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Abstract: Inequalities are essential in pure and applied mathematics. In particular, Opial’s inequality and its
generalizations have been playing an important role in the study of the existence and uniqueness of initial and
boundary value problems. In this work, some new Opial-type inequalities are given and applied to generalized
Riemann-Liouville-type integral operators.
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1 Introduction

Integral inequalities are used in countless mathematical problems such as approximation theory and spectral
analysis, statistical analysis, and the theory of distributions. Studies involving integral inequalities play an
important role in several areas of science and engineering.

In recent years, there has been a growing interest in the study of many classical inequalities applied to
integral operators associated with different types of fractional derivatives, since integral inequalities and their
applications play a vital role in the theory of differential equations and applied mathematics. Some of the
inequalities studied are Gronwall, Chebyshev, Jensen-type, Hermite-Hadamard-type, Ostrowski-type, Gruss-
type, Hardy-type, Gagliardo-Nirenberg-type, Opial-type, reverse Minkowski, and reverse Holder inequalities
(see, e.g., [1-14]).

In this work, we obtain new Opial-type inequalities, and we apply them to the generalized Riemann-
Liouville-type integral operators defined in [15], which include most of the known Riemann-Liouville-type
integral operators.

2 Preliminaries

One of the first operators that can be called fractional is the Riemann-Liouville fractional derivative of order
a € C, with Re(a) > 0, defined as follows (see [16]).

Definition 1. Let a < b and f € L'((a, b); R). The right and left side Riemann-Liouville fractional integrals of
order a, with Re(a) > 0, are defined, respectively, by
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t
1
Bl = g J = s &
and
b
RL ya — 1 a-1
JEF (@) = @I(s - D (s)ds, @
t
with ¢ € (a, b).

When a € (0, 1), their corresponding Riemann-Liouville fractional derivatives are given by

RL a —(RLjia f(s)
DLAO= 4 IO = fw I(t el
1 f (S)

d i
CDINO =g IO =~ dtI G-

Other definitions of fractional operators are the following ones.

Definition 2. Let a < b and f € L'((a, b); R). The right and left side Hadamard fractional integrals of order a,
with Re(a) > 0, are defined, respectively, by

t a-—
HEf (D) = ﬁJ[log—] RIOM )

and

b a—
70 = s f10g2] g @
t

with t € (a, b).

When a € (0, 1), Hadamard fractional derivatives are given by the following expressions:

F(l a) dt I[ J a f(S)

A, E),
(DENO) =~ (HEF (1) = ot j[log] Oas,

(DAf)(t) = t— HEYf @) =

with t € (a, b).

Definition 3. Let 0 < a < b, g : [a, b] — R an increasing positive function on (a, b] with continuous derivative
on (a, b), f:[a,b] » R an integrable function, and a € (0,1) a fixed real number. The right and left side
fractional integrals in [17] of order a of f with respect to g are defined, respectively, by

g'()f (s)

el 0% g )J @0 - g™ ®
and

. FAO)0)

af (O r(oz)J @) - g ©

with t € (a, b).
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There are other definitions of integral operators in the global case, but they are slight modifications of the
previous ones.

3 General fractional integral of Riemann-Liouville type
Now, we give the definition of a general fractional integral in [15].

Definition 4. Leta < b and a € R*. Let g : [a, b] —» R be a positive function on (a, b] with continuous positive
derivative on (a,b), and G : [0, g(b) - g(a)] x (0,) >R a continuous function which is positive on
(0, g(b) - g(a)] x (0, ). Let us define the function T : [a, b] x [a, b] x (0, ©) - R by

Gg(®) ~ gl @)

T(t, s, a)= 2(5)

The right and left integral operators, denoted, respectively, by ]]‘3‘, . and ];5) »-» are defined for each measurable
function f on[a, b] as

]g,sz(t) = %ds, 7
f(s)
JEyf®) = IT(t Ik ®)

with t € [a, b].
We say that f € Li[a, b] if ]ﬁw [f|(t),];”b, IfI(t) < o for every t € [a, b].

Note that these operators generalize the integral operators in Definitions 1-3:
(1) If we choose
g =t GO a)=T(@x"* T(tsa) =T lt-s[,
then Ji! .. and J{,- are the right and left Riemann-Liouville fractional integrals "% and *"J;. in (1) and (2),

respectively. Its corresponding right and left Riemann-Liouville fractional derivatives are

(BDEfO) = SISO, CDERD = SO

(2) If we choose

1-a

g(®) =logt, G(x,a)=T(@)x"% T(t,s,a)=T(a)t

t
log—
OgS

3

then Jr . and Jr,- are the right and left Hadamard fractional integrals Hz: and Hy in (3) and (4),
respectively. Its corresponding right and left Hadamard fractional derivatives are

HD"’f)(t)‘t (H1 &), Dy = t—(H “f ().

