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Abstract: If T; and T, are commuting d-tuples of Hilbert space operators in B(#)? such that
TFQI+IQT5, Ty I+1® T, is strictly m-isometric (resp., m-symmetric) for some positive integer m,
then there exist a scalar d-tuple A and positive integers m;, 1 < i < 2, such thatm = my + 2my - 2, (TF + A, Ty + A)
is my isometric, and T, - A is mynilpotent (resp, m=m +my -1, (TF+A,T; +A) is my-symmetric
and (T} - A, T, - A) is m; symmetric).
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1 Introduction

Let B(X)? (resp., B(H)?) denote the product of d-copies of the algebra of operators, i.e., bounded linear
transformations, on an infinite dimensional complex Banach space X into itself (resp., on an infinite dimen-
sional complex Hilbert space H into itself). A d-tuple A = (A, ...,Aq) € B(X)? is a commuting d-tuple
if [A;, Aj] = AjAj - AjA; = 0 for all 1 < i,j < d. Recall from Gleeson and Richter [1] that a commuting d-tuple
A € B(H)! is m-isometric if

m il

AX*,A(I) = Z(_l)j ?]ZWHﬁA*ﬁAB =0,

j=0
where = (B, ....5;), B; are non-negative integers for all 1<i<d, |B| = Z?=1ﬁp B! = I'Ifl:lﬁi!, AP = I'IilAiﬁ |
and A*f = I'Ifl:lAi*ﬁi. Generalizing this to commuting d-tuple pairs (A, B) of Banach space operators, the pair
(A, B) is said to be m-isometric if

=0
Jj=0 |BI=j I

m i
ARg(D) = Z(-l)f['}l][ 2 ﬁ/\ﬂ B

[1-3]. Analogously [3], the commuting d-tuple (A, B) is said to be m-symmetric if
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The classes consisting of m-isometric and m-symmetric commuting d-tuples have been considered
by a number of authors in the recent past (see [1-6] for further references), and it is known that these
classes share a number of, though not all, properties with their single operator (i.e., 1-tuple) kin. For example,
if A,B,S and T are commuting d-tuples in B(X)4, A commutes with §, B commutes with T, and

m+n-1

AR () = A ) =0 (resp., Spg) = 6§ (1) = 0) for some positive integers m and n, then ARgEr() =
(resp., SR k1) = 0); see [3, Corollary 4.2] for the general case and [7] for the 1-tuple case. The converse falls
ie., given commuting d-tuples A,B,S, and T such that A commutes with §, B commutes with T, and

ARSETMD) = 0 (resp., S5 1) = 0) it does not follow that A, B and S, T (or, scalar multiples thereof) satisfy
AR g(I) = Ag () = 0 (resp., Sa g () = 8§ 1(I) = 0). A case where there is a positive answer is that of the tensor
product pairs(A ® $,B ® T):if A, B, S, T are commuting d-tuples such that (A ® §,B ® T) is m-isometric
(resp., m-symmetric), then there exist integers m; > 0 and a non-zero scalar ¢ such that m=m; + my - 1,
(A, c[B) is strict my-isometric, and (S, 1I) is strict my-isometric (resp., (A, ¢B) is strict my-symmetric, and
S, TT) is strict my-symmetric). Recall here that the pair (A, B) is strict m-isometric (resp., strict m-symmetric)
if AA,B(I ) =0 and AX,[Q(I ) # 0 (resp., Spg() =0 and 6}{1,[31(1 ) # 0). This article considers tensor sum pairs
(S®I+I®Q,T®I),S,T,and Q commuting d-tuples in B(X)%, and (T @ I+ I@ T, T @ [+ I® T,), Ty
and T, commuting d-tuples in B(#)? We prove that if ($ ® I+I® Q,T ® I) is strictly m-isometric,
then there exist positive integers m; and a scalar d-tuple A = (4, ...,A3) such that m=m; + my - 1,
(S + A, T) is my-isometric and Q — A is my-nilpotent; if (T} ® I+ I ® T3, Ty ® I + I ® T) is strict m-symmetric
(resp., strict m-isometric), then there exist positive integers m; and a scalar d-tuple A = (4, ...,A4) such that
m=m+my-1, (T¥+A,T+A) is my-symmetric and (T§-A,T,-A) is my-symmetric (resp.,
m=m +2my -2, (TF + A, T; + A) is my-isometric and T, - A is my-nilpotent). This generalizes [8, Theorem 22]
and [9, Theorem 1.3] to the case of commuting d-tuples of operators. The argument that we use to prove these
results is, in spirit, similar to the argument used in proving related results in [5,7] and depends upon reducing the
d-tuple problem to a 1-tuple case.

