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Abstract: This study is devoted to designing two hybrid computational algorithms to find approximate solu-
tions for a class of singularly perturbed parabolic convection–diffusion–reaction problems with two small
parameters. In our approaches, the time discretization is first performed by the well-known Rothe method and
Taylor series procedures, which reduce the underlying model problem into a sequence of boundary value
problems (BVPs). Hence, a matrix collocation technique based on novel shifted Delannoy functions (SDFs) is
employed to solve each BVP at each time step. We show that our proposed hybrid approximate techniques are
uniformly convergent in order �( )+ −

τ MΔ s
1

2 for =s 1, 2, where τΔ is the time step and M is the number of
SDFs used in the approximation. Numerical simulations are performed to clarify the good alignment between
numerical and theoretical findings. The computational results are more accurate as compared with those of
existing numerical values in the literature.

Keywords: collocation points, convergent analysis, Delannoy functions, stability, Taylor expansion, Rothe
method, singularly perturbed problem

MSC 2020: 65M70, 65N12, 41A10, 35B25

1 Introduction

There are lots of studies focusing on the numerical solutions of singularly perturbed convection–diffusion–
reaction equations. The singular perturbations have appeared in control theory [1], hydrodynamics, fluid or
gas dynamics, in the modeling of semiconductor devices [2], etc. For more details, see [3]. Numerical treat-
ments of differential equations with small parameters typically lead not to satisfactory results. In fact, in the
presence of these parameters, we have boundary layer regions in which the calculated solution varies rapidly
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in order to satisfy the boundary condition. Such phenomena give rise to numerical cumbersomes and make
the investigation of convergence analysis very difficult [4,5,7].

In this work, we aimed to solve 1-D singularly perturbed second-order parabolic partial differential
equations with two hybrid approaches. To be more precise, we study the following convection–diffusion–reac-
tion (CDR) model problems with two small parameters given by [6,7]:
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where ( ]≔ × TΩ Ω 0,x and ( )≔ LΩ 0,x with >L 0. Here, we assume that the coefficients ( ) ( )A x τ B x τ, , , , and
( )h x τ, are sufficiently smooth real-valued functions. We suppose further ( )A x τ, satisfies

( ) > ∈A x τ x, 0, Ω .x (2)

Moreover, < ≪μ0 1 and < ≪ε0 1 as the perturbation parameters are two small constant parameters. With
(1), the following initial condition is given as:

( ) ( ) [ ]= ∈ ≔w x g x x L, 0 , Ω̄ 0, ,x
(3)

and subject to the following two boundary conditions:

( ) ( ) ( ) ( ) [ ]= = ∈w τ a τ w L τ a τ τ T0, , , , 0, ,L0 (4)

where ( )a τ0 and ( )a τL are two given functions. We emphasize that the existence and uniqueness of the solution
( )w x τ, of the aforementioned initial boundary value problem (BVP) are guaranteed if the data are sufficiently

smooth and under some appropriate compatibility conditions (see [6,7,10] for details). On the other hand, this
unique solution ( )w x τ, exhibits two boundary layers at two extreme spatial points =x L0, . To the best of our
knowledge, only a fewmethods have been developed for (1) with initial and boundary conditions (3)–(4). In [6],
a parameter-uniform computational algorithm was constructed, which is based on an upwind finite difference
scheme and a suitable piecewise uniform mesh. Besides, a scheme for the numerical treatments of (1)–(4) is
based on a moving mesh-adaptive strategy, which adapts meshes to boundary layers proposed in [7]. The
authors also proved that the proposed method is ε-uniform convergent of order �( )+− +

M τΔq1 under two
restrictive conditions ⩾ε μ

2 and <−
M C τΔq . Here, M is the number of spatial grid points, τΔ is the time step,

and < <q0 1 is a real number. In [8], the authors proposed a parameter-uniform computational scheme based
on higher-order finite difference method (FDM) for the model (1). Finally, a mesh-free procedure based on local
radial basis function and FDM was investigated in [9].

Over the past decades, rapid strides have been made to develop various analytical and numerical proce-
dures for solving time-dependent singular perturbation problems and some related model problems. Among
various available approaches, let us mention the followings. The method is based on implicit Euler in time and
upwind scheme on a nonuniform spatial mesh proposed in [11]. The sinc-Galerkin procedure is presented in
[5], and the technique of Richardson extrapolations was developed in [13]. In [12], the authors used the Rothe in
temporal direction and B-spline collocation scheme on a Shishkin mesh in space. Similarly, a combination of
Crank-Nicolson and exponentially fitted operator finite difference scheme as well as the hybrid Crank-
Nicolson/redefined cubic B-spline finite element method (FEM) developed in [14,15] respectively. Moreover,
an upwind method based on the fitted Shishkin mesh was first proposed in [16]. Second, a hybrid approach
comprises the midpoint upwind and the central difference method developed in [16]. The authors in [17] first
discretized the time by the implicit-trapezoidal technique, and then, a combination of the midpoint upwind
and central difference methods is utilized for the spatial variable. The streamline diffusion FEM was inves-
tigated in [18–20] and the finite element schemes on Bakhalov-type meshes considered in [21,22]. An exponen-
tially fitted approach with regard to the space direction and the Crank-Nicolson scheme with respect to the
time variable was proposed in [23] on a uniform mesh. Furthermore, we may point out some other effective
methods for solving these kinds of model problems given in [24–32].

The primary aim of this manuscript is to examine two combined computational schemes to attain approx-
imate solutions of (1)–(4) accurately and more straightforwardly than to existing numerical procedures. First,
the temporal discretization is carried out via the Rothe horizontal method of line and the Taylor expansion
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series formula. Hence, a matrix collocation technique based on a novel set of orthogonal polynomials, which is
called shifted Delannoy functions (SDFs), is applied to the spatial variable. Also, the convergence and error
analysis of the proposed methods in each direction are investigated in detail. Hence, we prove that our

proposed techniques are uniformly convergent with complexity �( )+τΔ s

M

1 , where τΔ is the time step
and M is the number of SDFs. Here, =s 1 corresponds to the Rothe approach, while =s 2 is related to the
Taylor method.

The plan of this manuscript is given as follows. In Section 2, some fundamental facts of Delannoy poly-
nomials together with their proof of convergence in the (weighted) L2 and ∞L are given. Time marching
algorithms based on the Rothe and Taylor series approaches are given next in Section 3. Then, an investigation
of the stability together with error estimations is considered. Section 4 is devoted to the implementations of
two hybrid Rothe/Taylor-Delannoy methods in detail. In Section 5, the validations of the presented techniques
are shown by comparison with existing numerical models and computational experiments. Finally, the con-
clusion is brought in Section 6. Throughout this study, the constants C and C1 are positive independent of ε M, ,

and R as the number of time intervals. They may not have the same value at each occurrence.