(3) If we choose a function g with the properties in Definition 4 and
HORF{ON
g

then ];f) . and ]]‘{ »- are the right and left fractional integrals I§,a+ and Ig ;- in (5) and (6), respectively.

G(x,a) = T(a)x"2, T(t,s, a) = I(a)
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Definition 5. Leta < b and a € R*. Let g : [a, b] — R be a positive function on (a, b] with continuous positive
derivative on (a,b), and G : [0,g(b) - g(a)] x (0, ) »~ R a continuous function which is positive on
(0, g(b) - g(a)] x (0, ). For each function f € L{[a, b], its right and left generalized derivatives of order a
are defined, respectively, by

2 f©)= ULef ),

d
8 (t) t ©

D7y f(t) = (]T1 » @),

(t) de

for each t € (a, b).

Note that if we choose
gy =t, G, a)=T@x"% T(t,s,a)=T)|t-s[q,

then Dy -f(t) = RLD(‘jﬂf (t) and D7, f(t) = RLDLf(t). Also, we can obtain Hadamard and other fractional deri-
vatives as particular cases of this generalized derivative.

4 Opial-type inequality

In 1960, Opial [18] proved the following inequality:
If f € C'[0, h] satisfies f(0) = f(h) = 0 and f(x) > 0 for all x € (0, h), then

h h

h
Jircoroon = 3 fireoeax.
0 0

Opial’s inequality and its generalizations play a main role in establishing the existence and uniqueness of
initial and boundary value problems for ordinary and partial differential equations [19-23]. For an extensive
survey on these Opial-type inequalities, see [19,23].

We need the following result in [24, p. 44] (see the original proof in [25]). Although the result in [24, p. 44]
deals with measures on (0, «), it can be reformulated for measures on a compact interval (see, e.g., [26,
Theorem 3.1]).

4.1 Muckenhoupt inequality

Let us consider 1< p < g <« and measures y, 4, on [a, b] with py({b}) = 0. Then there exists a positive
constant C such that

X

ju(t)dt

a

< Cllullzp(a,bl,,)
LU([a,b],ug)

for any measurable function u on [a, b], if and only if

= sup (D DYt/ Dl g ) < (10)

a<x<b

where we use the convention 0 - © = (0. Moreover, we can choose
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C=7l1q-1
B, ifp=1

(p-1/p
] g, ifp>1,

(Wh))]

Muckenhoupt inequality will play a crucial role to prove the next result, which improves the classical
Opial inequality in several ways:
(1) It allows us to integrate with respect to very general measures.
(2) The hypotheses f(b) = 0 and f> 0 on (a, b) are no longer needed.

(3) The hypothesis f < C'[a, b] is replaced by a weaker one: it is sufficient to require f to be absolutely
continuous on [a, b].

Theorem 1. Let us consider 1 < p < q < » and two measures U, i, on [a, b] with uy({b}) = 0. Assume that the
constant B defined as follows is finite:

B = Sup [.lo([X, b))l/q”(dxulld-x)_ll|}J/1§J(p-1)([ayx])-

a<x<b

Then, for every absolutely continuous function f on [a, b] with f(a) = 0,
Wbty S CIWF Nepaa,blun U 1loea byug)s

where the constant C can be chosen as

q g
C::Bq_l a, lfp>11

B: ¢p=1

](p—l)/p

Proof. By the Muckenhoupt inequality, the constant C satisfies

X

ju(t)dt

a

< Cllullzpa,pup

L%([a,b].uo)

for any measurable function u on [a, b]. For each absolutely continuous function f on[a, b] with f(a) = 0, we
have that there exists f* a.e. on[a, b], f* € L'[a, b], and

o0 = [ra

for every x € [a, b]. Consequently,
I llectabrug S CIFNleeciabuy-
Hence, the Holder inequality gives

W Nty S Wllaqabru I e qapug < CIF Neeabyu I 1lze@ e by, - U

Remark 1. For each absolutely continuous function f on [a, b] the set
S ={x € [a,b]: 3f (0}

has zero Lebesgue measure, but it is possible to have u,(S) > 0 and/or ,(S) > 0. The argument in the proof of
Theorem 1 gives that the inequality holds for any fixed choice of values of f* on S.