The plan of the article is as follows. We introduce all relevant terminology, notation, and complementary

results in Section 2. The main results are proved in Section 3, and the final section lists the references.

2 Preliminaries

Given operators A, B € B(X), let L, and Rz € B(B(X)) denote, respectively, the operators L,(X) = AX and
Rp(X) = XB of left multiplication by A and right multiplication by B. For commuting d-tuples A = (4, ...,Aq),

B = (By, ...,By) in B(X)? and a scalar d-tuple a = (ay, ...,az) such that a; is a non-negative integer for all
1<i<d,letl%,RE, the convolution (La*Rp)/(X) and the multiplication (Lo * Rg)(X), X € B(X), be defined
by

d d

Ls = [1L3,  R§ = [R5,
i=1 i=1

j

La*Rp)(X) = X) =

d
Y LaRg| (X)

z ﬂ[La RY
A"B
al i=1

laj=j

(allintegers j =2 0, a! = a!... ag)), |a| = Zai and
i=1
d

ZLAi

i=1

d

ZRB:'

i=1

La xRp)X) = (X).

Define the operator | 3,4;XB;|" by

n d n-1

:ZA

i=1

d
Y AiXB;
i=1

d
i ZAiXBi
i=1

B; for all positive integers n.
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(Thus, LAJ" = ALAI"' = ILAIIA = .= A" |ABJ" = ALABJ'B =...= A'B", and |32 AB." = S 405 AB)
B;.) The commuting d-tuples A and B commute, [A,B] = 0, if

[A;, Bj] = AiB; - BjA; = 0 forall 1<i,j<d.
It is clear that
[La,Rp] =0
and if [A,B] = 0, then
[La,Lg] =[Ra,Rg] = 0.
A pair (A, B) of commuting d-tuples of B(X)? operators is m-isometric if
> I ABBA
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and the pair (A, B) is m-symmetric if

d Y j
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d
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=(La - Rp)™).

Commuting tuples of m-isometric, similarly n-symmetric, operators are known to share a large number of
properties with their single operator counterparts: thus, just as for the 1-tuple case, AR z(I) = 0 implies
Al g(I) = 0, similarly 8§85 (I) = 0 implies 8} g(I) = 0, for integers ¢ > m. However, there are instances where
a property holds for the single operator version but fails for the d-tuple version: for example, whereas

Nipg)=0e AZ{B,J(I ) =0 forallinvertible A and B
(similarly, for n-symmetric (4, B)), these properties fail for commuting d-tuples (see [3]).
If (A, B) € (X, m)-isometric (e, AR g(X) = (I - Lp *Rp)™(X) = 0, X € B(X)), then
ARg(X) =06 (I-La*Rp)(ARBX)) =0
© (La*Rp)AREX) = AREX)
=> “ee
= (La *Rp)' AREX) = AREX),
and if (A, B) € (X, n)-symmetric (i.e., 64 g(X) = (La - Rp)"(X) = 0, X € B(X)), then
Shp(X) =06 (La - Rp)(SREX)) =0
& La(SAg(X)) = Rp(8R (X))
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=> cee
= L4(SR (X)) = RE(SAA(X))

for all integers t > 0, where

n-1
X - 1 s .
La(SRa(X) =La Z(-l)’[n j LA 7 x RE|(X)
j=0
n-1 _ ) )
= Z(—l)f[" -1][LX xR [(X)
j=0 J
and
nl fn-1 —1-j i+1
Re(SEaX)) = |2 (-1 j L~ xR [(X).
J=0

Let X ® X denote the completion, endowed with a reasonable cross norm, of the algebraic tensor product of X
with X has overline. Let S ® T denote the tensor product of S, T € B(X). The tensor product of the d-tuples
A = (4, ..,Aq) and B = (By, ...,By) is the d*tuple
A ® B =(4 ® By, ...,A; ® By, ...,A; ® By, ...,A; ® By).