2 Delannoy functions: A shifted version

Many enumeration problems can be expressed in terms of Delannoy numbers�m k, , where �∈m k, . We refer
to [33–35] for more information. These numbers are related to the number of lattice paths from ( )0, 0 to ( )m m,

in which the only allowed steps (jumps) are ( )1, 0 , ( )0, 1 , and ( )1, 1 . The (central) Delannoy numbers are given
by the formula:
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Based on the aforementioned description, we have the following definition related to � �≡m m m, :

Definition 2.1. The Delannoy polynomials are defined as:
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(5)

Clearly, we have � ( ) =z 10 and � ( ) = +z z1 21 . Using the fact that � ( )zm coincides with the Legendre
polynomials ( )+L z2 1m , we obtain the following recursive relation:

� � �( ) ( ) ( ) ( )=
−

+ −
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z z
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1
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(6)

Also, the following orthogonality condition holds

� �( ) ( ) ( )∫ =
+

−

z z w z z

m

δd
1

2 1
,n m mn

1

0

(7)

with respect to the weight function ( ) ≡w z 1. A simple calculation shows that these new polynomials satisfy the
following differential equation:

� � �( ) ( ) ( ) ( ) ( ) ( )+ ″ + + ′ = +z z z z z m m z1 2 1 1 .
m m m (8)

Using the fact that the roots of the Legendre polynomials are located in ( )−1, 1 [36, Thm. 62], we have the
following observation:
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Lemma 2.2. All zeros of Delannoy polynomials are negative, simple, and lie in ( )−1, 0 .

In applications, we are mainly interested in using the Delannoy functions on a positive interval [ ]L0, .
Thus, the shifted version of Delannoy polynomials in Definition 2.1 is defined next:

Definition 2.3. The SDFs on [ ]L0, are defined as:

� �( ) ( ) [ ]= = − ∈⋆
x z z

x

L

x L, 1, 0, .
m m (9)

In the explicit form, according to Definition 2.1, we may write
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Furthermore, the set of Delannoy polynomials �{ ( )}⋆
=

∞
x

m m 0 are satisfied in the relation:
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2.1 Convergence and error analysis

A function ( ) ( )∈f x L Ωx2 can be represented as a linear combination of SDFs. Thus, we have
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(12)

with the coefficients dm, ⩾m 1 being explicitly as:
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To proceed, we need the following results to estimate an upper bound for the coefficients dm given in (13).

Lemma 2.4. The following results are valid for the SDFs:
(i) � �( ) ( ) ( )= − =⋆ ⋆
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m
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Proof. The proof of i) is obtained by using the fact that the Legendre polynomials satisfy ( ) =L 1 1m and
( ) ( )− = −L 1 1m

m. Also, we have ∣ ( )∣ <L z 1m for − < <z1 1. The second one is deduced from the following relation
[36]:

( ) ( ( ) ( ))=
+

′ − ′+ −L z
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L z L z
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2 1
,m m m1 1

(14)

and then using the transformation = ∕ −z x L2 1. To prove (iii), we apply the aforementioned change of vari-
able to the following inequality, which is proved for the Legendre polynomials [36, Thm. 61]:

∣ ( )∣
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π

m z

z

2 1
, 1 1.m 2
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□

It should be noted that the case (iii) provided an upper bound for the SDPs on [ ]L0, . We use this fact to
prove that the infinite expansion series (12) is uniformly convergent.
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Theorem 2.5. Suppose that a given function ( ) ( )∈ ∩f L CΩ Ω̄x x2
2 can be written as (12) and ∣ ( )∣( )= ∈M f xmaxx2 Ω

2

x
.

Then, the series in (12) is uniformly convergent. Moreover, the following upper bound is valid for the coefficients dm in
(13) as:
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where =C π π L M
1

2

2
2.

Proof. We start with relation (ii) in Lemma 2.4 to arrive at:
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Applying the integration by parts (IP) to both integrals on the right-hand side and using the relations (i) in
Lemma 2.4 reveal that
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By inserting the former relations into (16) and canceling the similar terms, we find out
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Using the relation (ii) in Lemma 2.4 for → ±m m 1 in the aforementioned relation (17), we obtain
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By repeating the IP in the last terms and then simplifying, we obtain
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Therefore, using the triangle inequality, we obtain
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Now, we apply the third inequality (iii) in Lemma 2.4 to arrive at
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It is not a difficult task to show that

( )
∫ −

=
x

x L x

π

d
.

L

0

By utilizing the obvious inequality − > −m m2 1 2 4, we obtain
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Clearly, for >m 3, we have − >m m2 4 . Thus, the proof is complete. □

Instead of infinite series solution given in (12), we consider practically a truncated series solution that
consists of ( )+M 1 Delannoy functions in the form:
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Let us denote the error between two consecutive approximations f
M
and +f

M 1
by:

( ) ( ) ( )≔ −+e x f x f x .M M M1

Furthermore, ‖ ‖g 2 represents the (weighted) L2 norm on Ωx with regard to the weight function ( ) =w x 1. The
next theorem gives us an error estimation for the error eM .

Theorem 2.6. Under the hypothesis of Theorem 2.5, the following error estimate holds
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Now, we utilize the orthogonality condition (11) and the result of Theorem 2.5 to obtain
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Finally, we derive an upper bound for the (global) error between the infinite series expansion of ( )f x in
(12) and its truncated series expansion ( )f x

M
in (19). To continue, we define ( ) ( ) ( )= −E x f x f xM M

.

Theorem 2.7. Suppose that ( )f x satisfies the hypothesis of Theorem 2.5 and �( ) ( )= ∑ = +
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Proof. By utilizing Lemma 2.4, part (i) together with the result of Theorem 2.5 reveals that

�∣ ( )∣ ∣ ∣∣ ( )∣ ∣ ∣∑ ∑ ∑⩽ ⩽ ⩽
= +

∞
⋆

= +

∞

= +

∞

E x d x d C

m

1
.M

m M

m m

m M

m

m M1 1 1

3

2

6  Khursheed J. Ansari et al.



Now, we use the well-known integral test, which says that

∫∑ ⩽ =
= +

∞ ∞
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d
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m M
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Thus, the proof is completed by taking maximum over all ∈x Ωx . □

3 Time advancement methodologies

Here, we propose two time-marching schemes to discretize the parabolic CDR equation (1). To this end, we first
employ the Rothe method [37,38] as a first-order accurate procedure and we then consider the Taylor series
formula to obtain a second-order accuracy in time (see [39–41]).

