =i 1, 2,… . On the one hand,

− + − =d I e γ γ I e d γ2 .ii ii(( ) ( )) ( )

On the other hand,

− + − = −d I e γ γ I e I e d γ2 .ii ii ii(( ) ( )) ( ) ( )

Hence, =e d γ2 0ii ( ) . Since R is 2-torsion free, it follows that

=e d γ 0,ii ( ) (3.12)

for all =i 1, 2,… . Then, (3.11) and (3.12) imply =d α 0( ) for all =i 1, 2,… . Observe that = +d Ae d βii( ) ( )

=d e Ae 0ii ii( ) for all >i 1. We assume ∈aij �( ) and use Lemma 3.3 to obtain d determined mappings
→d R R:j such that =d a bij ij(( )) ( ), where

=
⎧
⎨
⎩

=
≠

b
d a i

i

, 1,

0, 1.
ij

j 11( )

It is easy to verify that →d R R:j =j 1, 2, …( ) are Jordan left derivations. □
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