(Thus, A®I=(A1®1,..,A; ®I).) A commuting d-tuple Q = (Q,, ...,Q,) is n-nilpotent for some positive
integer n if Q" = |'|§1=1Qi“i =0 for all d-tuples a = (a;, ...,a;) of non-negative integers a; such that |a| = Z{ilai =n
and Q¢ is non-zero for at least one a with |a| < n — 1. Clearly, Q is n-nilpotent if and only if the tensor product
operators Q ® I and I ® Q are n-nilpotent. Furthermore, (A, B) is m-isometric (resp., m-symmetric) if and only if
(A®I,B®I)and (I ® A,I® B) are m-isometric (resp., m-symmetric).

Given a commuting d-tuple A = (4, ...,Aq) and a scalar A = (4, ...,A3), we abbreviate (A - AI) =
(A - A, o Ag = AgD) to A - A

3 Results

We start with a technical lemma. Recall that a pair (A, B) of commuting d-tuples in B(X)? is strict m-isometric
if AR g(I) = 0 and AR E() # 0. Since AR g(I) = 0 implies A} x(I) = 0 for integers ¢t = m, (A, B) strict m-iso-
metric implies the linear independence of the sequence {Aj g(D}". A similar statement holds for strict n-sym-
metric operators, ie., if §f z(I) = 0 and 6}\’?@ (I) # 0, then the sequence {5 g(I )¥-} is linearly independent.

Lemma 3.1. Given commuting d-tuples A, B € B(X)%, if (A, B) is strict m-isometriic, then the sequence

{MpDBPYL, 1Bl =T,

is linearly independent.

Proof. The proof is by contradiction. Suppose that there exist scalars a;, not all zero, such that
m-1 )
M=} qiprhg(BF =0, |B] =]
j=0
The hypothesis (A, B) is m-isometric implies
La*Re)ARZD = ARED) = LRI AREU) = ARFD)

t!
& ) ZAPARZ(IDBP = ARE()
[Bl=t P+
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for all positive integers t. We have

m-1 .

ARAM) = Y g AR g (DBP = 0 = a,ARRT) = 0
j=0

=ay=0,

m-1 .

ARZM) = Y AN T(DBF = 0= aARGDBF =0, |Bl=1
j=1

s>a )y APATNDBE =0

IBI=1
o a0 =0
e aq=0.
Repeating the argument, we eventually have
A= @ == A2 =0, M= amARGDBE, |fl=m-1

- 1!
S Qpe1 MMA%E(U{BB =0

© A ARE) =0 © @y = 0.

This being a contradiction, the lemma is proved. O
If, for commuting d-tuples S, T, and Q, the pair (S, T) is my-isometric and Q is my-nilpotent, then
S ®I, T ®1I) is m-isometric, I ® Q is my-nilpotent, and (S ® I+ I ® Q, T ® I) is (m + m, — 1)-isometric

[3]. The converse has a solution, as the following theorem, proved for the single linear operators case in [8]
(see also [9]), proves.

Theorem 3.2. If S, T, and Q are commuting d-tuples in B(X)? such that (S @ I+1® Q, T ® I) is strict
m-isometric for some positive integer m, then there exist positive integers m;, 1 < i < 2, and a scalar d-tuple

A=A, . ,Ag) SUCh thatm = my + my — 1, (S + A, T) is my-isometric and Q — A is my-nilpotent.