Let { } =τr r

R

0 be a partitioning of the interval [ ]T0, into R uniform subintervals [ ]≔ −R τ τ,r r r1 for =r R1, 2,…, .
Here, the grid points and the time step are given by:

= < = < < = = = − −τ τ τ τ R τ T τ τ τ0 Δ … Δ , Δ .R r r0 1 1

In the sequel, we use the symbol wr to show the approximate solution at time level τr for =r R1, 2,…, ,
i.e., ( ) ( )≔w x w x τ,r r .

3.1 Rothe first-order approach

The idea of Rothe technique consists of replacing the time derivative at the fixed points =τ r τΔr by the
following difference formula:
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By replacing all terms in relation (1) by the aforementioned approximations at time level τr, we obtain the
following BVPs:

( ) ( )
( ) ( ) ( ) ( ) ( )

( ) ( )

( ) ( )

⎧

⎨
⎪

⎩
⎪

−
− ″ − ′ + =

= ≕
= ≕

=

−w x w x

τ

εw x μB x w A x w x h x

w a τ a

w L a τ a

r R

Δ
,

0 ,

,

1, 2,…, ,

r r

r r r r r r

r r

r

r L r L

r

1

0 0

where ( ) ( )=A x A x τ,r r , ( ) ( )=B x B x τ,r r , and ( ) ( )=h x h x τ,r r . After some manipulations, we rewrite the fore-
going BVPs elegantly as:
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for =r R1, 2,…, and using the starting function ( ) ( )=w x g x0 as the given initial condition for the model
Problem (1). If we solve the BVPs (22) subsequently, the functions ( )w x1 , ( ) ( )w x w x,… R2 are obtained. Hence,
one can construct the so-called Rothe functions ( )W x τ,1 in the whole domain Ω as:
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( ) ( )

( )= +
−

−−
−

−W x τ w x

w x w x

τ

τ τ,
Δ
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on the subinterval Rr for =r R1, 2,…, . Clearly, the constructed ( )W x τ,1 is a piecewise function with respect to τ

for every fixed x . By repeating the aforementioned approach with time steps ∕ ∕ ∕τ τ τΔ 2, Δ 4, Δ 8,… , we obtain a
sequence of related Rothe functions { ( )} =

∞
W x τ,m m 1. Our expectation is that this sequence is convergent towards

the true solution ( )w x τ, of the original equation (1).

3.2 Taylor second-order approach

To proceed, we first substitute =τ τr at the original equation (1) to obtain

( ) ( ) ( )
∂
∂

=
∂
∂

+
∂
∂

− +
w

τ

ε

w

x

μB x

w

x

A x w h x .
r r

r

r

r r r

2

2
(23)

By means of the Taylor formula for wr, we obtain

�( )
∂
∂

=
−

−
∂
∂

++w

τ

w w

τ

τ w

τ

τ

Δ

Δ

2
Δ .

r r r r1

2

2

2 (24)

We now differentiate (1) with regard to time variable τ followed by evaluating the resulting equation at τr to
obtain

( ) ( ) ( )
∂
∂

=
∂
∂

⎛
⎝
∂
∂

⎞
⎠ + ⎡

⎣
∂
∂

∂
∂

+
∂
∂

⎛
⎝
∂
∂

⎞
⎠
⎤
⎦ −

∂
∂

−
∂
∂

+
∂
∂

w

τ

ε

x

w

τ

μ

B

τ

w

x

B x

x

w

τ

A

τ

w x A x

w

τ

h

τ

.
r r r r

r

r r

r r

r r

2

2

2

2

We now exploit the difference quotient −+h h

τΔ

r r1 instead of ∂
∂
h

τ

r in the former relation. After multiplying both
sides of the resulting relation by τΔ , we obtain

( ) ( )

( ) ( ) ( )( )

⎜ ⎟
∂
∂

=
⎛
⎝
∂

∂
−

∂
∂

⎞
⎠

+ −
∂
∂

+ ⎛
⎝
∂

∂
−

∂
∂

⎞
⎠

− − − − + −

+
+

+

+ + +

τ

w

τ

ε

w

x

w

x

μ B B

w

x

μB x

w

x

w

x

A A w x A x w w h h

Δ

.

r r r

r r

r

r

r r

r r r r r r r r

2

2

2

1

2

2

2 1

1

1 1 1

(25)

We now come back to relation (24). On the left-hand side, we use relation (23) for the term ∂
∂
w

τ

r . On the right-
hand side, we place ∂

∂
τΔ

w

τ

r

2

2 via relation (25). After simplifying and thenmultiplying by τ2Δ , we arrive at the time
discretized equation for (1) with second-order accuracy. Consequently, we obtain the following differential
equation of second order as:

( ) ( ) ( ) ( ) ( ) ( ) ( )″ + ′ + = ∈− − − −σ x w x σ x w x σ x w x H x x, Ω ,r r r r r r r x2, 1 1, 1 0, 1 1 (26)

for =r R1, 2,…, . Here, the related coefficients are given by:

( ) ( ) ( ) ( ) ( )

( ) [ ( )] ( ) ( ) ( ) ( ) ( )

≔ − ≔ − ≔ +
≔ − + + + ″ + ′

− − − − −

− − − − −

σ x ε τ σ x μ τB x σ x τA x

H x τA x w x τ h h τεw x μ τB x w x

Δ , Δ , 2 Δ ,

2 Δ Δ Δ Δ .

r r r r r

r r r r r r r r

2, 1 1, 1 1 0, 1 1

1 1 1 1 1

Contrary to the Rothe method, in order to solve the system of linear equations (26), we require to have the
initial condition ( ) ( )=w x g x0 as well as the first- and second-order derivatives. At every time step τr, the
boundary conditions (4) at =x L0, are converted as:

( ) ( ) ( ) ( )≔ = ≔ = =w a a τ w L a a τ r R0 , , 1, 2,…, .r

r

r r L

r

L r0 0 (27)

3.3 Stability and error estimate in time

We now investigate the stability and convergence analysis of the discretized equation (26) and will prove its
second-order accuracy. Similar techniques can be applied to establish the first-order accuracy of model (22). To
proceed, we introduce the linear operator �ε related to (26) as:

� [ ]( ) ( ) ( ) ( ) ( ) ( )≔ − − + ⎛
⎝ + ⎞

⎠− −w x ε

x

w x μB x

x

w x

τ

A x w x

d

d

d

d

2

Δ
.ε r r r r r r

2

2 1 1
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Thus, we rewrite the relation (26) in a compact form:

� [ ]( ) ( )= ∈−w x H x x, Ω ,ε r r x1 (28)

together with the following initial and boundary conditions:

( ) ( ) ( ) ( )= = =w x g x w a w L a, 0 , ,r

r

r L

r

0 0
(29)

for =r R1, 2,…, , and we also have

( ) ( ) ( ) ( ) ( ) ( ) ( ) ( )≔ ⎛
⎝ − ⎞

⎠ + ″ + ′ + +− − − − −H x

τ

A x w x εw x μB x w x h x h x

2

Δ
.r r r r r r r r1 1 1 1 1

As mentioned earlier, the symbol ( ) ( )≈w x w x τ,r r denotes the approximate solution of (28) at time level τr.
Next, we state a theorem on the maximum principle for the operator �ε as follows. The following

maximum principle [42] holds for �ε.