Theorem 1 has the following direct consequence.
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Corollary 2. Let us consider 1 < p < q < « and a measure i on[a, b] with u({b}) = 0. Assume that the constant B
defined as follows is finite:

= sup u([x, b)"4||(du/dx)” 1||L1/(p Y(laxD

a<x<b
Then, for every absolutely continuous function f on [a, b] with f(a) = 0,
W Nz amre < CIF Nerqablm U Ilzaega, b
where the constant C can be chosen as
(p-Dlp
B&ij] q", ifp>1
B, ifp=1

Corollary 2 is a tool to obtain the following result.

Theorem 3. Let us consider 1 < p < 2 and a measure p on [a, b] with u({b}) = 0. Assume that the constant B
defined as follows is finite:

B= sup u([x, b))®~D/P||(du/dx) |4,

LY (ax])"
a<x<b

Then, for every absolutely continuous function f on [a, b] with f(a) = 0
@ ifl<p=2,

U512t a1,

pz (p-Dlp
7| 2
[ ] W ze (i b1,

B p-1
(2) if p=1and p is a finite measure,

|W,||L1([a,b],y) B“f ”Ll (la,bl,u

Proof. Assume first that 1 < p < 2. Let us consider q = 2 such that 1/p + 1/¢ = 1, and so, p = q/(q — 1) and
q=p/(p-1).Thus,1<p <2< q< o and Corollary 2 gives the result in part (a), since
q (p-Dip

ql/1 = Bp®-DIp
q-1

p?
p-1

_Pr
p-1

B

](p—l)/p ](p-l)/p

Assume now that u is a finite measure and fix an absolutely continuous function f on [a, b] such that
f(a) =0 and f" € LP([a, b], u) for some p, > 1. We have proved that

2 ](p—l)/p

7 p
W Nz a,pre < B[—

712
p- 1 ”f “L”([a,b],y)

for every 1 < p < min{p,, 2}.
Let us consider B = B(p) as a function of p. Thus,

B(p) < u(la, b))P~0IP||(dp/dx) [} (la,b)"
Since y is a finite measure, we have
limsup, .-B(p) < lim u(a, b))P~|(du/cb)”

= II(du/dX) Hle=gapp = BQ):

1||Ll/(ll 1)([a b))
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Since
P < Py * Xyppeyy S 1P + 1 € Li((a, b, 1)
for every 1 < p < p,, dominated convergence theorem gives

. 712 - 712
Il)lf[ll “f ”Lp([a,b],y) Hf HLl([a,b],y)'

2 \p-Dip
1im[ P ] -1,
p-1|p -1

and the desired inequality holds if f* € LP([a, b], ) for some p, > 1.

Let us consider now any absolutely continuous function f on[a, b] such that f(a) = 0. Define the measure
u* on [a,b] by du* = du + dx. Since f is an absolutely continuous function on [a, b], f’ € L'[a, b]. If
f’ & L([a, b], ), then the inequality is direct. So, we can assume that f’ € L([a, b], u). Thus, there exists a
sequence {s,} of simple functions with

Finally, we have

,11152 IWf" = snlleqa,ppuy = O-
Hence, there exists N such that
Isnllziqapresy = W e qapnesy S W = Sullitgapyen <1
for every n > N. Therefore,
Isnlltqa by S WSallitqapres S W Ntqabyes 1 (12)

for everyn = N.

Since u is a finite measure, if we define f,(x) = f:sn(t)dt, then f, € Cla, b] C LP([a, b], u) for every p = 1,
and we have proved that

“f;[fr:”Ll([a,b],y) = BHfr: ”%%[a,b],u)' (13)

Also, for any x € [a, b]

OO = /001 =

_[(f’(t) - sy(t))de| < Jlf'(t) = Sp(O1dt < |If” = Snllz' (g, by, a4

Applying inequalities (12), (13), and (14) where appropriate,

b
W - £ Fl s = U - fufildu
b b
< [ir - 1w + [y, - £, f00w

b b
<11l 1" = £100 + lsnlliganae I = suldi
a a

WAl I = salltqaprey + A Nt qapres + Dudla, BDIF" = Sullita by,
for every n > N. Hence,

Lim [Iff = fu fllita i = 0

and so
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W Nt abn < BIF 1,00

which completes part (b). O
If we choose u as the Lebesgue measure on [a, b], then we obtain the following results.