Proof. The m-isometric property of (S ® I+ I ® Q, T ® I) implies

Aderreq 1o/ ® I)={(I - Lser*Rrer) — Ligg*Rrer™I ® I)

I®I).

u (M) mj 4
=12 (-1 j Assr1eiLieg* Rrer)
j=0

Since

m-j .
} .
A ret@ D=\ 3 DH" N sorRyentiI & I
k=0

d k

m (-
=12 (-DF Y LseiRrer
k=0 k Nz

-

I®I)

d k

m -
LsRy
k ;S‘T‘

-

el

m-j
i PAGY
k=0

=AYID eI



6 —— Bhagwati Prashad Duggal and In Hyoun Kim DE GRUYTER

and
d J

(Lreg * Ryen)/(I ® I) = | Y LiggRrsr
i=1

el

j

d
2UT®QNG®I)

i=1
d j
=[2G ®Q

i=1

Ji
= ——Hﬁ ® ﬁ’
|ﬁ|z=f pl e

where
-[l—ﬂ=17i(i1Tiﬁi and Qﬂ =1L(11Qiﬁi.

Since g,(Q) is non-empty, there exists a A = (4, ...,Aq) € 0,(Q). Let {yp} C X be a sequence of unit vectors such
that

lim(Q; - )Li)yp =0 all 1=<i=d.
p~>oo

Let x € X be a unit vector, and let x*, y;‘ € X* be such that

X0 = 06 x) = 1= 0, 370 = Y7 ()

Then

i B *\ = 2B

1})1590 Q. ;) =2
and

0= Ag@lﬁ@@ Terd ® I)
= Z( 1)][ ] (As [(17) & Q)
Jj=0 1Bl J
imply
0 = 1111}1}0 Ag‘@[*—]@@,‘[{@]([ ® I)(X ®yp, X* ®y;<>
m
= lim Z(—w[ 1 _(As /(19) ® QF)|(x ® y,, x* ® y¥).
Pzl j=0 18] ]

Consequently

<Z [ Z ’s",?orﬂ)x,x*>;im<azﬂyp,y:>=0
j=0 | o

N <§ 1)1[ ] Z A (W”)x,x*>/1ﬁ =0
j=0

Bl J

m ' -
= < Z(‘l)’[r;l] > #As,q’(ﬂﬁfﬂ)x, x*> =0

|BI=j I

%( 1)][ ]Aswr(/w)’ =0



DE GRUYTER Nilpotent perturbations of operators == 7

Thus, (S + A, T) is m-isometric, and hence, there exists a positive integer m; < m such that (S + A, T) is strict
my-isometric. Let my = m — my + 1. Then,

0=Agsr100 10/ ®I)
= Als+nerre@-nTerd © 1)

o (m o

= Z(_l)][j]([l—I@(Q—A)* RreD (A inerterd ® 1))
£
(since [L;g@-2» L(s+ner] = 0)

m

=) (‘1)’[ ]([LI®(Q *Rra) (A1 (D) ® 1)
=0

(since A yerrerd ®I) = (smw(I) ®I)
d Jj

2 Lisg-1oRrer
i=1

> 4

18I JBI

u% ﬁ'

(m
(—DJ[ ] Y
181 P!
since A§,,¢(I) = 0 for all ¢t = my. This, in view of the fact that the sequence {ASJ,H(I )WIB}’" m, 18 linearly
independent, implies (Q — A)™ = 0. Evidently, (Q — A)™ ! # 0 (for the reason that if it were so, then
(S+AD)RI+T®(Q -A),T®I),hence(S®I+IxQ,T ®I)wouldbe (m; + my — 2)-isometric). This com-
pletes the proof. O

I
Ms

NI T))

m
Y (DI

-
I
o

I
Ms

2 1) (I® @ =~ VAXAG (D) @ (AP & 1)

-
I
o

I
Ms

2 (- 1)/ Ags? ,1)11(1)1“3 ® (Q - M)

.