Lemma 3.1. (Semi-discrete maximum principle) Let assume that function ( )∈v C Ω̄x

2 satisfies ( ) ⩾v 0 0 and
( ) ⩾v L 0. If � [ ]( ) ⩾v x 0ε for all ∈x Ωx , then ( ) ⩾v x 0 for all ∈x Ω̄x .

Proof. The proof is done by contradiction. Let suppose that ⋆
x be a point such that ( ) ( )≔⋆

∈v x v xminx Ω̄x
and

( ) <⋆
v x 0. By the assumptions, ≠⋆

x L0, . This implies that ( )′ =⋆
v x 0 and ( )″ >⋆

v x 0. Now, we have

� [ ]( ) ( ) ( ) ( )= − ″ + ⎛
⎝ + ⎞

⎠ <⋆ ⋆ ⋆ ⋆
v x εv x

τ

A x v x

2

Δ
0,ε r

since ( ) >⋆
A x 0r due to the constraint (2) we have assumed. This contradicts the hypothesis, and one concludes

that ( ) >⋆
v x 0. Therefore, our conclusion is that ( ) ⩾v x 0 for all ∈x Ω̄x . □

Due to the fact that the operator �ε in (28) satisfies in a maximum principle, the immediate conclusion is
that the semi-discretized method (28)–(29) is stable in the following sense [11].

Corollary 3.2. (Stability) The following stability estimate holds

�‖ ‖ ⩽−
∞ C ,

ε

1 (30)

where C is a constant (independent of τΔ and ε).

The uniform convergence properties of semi-discretized method (28)–(29) is our next aim. To this end, we
define the local truncation error (LTE) between ( )w xr and true solution ( )w x τ, r as:

( ) ( ) ( )≔ − ∈e x w x τ w x x, , Ω .r r r x

Lemma 3.3. (Local error estimate [LEE]) If there is a constant C such that

( )
( ) [ ]

∂
∂

⩽ ∀ ∈ × =
w x τ

τ

C x τ T k

,
, , Ω̄ 0, , 0, 1, 2, 3,

k

k
x

then the LEE in the temporal direction satisfies

�‖ ‖ ( )=∞e τΔ .r

3 (31)

Proof. We now rewrite Relation (28) in a new formulation as:

( ) ( ) [ ( ( ) ( )) ( ( ) ( ) ( ) ( ))

( ( ) ( ) ( ) ( )) ( ) ( )]

= − ″ + ″ + ′ + ′

− + + +

− − − −

− − −

w x w x

τ

ε w x w x μ B x w x B x w x

A x w x A x w x h x h x

Δ

2

.

r r r r r r r r

r r r r r r

1 1 1 1

1 1 1

(32)
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Let ( )w x τ, be the smooth solution of the original equation (1). By using the Taylor formula with integral
remainder, we have

( ) ( ) ( ) ( ) ( ) ( )∫= − + + −
∂
∂− −

−

w x τ w x τ τw x τ

τ

w x τ τ ξ

w

τ

x ξ ξ, , Δ ,
Δ

2
,

1

2
, d .r r τ r ττ r

τ

τ

r1

2

1
2

3

3

r

r 1

(33)

We now utilize expression (23) with ( )w x τ, r instead of ( )w xr to obtain

( )
( )

( )
( )

( ) ( ) ( )=
∂

∂
+

∂
∂

− +w x τ ε

w x τ

x

μB x

w x τ

x

A x w x τ h x,
, ,

, .τ r

r

r

r

r r r

2

2
(34)

For the second-order derivative ( )w x τ,ττ r , we use (25) except that on the right-hand side, we utilize the
backward difference formula rather than forward one to obtain

( )
( ) ( )

( ( ) ( ))
( )

( )
( ) ( )

( ) ( )

( )( ( ) ( )) ( ) ( )

⎜ ⎟=
⎛
⎝
∂

∂
−

∂
∂

⎞
⎠

+ −
∂

∂

+ ⎛
⎝
∂

∂
−

∂
∂

⎞
⎠ − −

− − + −

−
−

−
−

− −

τw x τ ε

w x τ

x

w x τ

x

μ B x B x

w x τ

x

μB x

w x τ

x

w x τ

x

A A w x τ

A x w x τ w x τ h x h x

Δ ,
, , ,

, ,
,

, , .

ττ r

r r

r r

r

r

r r

r r r

r r r r r

2

2

2

1

2 1

1

1

1 1

(35)

The next task is to substitute two forgoing Relations (34) and (35) into (33). Some simplifications give us

�

( ) ( ) ( ( ) ( )) ( ( ) ( ))

( ( ) ( )) ( ( ) ( )) ( )

= − + − +

+ + − + +

− − − −

− − −

w x τ w x τ

ε τ

w x τ w x τ

μ τ

B w x τ B w x τ

τ

A w x τ A w x τ

τ

h x τ h x τ τ

, ,
Δ

2
, ,

Δ

2
, ,

Δ

2
, ,

Δ

2
, , Δ .

r r xx r xx r r x r r x r

r r r r r r

1 1 1 1

1 1 1
3

(36)

We now subtract Relation (36) from (32). Consequently, we find that the LTE satisfies in the following Dirichlet
BVPs:

� �[ ]( ) ( )

( ) ( )

⎧
⎨
⎩

=
= =

e x τ

e e L

Δ ,

0 0, 0.

ε r

r r

3

(37)

The boundedness of inverse operator given in (30) helps us to show that

� �‖ ‖ ‖ ‖ ( )⩽∞
−

∞e τΔ .r ε

1 3

Now, the desired result is proved. □

Let us combine the consistency and the stability presented semi-discretized BVP (28)–(29). In the following
result, we derive an upper bound for the global error estimate (GEE) defined by:

( ) ( ) ( )≔ − ⩽E x ψ x τ Ψ x r

T

τ

, ,
Δ

.r r r

It should be stressed that all LEE up to time level contributes to the GEE at time instant τr.