Corollary 4. Let us consider 1 < p < q < ». Then

b_ia]llr(p_l)/p[q(p -D (p_l)/pllf'HL”([a oD I llzera(ga,pyy
g+ -Dip riq-1 ’ ,

V5“2 qapr) S [

ifp>1,and
W Neiqapn S @ = YU Niiqa pp I lzeaqa by

for every absolutely continuous function f on [a, b] with f(a) = 0.

Proof. Let us compute
B = sup (b - x)Y(x - a)P~V/P,

a<x<h
For each a > 0 and S = 0, consider the function u defined on [a, b] as
ux) = (b - x)%x - a)®.
If B =0, then
sup u(x) = u(a) = (b - a)".

a<x<b

Assume now that f > 0. We have fora<x <b

w00 = ~a(b - 0 x - P + B -0 - @) =0

B - x - ) = ab - XN x - a)f
e Bb-x)=akx-a)

_aa +bp
“Tarh
Since u(a) = u(b) = 0, we have
_ _ |aa + bp
=gt {1
(a0 -)|(Bo-0f __apt
| a+p a+p _(a+ﬁ)a+ﬁ(b o

Thus, B= (b - a)/?if p =1 and
__ga((p - )/p)-ie
- (g + (p - Djpytaredle

B[ q ](p—l)/p e [ b-a ]1/q+(p—1)/p[q(p _ 1)](17-1)/1J
q-1 g+ (p-Dip p@-1

(b - a)/a+@-DIp,

3

if p > 1. Hence, Corollary 2 gives the result. (I
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Corollary 5. Let us consider 1 < p < 2. Then

2p-1)/
/] < p(b - a) b b 712
W e < |50, =gy W Wz

ifl<p<2 and

W Ntabn < W W rgann

for every absolutely continuous function f on|[a, b] such that f(a) =0

Proof. Assume that1 < p < 2. It suffices to consider g = 2 such that1/p + 1/q = 1 (recall that p = q/(q - 1) and
q = p/(p - 1)), and to apply Corollary 4:

[ b-a ]1/q+(p—1)/p[q(p -1 ](p-l)/p
/g + (p - Dip piq-1
) [ b-a ]2(p—1)/p[p(p _ 1)](17-1)/!7
2(p - Dip p
_ p(b _ a) 2p-Dip p(b _ a) 2Ap-Dip
2p-1D 2(p - DM

Let us consider now the case p = 1. Since the Lebesgue measure on [a, b] is finite, Corollary 3 gives

|WI||L1([a b)) = BHf HL ( a,b])’

(p - D@DIP = [

with
B = sup (b - ) 0P|1if, = sup (b = X)°|[r=tapy = 1. O
a<x<b

LY@ ((a,x])
a<x<b

Remark 2. Note that in the second inequality in Corollary 5:
’ 7112
W Netqasn < W 5o

the constant 1 multiplying ||f” ||L1 does not depend on the length of the interval [a, b].

[a,b])

Corollary 2 and Theorem 3 have, respectively, the following direct consequences for general fractional
integrals of Riemann-Liouville type.

Proposition 6. Let us consider 1 < p < q < « and assume that the constant B defined as follows is finite:

b 1/4( x (p-D/p

B = sup JT(b, s, a)M(P=Dgs
a

a<x<b

1
{ Ths.0%

Then, for every absolutely continuous function f on [a, b] with f(a) = 0

b Fs)P (q-1/q
S

b y (p-Dlp
) (s)l q y
dssB[ ] q an(b,s,a)

If’(s)|a/a- 1)
' T(b,s,a) q-1 I

T(b,s, a)

ifp>1,and
(q-D/q

b
IIKOIFNS [F)l

If/(s)[a/ @ 1>
. T(b, s, a) T(b s, Q) -[

T(b, s, a)
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Proposition 7. Let us consider 1 < p < 2 and assume that the constant B defined as follows is finite:

b 1 (P=Dip(x (p-Dip
B:= sup || ———=ds T(b, s, a)/(P~Dds
a<x<b [T(b) S; a) {

Then, if1 < p < 2 and f'is any absolutely continuous function on [a, b] with f(a) = 0,

- b
(p-Dlp lf/(s)|p
. T(b, s, a)

ds

b
[f () (s)l P
. T(b,s, a) ds < B[p -1

Furthermore, if
b
I ds
— < 0
T(b, s, a)

a

then

b b
[f ($)f (s)] [f(s)]
) 70,5, 0) ds < B JT0,50)" |
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