I
Mz &

(A(§ A)]I(I)Hﬁ ® (Q - 1P,

-
I
5

A similar argument works for m-symmetric operator pairs (S ® I + I ® Q, T ® I). Thus, if

8Sor+100 101 ® I) = (Sserrer + Lieg)™U ® I)

m

m . .
[j]5s’"®},wl%®@(1 ®1I)
j=0
0

and if A € g,(Q), then

SSer100 1o ® 1) =0 Z j ]%@1 relljed ® I) =
] 0

i Z ]5%1 releI®1) =

= 5(s+/\)®1,11®1(1 ®I)=0
A (SSmHUI(I) =0

Assuming (S + A, T) to be strict my-symmetric, my < m, and setting my + m, — 1 = m, it then follows that

0 =385sr+100,10id ® I)

= 8§ +ner+10@-1Terd ® I)
m

- m m-j j
=2 j Ss+ner el ie@-HI ® I)
j=0
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Z [ ]U@(Q—A)(fs(’g?/\)@,mz(l ® 1))

j=my

(since (s perrerd ® I) =0 forall t > my, [§snerren Lisq-nl = 0)

-3 (7]
= Z[ ](6§+M<I>®[L D).

j=my

J
6s-{x() © 1)

d
I® ZLQi‘Ai
i=1

The sequence {6§+M(I )Im, being linearly independent,
Loiid) =0 © Q - A is my-nilpotent.

A more general result, at least for Hilbert space d-tuples, is possible, as the following analogue of a result
of Paul and Gu [9] (see also Gu [8]) shows.

Theorem 3.3. If T; = (T, ..., Ty), 1< i <2, are commuting d-tuples in B(H)? such that (T @ I+ ® T5,
T ® I+1® Ty) is strict m-symmetric for some positive integer m, then there exist positive integers m; and
a scalar B = (B, ....B;) such that m=my+my -1, (TT+ B, Ty + B) is m-symmetric and (T3 - B, T, - B)
is my-symmetric.

Proof. For convenience, let
61 = 6rrermer, 62 = Slerirer, and  Op = StigrielTine+leT,
Then
612 = Lrorsrer; — Ruertier,
=(Lyter = Ryen) + (Ligr; ~ Rigw,)
=481 + 6y,

where [81, §;] = 0 and

I®1I)

< (m
ShaeI= [ > k]a{"'kazk
k=0

2 i)

m-k
Z (- 1)][ ]([qun éf} x [szu)

k=0 -
k
< Yok Riaplae n
t=0
m [m] m-k m-k d m-k-j
=2 (—l)f[ Y TE el
kol K j=0 A =i
d j k k d k-t d t
“|zmer| xenf]zren| |2remn
i=1 t=0 i=1 i=1
m m m-k (m-k
= Z[k] Z(—l)f[ j Z( 1)f[ ]
k=0 j=0 t=0
d ko d da ) d )\
|21 e ZTz’E Z ® |2 T
i=1 i=1 i=1 i=1
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In the following, we start by proving the existence of a complex scalar B = (B,, ...,B,), B = B, such that
612 = gy + Supy  G1p) = Sateperrprer  Sup) = Sle(ri+p) e +p)

The proof is then completed by proving the existence of an integer m, < m such that (I ® (T% + §),I® (T, + B))
is strictly my-symmetric and ((T5F + B) ® I, (T, + B) ® I) is my(=m - m, + 1) symmetric.
For this, let T; = (T, ..., Tig), 1 €1 £ 2,4 = (A, ...,Aq) € g,(T) and u = (U, ...,4z) € 9(T,). Then, there exist
sequences {X,} and {yp} of unit vectors in A such that
Lim(Ty; - A)xp = 0 = Hm(Ty; - yi)yp, 1<i<d,
p—o®

p—®

and
d m-k-j d Y da |
lim ([ ) 7,;* ® |2 LTl |2 Tl [ ® 3,0 % ® 3)
P~ 1i=1 i=1 i=1 i=1
d j d m-k-j d t d k-t
= | (DT % [ 2| % ) ([ 2 Ta| D | 2T| )
p=e i=1 i=1 i=1 i=1
d ] d m—k—j d t d k-t
= [ZAJ Zaiy [Zui] Zm’ :
i=1 ) li=1 =1 li=1
Since
m-k m - k) & J a_m-k-i da m-k
2 <—1)f[ j ][Zm’ Zaiy = [z@,. —Ao’ ,
j=0 i=1 ) li=1 i=1
similarly,
k K d Y(a Kt d k
Z(—Dt[t][zui] [Zm] - [Z<m : ui)] ,
t=0 i=1 ) li=1 i=1
m () 4 m-Kk( q k
811 @ D{Xp ® Yy, Xp ® Y,) = Z[k][ i - Ai)] 2 @ - yi)]
k=0\" Ni=1 i=1
d m
= [Z(O_w - )+ (I - ui))y
i=1
=0.
Let
d
WA =, OA) =P, a=(a ..a), PB=(P,..B) and [B]= B
i=1
Then,
14
A=a+B=(+p,..az+pB) and [B]= 52@ - 1.