Lemma 3.4. (GEE) Under the assumption of Lemma 3.3, the GEE in the time direction satisfies

�‖ ‖ ( )= ∀ ⩽∞E τ r τ TΔ , Δ .r

2 (38)

Proof. After summing the LEE given via Relation (31) in Lemma 3.3 over =s r1, 2,…, , one obtains

�

‖ ‖ ( )

‖ ‖ ‖ ‖ ‖ ‖

( ) ( )

( )

∑= ⩽

⩽ + + +
⩽ =
⩽ =

∞
= ∞

∞ ∞ ∞

E e r τ T

e e e

r C τ C r τ τ

C T τ τ

Δ

…

Δ Δ Δ

Δ Δ ,

r

s

r

s

r

1

1 2

1
3

1
2

1
2 2
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where the constant C1 is not dependent on τΔ . □

The previous Lemma indicates that the presented time discretized approach is uniformly convergent with
order 2.

Remark 3.5. Similar lemmas and results can be proved for the semi-discretized approach (22) via the Rothe
method. In this case, the LEE and GEE satisfy �‖ ‖ ( )=∞e τΔr

2 and �‖ ‖ ( )=∞E τΔr for all ⩽r τ TΔ , respectively.
Thus, the order of (uniform) convergence is one as expected.

4 Two hybrid approaches

In the previous parts, the Rothe and Taylor approaches are used to discretize the parabolic CDR equation (1)
with respect to time. These two discretized time equations are given by Relations (22) as well as (26)–(27). Our
goal is here to solve these initial BVPs with respect to the spatial variable x .

In both methods and at each time step τr, the solutions ( )w xr are approximated as a combination of SDPs
(19). Supposedly, we have � ( )− xr M1, as the Delannoy approximation to ( )−w xr 1 at time level −τr 1. Note that for

=r 1, we utilize the initial condition ( )g x for ( )w x0 . Proceeding in the next time level τr, we take the approx-
imate solution � ( )xr M, for =r R1, 2,…, as:

�� ( ) ( )∑= ∈
=

⋆
x p x x, Ω .r M

m

M

m

r

m x,

0

(39)

In both Rothe-Delannoy and Taylor-Delannoy techniques presented in the following, we seek the unknowns
p

m

r , =m M0, 1,…, . By introducing

� � �[ ] ( ) [ ( ) ( ) ( )]= = ⋆ ⋆ ⋆
DP p p p x x x x… , … ,

M

r r r

M

r t

M M0 1 0 1

we may express � ( )xr M, as:

� ( ) ( )= Dx x P .r M M M

r

, (40)

It is also not a difficult task to show that the vector of SDFs, i.e., ( )D xM can be written as:

( ) ( )=D x χ x K ,M M M (41)

where ( )χ x
M

as the vector consisting of powers of ( )−x L is given by:

( ) [ ( ) ( ) ]= − − −χ x x L x L x L1 … ,
M

M2

and KM as a lower-triangular matrix is defined by:

( ) ( )

=

⎛

⎝

⎜
⎜
⎜
⎜
⎜
⎜
⎜
⎜
⎜
⎜⎜

⎛
⎝

⎞
⎠
⎛
⎝

⎞
⎠

⎛
⎝

⎞
⎠
⎛
⎝

⎞
⎠

⎛
⎝

⎞
⎠
⎛
⎝

⎞
⎠

⎛
⎝

− ⎞
⎠
⎛
⎝

− ⎞
⎠

⎛
⎝

⎞
⎠
⎛
⎝

⎞
⎠

⎛
⎝

⎞
⎠
⎛
⎝

⎞
⎠

⎛
⎝

⎞
⎠
⎛
⎝

⎞
⎠

⎛
⎝

− ⎞
⎠
⎛
⎝

⎞
⎠

⎛
⎝

⎞
⎠
⎛
⎝

+ ⎞
⎠

⎛
⎝

⎞
⎠
⎛
⎝

⎞
⎠

⎛
⎝

− ⎞
⎠
⎛
⎝

+ ⎞
⎠

⎛
⎝

⎞
⎠
⎛
⎝

+ ⎞
⎠

⋮ ⋮ ⋱ ⋱ ⋱ ⋮
⎛
⎝

−
−

⎞
⎠
⎛
⎝

−
−

⎞
⎠

⎛
⎝ −

⎞
⎠
⎛
⎝

−
−

⎞
⎠

⎛
⎝

⎞
⎠
⎛
⎝

⎞
⎠

⎞

⎠

⎟
⎟
⎟
⎟
⎟
⎟
⎟
⎟
⎟
⎟⎟

− − − −

− − −

− −

−

+ × +

K

M M M M

L L L

M M

L

M M

L L

M M

L

M M

L

M

M

M

M

L

M

M

M

M

L

M

M

M

M

0

0

0

0

1

0

1

0

2

0

2

0
…

1

0

1

0 0 0

0
1

1

2

1

2

1

3

1
…

1

1 1 1

1

1

0 0
2

2

4

2
…

1

2

1

2 2

2

2

0 0 0 …
1

1

2 2

1 1

2 1

1

0 0 0 … 0
2

.M

M M

M

M M

1 1 1 1

2 2 2

1 1

1 1

It can be clearly seen that
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( ) ( )∏ ∏⎜ ⎟⎜ ⎟ ⎜ ⎟= ⎛
⎝

⎞
⎠
⎛
⎝

⎞
⎠

= ⎛
⎝

⎞
⎠=

− − + ∕

=
K L

j

j

j

j

L

j

j

det
2 2

,M

j

M

j M M

j

M

0

1 2

1

which is non-zero. Therefore, KM is in an invertible matrix. With the aid of Relation (41), we have

� ( ) ( ) ( )= =Dx x P χ x K P .r M M M

r

M M M

r

, (42)

One can also prove that the derivatives of ( )χ x
M

can be written in terms of itself. To be more precise, we have

( ) ( )( )

( ) ( )

= =

⎛

⎝

⎜
⎜
⎜
⋮ ⋮ ⋱ ⋮ ⋮

⋱

⎞

⎠

⎟
⎟
⎟

+ × +

x

χ x χ x E E

M

d

d
,

0 1 0 … 0

0 0 2 … 0

0 0 0

0 0 0 … 0

,

ν

ν M M M

ν

M

M M1 1

(43)

for =ν 1, 2. Indeed, EM is called the differentiation matrix. A set of collocation points on Ωx must be given to
obtain the numerical solutions of BVPs (22) as well as (26)–(27). Thus, a uniform partitioning of Ωx in the
following form is considered

= =x

Lξ

M

ξ M, 0, 1,…, .ξ
(44)

In Relation (42), we differentiate twice with regard to the variable x . Utilizing Relation (43) to obtain

�

�

( ) ( )

( ) ( )( )

( )

( )

⎧
⎨
⎩

=

=

x χ x E K P

x χ x E K P

,

.

r M M M M M

r

r M M M M M

r

,

1

,

2 2

(45)

The following theorem states the ways that the approximate solutions � ( )xr M, , � ( )x
x

r M

d

d , , and

� ( )x
x

r M

d

d
,

2

2 can be written in the matrix forms. We proceed by defining the following vectors:

�

�

�

�

�

�

�

�

�

( )

( )

( )

( )

( )

( )

( )

( )

( )

( )

( )

( )

( )

( )

( )

( )

( )

( )

( )

( )

=

⎛

⎝

⎜
⎜
⎜ ⋮

⎞

⎠

⎟
⎟
⎟

=

⎛

⎝

⎜
⎜
⎜ ⋮

⎞

⎠

⎟
⎟
⎟

=

⎛

⎝

⎜
⎜
⎜⎜

⋮

⎞

⎠

⎟
⎟
⎟⎟

=

⎛

⎝

⎜
⎜
⎜⎜

⋮

⎞

⎠

⎟
⎟
⎟⎟

X

χ x

χ x

χ x

W

x

x

x

W

x

x

x

W

x

x

x

, , , .M

M

M

M M

r

r M

r M

r M M

r

r M

r M

r M M

r

r M

r M

r M M

0

1

, 0

, 1

,

1

,

1

0

,

1

1

,

1

2

,

2

0

,

2

1

,

2

(46)

Theorem 4.1. For =r R1, 2,…, , the matrix representations of � ( )x
x

r M

d

d ,

ν

ν
at the set of collocation points (44) are

given by:

=W X K P ,r M M M

r (47)

( ) =W X E K P ,
r M M M M

r1 (48)

( )( ) =W X E K P .
r M M M M

r2 2 (49)

Proof. The proof is straightforward by placing the points (44) into Relations (40)–(45) followed by utilizing the
defined vectors (46). □

4.1 Rothe-Delannoy method

We now turn to Relation (22) and write it in a compact form by letting its corresponding coefficients as:
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( ) ( ) ( ) ( ) ( )

( ) ( ) ( )

≔ − ≔ − ≔ +
≔ + −

σ x ε τ σ x μ τB x σ x τA x

H x τh x w x

Δ , Δ , 1 Δ ,

Δ .

r r r r r

r r r

2, 1, 0,

1

Afterward, we substitute the set of collocation points (44) into the resulting equations to arrive at:

( ) ( ) ( ) ( ) ( ) ( ) ( )″ + ′ + =σ x w x σ x w x σ x w x H x ,r ξ r ξ r ξ r ξ r ξ r ξ r ξ2, 1, 0, (50)

for =r R1, 2,…, . In the matrix notation, we express the latter equations compactly as:

( ) ( )+ + = =HW W W r RΣ Σ Σ , 1, 2,…, ,r r r r r r r2,
2

1,
1

0, (51)

where the vector Hr and coefficient matrices Σj r, , =j 0, 1, 2 are given by:

( )

( )

( )

( )

( )

( )
( ) ( ) ( )

=

⎛

⎝

⎜
⎜⎜ ⋮

⎞

⎠

⎟
⎟⎟

=

⎛

⎝

⎜
⎜
⎜ ⋮ ⋮ ⋱ ⋮

⎞

⎠

⎟
⎟
⎟

+ × + × +

H

H x

H x

H x

σ x

σ x

σ x

Σ,

0 … 0

0 … 0

0 0 …

.r

r

r

r M
M

j r

j r

j r

j r M
M M

0

1

1 1

,

, 0

, 1

,
1 1

Now, for =r R1, 2,…, , we obtain the fundamental matrix equation by placing Relation (47) into the former
equation (51) as:

[ ]= H HY P Y, ; ,r M

r

r r r (52)

where

{ ( ) }≔ + +Y X E X E X KΣ Σ Σ .r r M M r M M r M M2,
2

1, 0,

4.2 Taylor-Delannoy method

Similar to the latter Rothe-Delannoy approach, we consider Relation (26) and inserting the set of collocation
points (44) into it to obtain

( ) ( ) ( ) ( ) ( ) ( ) ( )″ + ′ + =− − − −σ x w x σ x w x σ x w x H x ,r ξ r ξ r ξ r ξ r ξ r ξ r ξ2, 1 1, 1 0, 1 1 (53)

for =r R1, 2,…, . We next introduce the vector −Hr 1 and the coefficient matrices −Σj r, 1, =j 0, 1, 2 as:

( )

( )

( )

( )

( )

( )

=

⎛

⎝

⎜
⎜⎜ ⋮

⎞

⎠

⎟
⎟⎟

=

⎛

⎝

⎜
⎜
⎜ ⋮ ⋮ ⋱ ⋮

⎞

⎠

⎟
⎟
⎟

−

−

−

−

−

−

−

−

H

H x

H x

H x

σ x

σ x

σ x

Σ,

0 … 0

0 … 0

0 0 …

.r

r

r

r M

j r

j r

j r

j r M

1

1 0

1 1

1

, 1

, 1 0

, 1 1

, 1

Therefore, we are now able to rewrite the system of equations in a compact representation form as:

( ) ( )+ + = =− − − −HW W W r RΣ Σ Σ , 1, 2,…, .r r r r r r r2, 1
2

1, 1
1

0, 1 1 (54)

By setting

{ ( ) }≔ + +− − − −Y X E X E X KΣ Σ Σ ,r r M M r M M r M M1 2, 1
2

1, 1 0, 1

and putting Relations (47) into the corresponding equation (54), we arrive at related fundamental matrix
equation:

[ ]=− − − −H HY P Y, ; .r M

r

r r r1 1 1 1 (55)
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4.3 Matrix expressions of boundary conditions

The fundamental matrix equations in both Rothe and Taylor-Delannoy techniques are obtained in the last
parts. The implementations of boundary conditions have so far been left undone. We need to incorporate the
related boundary conditions (22) and (27) into it in both approaches. We consider the relation (40) and let

→x L0, in order to implement the boundary conditions. Thus, we obtain

 

 

( )

( )

= ≔

= ≔

Y P a Y χ K

Y P a Y χ L K

, 0 ,

, .

r M

r r

r M M

r

L

M

r

L

r

r

L

M M

0

0

0

Or equivalently, we obtain two rows [ ]Y a;
r

r
0

0 and [ ]Y a;
r

L

L

r in each time step τr. We now replace two rows of the
fundamental matrix equations [ ]HY ;r r and [ ]− −HY ;r r1 1 in (52) and (55), respectively, by the two above new rows.
We finally obtain the modified matrix equations denoted by  [ ]HY ;r r and  [ ]− −HY ;r r1 1 . In each case, by solving the
modified equation, we obtain the Delannoy coefficients p p p, ,…,

r r

M

r

0 1
in each time level.