i=1
For a given complex d-tuple 7 = (g, ...,7), define &;), 1 < i < 2, by

b1y = Sa+nerm+nel = 61 + (Lzer ~ Regr)
and

Sy = Srei+n e+ = 62 + (Lier = Rigr).
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Then, since § = -8,

812 =61+ 82 = 1) + Sapy + (FLper + Rper) + (—LLigg + Rigp))
=815y + Sap) + {(L1ep — Lper) + (Rrgp — Rpen)}
=5+ (L +R),

where we have set
61+ 6,=96, [L1®B—[L5®[=[L and [RI®13—[R!;®[=[R.
Evidently, [L, R] = 0 (= [L;gp, L per] = [R1ep, Rper)) and, for all positive integers ¢,

t
Y (-1

s=0

SLA®I) = I ).

;]6”([]_ +R)

Since

L+R¥I®I =[i[;][LS—k[Rk Ie1)
k=0
s k=j( a4 j
DICUH ]w Yol ]Zmﬁl Shel
k=0 i=1

2

k
Z( 1)1[]] k(I ® D),

L +R¥I®I)=0 for all k>0 and if k=0, then it equals LI ® I). A similar argument shows that
1L5( ® I) = 0 for all s > 0; hence,

LA ® D) = (61 + &) T ® 1) = (Sigpy + S2p)'U ® )
for all non-negative integers t. Again, considering
1y = 61+ (Lien) — Raer = 813) — (Lasr — Reen)s

Sind ® I) = {81) + (Laer ~ Rag)}I ® I)

t
t

= z k 5{(;;}{){([La®1 - Ra@l)}t(l ® I)

k=0

¢ . d k=j( a j
= 2 |1 Jois) Z( D’[ 2auell |)ael

k=0 i=1 i=1

Lot k
=kz M Z 1)[ Za,@l

=0 j=0

Hence, 61‘(,\)(1 ® 1) =0 for all k > 0, and if k = 0, then 61‘(,1)(1 ®I)= Sf(/;)(l ® I).
Let y be a unit vector in A and let {x,} C H be a sequence of unit vectors such that

(T - A)x, = 0; 1<i<d.

p—o

Then,

SEKI®I) = Sk ® I)

Z( 1)1[’"_ ]

= 11m 61’&.)"(1 @ DX ® Yy, X, ®Y)

m-k=j( 4 j
Y(GHi-A) eI

i=1

Z(Tll )_ll) ® I
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J

m-k d
= Z (- 1)][ k]hm < Z(Tn' -A)
j=0 p—® i=1

foralm - k>0, and if m - k = 0, then

Xps

d m-k-j
2 (T - Ai)] xp> ¥,y)=0
i=1

m

ael = Z[ ]52(ﬁ)(51(ﬁ) YI®I), since [8ig), Supl = 0 = 85I ® I).
k=0

m
0=860IQI) = [kzO[ ]5;;15)’(52(5)

Let my < m be the least positive integer such that 62'2'5)(1 ®I)=0and 62(3) (I ® I) # 0. Since

d Jj
ZI ® (T + Bi)]

d t-j
YIe (T - E)y

i=1

d (t
SpI ®1) = Z (—1)1[ j]

I® Z(TZI ﬁl)t]

I® Z(Tzl Bl)f]

i=1

3o

=I® 611 3+B, TTz’fB(I)

for all positive integers ¢, the assumption (T% + B, T, + B) is strict my-symmetric and implies that the sequence
{6r+ Fapd )32t is linearly independent.
To complete the proof, we observe that

0=62I®1I)

m
= ;Zo T Bmkskn U © 1)
< (m
= IZO k 61’&_)1((1 ® 51;‘+E,1IZ+/3(I))
m
-2 6 15D @ DU @ 8,515 (D)
m
= 3 | IR s D) ® 8K (D).

>
i
o

Since 6{;%%%(1) 0 for all ¢t > my, the linear independence of the sequence {§ r*ﬂg 112+p(1)}m2 ! implies
that 6§T+BJH+E(I )y=0forallt = m =m- my+ 1. In particular, (T} + B, Ty + B) is my-symmetric. O

Theorem 3.3 begs the question of whether an anlogous result holds for m-isometric sums (T} ® I
+I® T, T ® I +1® T,). The following theorem is a result in this direction.

Theorem 3.4. If T;, 1< i < 2, are commuting d-tuples in B(H)? such that (T @ I+ I @ T T @ I+1® T,)
is strict m-isometric for some positive integer m, then there exist a scalar A = (4, ...,Aq) and positive integers
m; < m such that T, — u is my-nilpotent and (T5 + A, T, = A) is my-isometric.

Proof. The proof below depends in an essential way upon Theorem 3.2. The spectrum of T, being non-empty,
there exists a scalar A = (4, ...,Aq) € 0(T). Let {x,} be a sequence of unit vectors in % such that
limyo(Ty; = A)X, = 0; 1 < i < d. For such a scalar 4,

A%*®I+I®TI’Z*,1I1®I+I®TIZ(I ® I) = Aﬁ*@lﬁ@ﬁ;,(11+A)®I+I®(TIZ—A)(I ® I)
= (( - Lyter+rers * Rigm-1) + (Lyter * Rigm,-1) *+ Liers * Rrgm-n)"U ® I)

Ie1I),

- ‘ 3 [ Jorian + ey

Jj=0
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where we have set

(I - Lysorrers * Ris-0)"" = Afrdrisrsem-n = V"7,
Lyier *Rigme-1 = M1,  Ligr: * Rig,-1) = Mo.
Let y € H be a unit vector and let {x,} C H be a sequence of unit vectors such that

hm(Tgl - Ai)Xp =0.
p%DO

Then,
(M + Mp)I(I ® )
j .
= z []](](ﬂ_ﬂ‘@] * R1®(1Iz—/\))1"k([LI®” * RI@(U—A))I{(I ® 1)
=0
() < K
"2 []]([L“@’ *Rromn) ™| Y 273 (T - 18
ok gk B!
implies

lim(M; + Mz)]<y ® Xp,y ® Xp>
p—

k!
0.9 3 gl - 2. 1)

J
=2
k=0

I{,]([Lwrmz *Ryg(r,-1)

Hence, lim,_.(M; + My)/(y ® X,,y ® Xp) = 0 for all k > 0, and if k = 0, then

})HT;(Ml + M) (Y ® Xp, Y ® Xp) = ;if?o(ln@ *Riom-0)(y ® X5,y ® Xp)

.
= 2 0 T (T - 2, ) = 0
=j P

for all j > 0 (and if j = 0 then it equals I ® I). Conclusion:

Afgnrerinenerd ® 1 =V"I @ I)
= A%*@HI@TI;(MM)@I(I ® I)
=0.

Letn < m be the least positive integer such that Af«g 1o y5 1,420/ ® I) = 0. Then, an application of Theorem
3.2 proves the existence of a scalar I = (I}, ..., ;) € d,(T5) and positve integers m;, 1< i< 2, such that
n=m+m—1,T5 -7 (hence, T; - u) is my-nilpotent and (T3 + &, Ty + A) is my-isometric. The conclusion
that T, — p is my-nilpotent implies (T, — u) = g,(T, — u) = g,(Ty) - {¢} = {0}; hence, A € g,(T) if and only if
A = u. Consequently, (T + A, T + A) is strict my-isometric, T, — A is my-nilpotent, and (T} + MNI+I®
T3-1),(M+)QI+I1® (T,-A), equivalently (T}@I+I@T; T @I+I®T,), is my+2my-2=
n+ mp - 1 = m isometric. O
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