4.4 Convergence analysis of the hybrid schemes

Let us investigate the convergence analysis of two proposed hybrid techniques, namely, the Talyor/Rothe-
Delannoy approaches. In this respect, we define the error function:

�( ) ( ) ( )≔ − ∈E x w x τ x x, , Ω .r M r r M x, , (56)

The next theorem establishes that the method is uniformly convergent with respect to both space and time
variables.

Theorem 4.2. Suppose that ( ) ( )( )∈w x τ C, Ω2,3 is the exact solution of (1). Also, suppose that the solution ( )w xr of
(26) or (28) satisfies the hypotheses of Theorem 2.6. Then, the following estimate for the (global) error ( )E xr M,

holds

�‖ ‖ ⎟⎜= ⎛
⎝ + ⎞

⎠ ⩽∞E τ

M

r τ TΔ
1

, Δ .r M,
2

Proof. By applying the triangle inequality, we have

�‖ ‖ ‖ ( ) ( )‖ ‖ ( ) ( )‖⩽ − + −∞ ∞ ∞E w x τ w x w x x, .r M r r r r M, ,

We use the estimate (38) proved in Lemma 3.4 for the first term in above. For the second term, it is sufficient to
use the estimate (20) given in Theorem 2.7 with ( )w xr instead of ( )f x . □

In view of Remark (3.5) and under condition ( ) ( )( )∈w x τ C, Ω2,2 is the exact solution of (1), we can similarly

prove that the Rothe-Delannoy collocation technique is uniformly convergent of order �‖ ‖ = ⎛
⎝ + ⎞

⎠∞E τΔr M
M

,

1

for all ⩽r τ TΔ .

5 Graphical and implementation results

In this part, a set of numerical simulations is performed to demonstrate the accuracy of the proposed Rothe/
Taylor-Delannoy collocation matrix techniques and support the theoretical findings. For validation of the
obtained results, a comparison will be drawn between the numerical outcomes of some available
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computational procedures. The experiments were conducted on an ASUS laptop computer with 16 GB RAM and
with 2.2 GHz Intel Core i7 CPU. We used Matlab software version 2021a.

Test example 5.1. As an academic test case, we first set the related coefficients and non-homogeneous term in
(1) as given by [7]:

( ) ( ) ( ) ∣ ∣ ( ) ( )= − + = + = −B x τ e A x τ x x h x τ x x e, 1 , , 1 , , 10 .x τ4 2 4
2

The initial and boundary conditions are given for =L 1 as:

( ) ( ) ( ) ( )= − = =g x x x a τ a τ1 , 0, 0.L

3 3
0

Test example 5.2. In the second test problem, we take the following coefficients as [7–9]:

( ) ( ) ( ) ( ) ( ) ( )= − + + − = + = − −B x τ τ x x A x τ xτ h x τ e x x, 1 , , 1 5 , , 1 1 .τ2 2

For =L 1, we have the next initial and boundary conditions:

( ) ( ) ( )= = =g x a τ a τ0, 0, 0.L0

No exact solutions are given for these two test cases. Thus, we consider the residual error functions (REFs)
defined at time level τr related to the Rothe and Taylor approaches given by:

�

�

� � �

� � �

( ) ∣ ( ) ( ) ( ) ( ) ( ) ( ) ( )∣

( ) ∣ ( ) ( ) ( ) ( ) ( ) ( ) ( )∣

( ) ( )

( ) ( )

⎧
⎨
⎩

≔ + + −

≔ + + −
∈

− − − −

x σ x x σ x x σ x x H x

x σ x x σ x x σ x x H x

x

,

,

Ω ,
r M

Rot

r r M r r M r r M r

r M

Tay

r r M r r M r r M r

x

, 2, ,

2

1, ,

1

0, ,

, 2, 1 ,

2

1, 1 ,

1

0, 1 , 1

(57)

for =r R1,…, . Note that the coefficients ( )σ xi s, , =i 0, 1, 2, and = −s r r, 1 are defined in (50) and (26), respec-
tively. Furthermore, the norms of REFs in the ∞L and L2 at the final time step τR are

� � � � � �( ) ( ) ( ) ‖ ( )‖≡ ≔ ≡ ≔∞ ∞
∈

∕ ∕
R M x R M x, max , , .

x

R M R M

Ω
,

Rot Tay

2 2 ,

Rot Tay

2

x

The following formulae are further utilized to calculate the obtained order of convergence (OC) related to both
numerical techniques (by fixing R or M ) given by:

�

�

�

�

( )

( )

( )

( )
⎜ ⎟ ⎜ ⎟≔ ⎛
⎝

⎞
⎠

≔ ⎛
⎝

⎞
⎠

= ∞τ

R M

R M

x

R M

R M

dOC log
,

2 ,
, OC log

,

, 2
, 2, .d

d

d

d

d

d

2 2
(58)

5.1 Rothe-Delannoy approach

We first consider the parameters =ε μ, 0.1. Using =M 10 and =τΔ 0.1, the approximate solutions are obtained
in the following forms at the time step =τ T for Examples 5.1 and 5.2, respectively,

�

�

( ) ( ) ( ) ( ) ( ) ( )

( ) ( ) ( ) ( ) ( )

( ) ( ) ( ) ( ) ( ) ( )

( ) ( ) ( ) ( ) ( )

= − − − − − − − − − −
− − − − − − − − − −

= − − − − − − − − − −
− − − − − − − − − −

x x x x x x x

x x x x x

x x x x x x x

x x x x x

3.00485 1 20.3634 1 61.4892 1 105.775 1 108.697 1

57.5927 1 5.86718 1 4.79809 1 20.5385 1 11.0679 1 ,

0.183164 1 0.956985 1 2.24824 1 3.34094 1 3.33467 1

2.38496 1 1.32992 1 0.409884 1 0.255003 1 0.258238 1 .

10,10
10 9 8 7 6

5 4 3 2

10,10
10 9 8 7 6

5 4 3 2

The profile of approximate solutions in the whole domain ( ) [ ] [ ]∈ ×x τ, 0, 1 0, 1 is visualized in Figures 1 and 2.
The related REFs obtained via relation (57) are also depicted along with these plots. We emphasize that we can
obtain more accuracy by increasing M or by decreasing τΔ . To confirm this fact, we take =M 20 and =τΔ 0.01

in the next experiment. Figure 3 shows the achieved REFs obtained via these aforesaid parameters related to
both numerical examples.

It can be realized that the theoretical OC of the Rothe-Delannoy collocation approach is �( )τΔ in time and
has an exponential behavior as proved in Theorem 2.6. To justify these facts, we calculate the OC via (58) in the
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next results using = −
ε μ, 10 2. The results using fixed =M 4 and different values of = −

τΔ 2 s, =s 1, 2, 3, 4 are
tabulated in Tables 1 and 2 for Examples 5.1 and 5.2, respectively. Similarly, the outcomes by fixing = ∕τΔ 1 16

and utilizing various =M 2s, =s 1, 2, 3, 4 are reported in Tables 1 and 2. As one expected, the first-order
accuracy with respect to time and a high-order accuracy in space are observable from the results shown in
this table.

A comparison with respect to ∞L error norm has been done in Table 3 to validate our results obtained via

the Rothe-Delannoy technique. In this respect, we use ( ) ( )=τ MΔ , , 16
1

32
and diverse values of ( )ε μ, are

utilized. Also, the outcomes of an existing numerical method, i.e., the moving mesh-adaptive algorithm

(MMAA) [7], are further mentioned in Table 3 with parameters ( ) ( ) ( )=τ MΔ , , 128 , , 1024
1

32

1

256
. In [7], M denotes

the number of spatial grid points. Clearly, our algorithm with a small number of M and a higher value of τΔ is

more accurate than MMAA. Similar results using a smaller set of ( )ε μ, but for ( ) ( )=τ MΔ , , 10
1

16
are presented

in Table 4 related to Example 5.2. Here, we compared our results with the method developed in [8] besides the

MMAA with parameters ( ) ( )=τ MΔ , , 512
1

128
. In this approach, the Richardson extrapolation procedure is used

for the time stepping, while a combined monotone finite difference operator is designed for the space variable
using a piecewise uniform Shishkin mesh. It is evident the proposed numerical technique produces higher
accurate results against the methods developed in [7] and [8].

Finally, in the first part and in the Rothe-Delannoy technique, we utilize two small values of = −
ε 10 8 and

= −
μ 10 6. In this case, we use = ∕τΔ 1 32 and =M 14. The graphical representations of the approximate solution
together with the related REFs are shown in Figures 4 and 5 associated with Examples 5.1 and 5.2, respectively.

5.2 Taylor-Delannoy approach

Analog to the Rothe-Delannoy method, we first take the parameters =ε μ, 0.1. The approximate solutions for
Examples 5.1 and 5.2 at time step =τ T utilizing =M 10 and =τΔ 0.1 take the following forms, respectively,

�

�

( ) ( ) ( ) ( ) ( ) ( )

( ) ( ) ( ) ( ) ( )

( ) ( ) ( ) ( ) ( ) ( )

( ) ( ) ( ) ( ) ( )

= − − − − − − − − − −
− − − − − − − − − −

= − + − + − + − + −
+ − + − + − + − + −

x x x x x x x x

x x x x x

x x x x x x

x x x x x

2.83681 1 19.2256 1 58.179 1 100.26 1 103.057 1

54.2433 1 4.97596 1 4.56666 1 20.0702 1.0 10.8142 1 ,

0.185724 1 0 0.978579 1 2.29962 1 3.39476 1 3.36605 1

2.39168 1 1.31676 1 0.398006 1 0.251874 1 0.257017 1 .

10,10
10 9 8 7 6

5 4 3 2

10,10
1 9 8 7 6

5 4 3 2

Figure 1: Approximate solution obtained via the Rothe-Delannoy approach (left) and the REFs (right) in Example 5.1 with =ε μ, 10‒1,
=τΔ 0.1, =T 1, and =M 10.
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The graphical representation of approximate solutions in the whole domain ( ) [ ] [ ]∈ ×x τ, 0, 1 0, 1 is shown in
Figure 6. To obtain a higher accuracy, we increase the number of basis M or decrease τΔ . For Example 5.1 and
in Table 5, we first fix =M 20 and vary τΔ to see how the τOC d in time are behaved. Here, we utilize = −

ε μ, 10 2

in the computations. Hence, we fix = ∕τΔ 1 16 and vary =M 2, 4, 8, 16. The results of OCx d are reported in the
second part of Table 5 for = ∞d 2, . Clearly, the second-order accuracy in τ and a higher-order accuracy in x are

Figure 2: Approximate solution obtained via the Rothe-Delannoy approach (left) and the REFs (right) in Example 5.2 with =ε μ, 10‒1,
=τΔ 0.1, =T 1, and =M 10.

Figure 3: Visualization of REFs in the Rothe-Delannoy approach at different time instants τr , =r 1, 2,…, 100 in Example 5.1 (left) and
Example 5.2 (right) for = =τ MΔ 0.01, 20, =ε μ, 10 ,‒1 and =T 1.

Table 1: �2 and �∞ error norms the achieved OC in the Rothe-Delannoy approach in Example 5.1 with a fixed = = ∕M τ4, Δ 1 32,
=ε μ, 10‒2, =T 1, and various τ MΔ ,

==M 4 == ∕∕τΔ 1 16

τΔ �2 τOC 2 �∞ τOC ∞ M �2 OCx 2 �∞ OCx ∞

1

2

×4.1642 10‒2 — ×2.0863 10‒1 — 2 ×6.6509 10‒2 — ×1.7112 10‒1 —

1

4

×1.9564 10‒2 1.0898 ×9.9282 10‒2 1.0713 4 ×4.6445 10‒3 3.8400 ×2.3750 10‒2 2.8490

1

8

×9.4531 10‒3 1.0494 ×4.8228 10‒2 1.0417 8 ×3.6127 10‒4 3.6844 ×7.3733 10‒3 1.6875

1

16

×4.6445 10‒3 1.0253 ×2.3750 10‒2 1.0220 16 ×4.8071 10‒6 6.2318 ×2.1273 10‒4 5.1152
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obtainable in the Taylor-Delannoy series method. Similar results for the second Example 5.2 are presented in
Table 6 but for different fixed values of =M 10 and = ∕τΔ 1 320

Similar to the Rothe-Delannoy method, some comparisons are made between our numerical results and
the outcomes of the MMAA [7] in Table 7. In these experiments, we have used =M 16, = ∕τΔ 1 32, and various
small values of ε and μ are considered. In contrast, the values =M 256, 512 as the number of spatial grid points
and = ∕ ∕τΔ 1 64, 1 128 were used in the MMAA procedure. Needless to say, our results using a larger time step
(and with a smaller number of bases) are more accurate in comparison with the outcomes of MMAA.

Ultimately, we consider two small values of ( ) ( )= − −
ε μ, 10 , 108 6 . For = ∕τΔ 1 32 and =M 12, the approximate

solutions at the final time =τ T is given by:

� ( ) ( ) ( ) ( ) ( )

( ) ( ) ( ) ( )

( ) ( ) ( ) ( )

= − + − + − + −
+ − + − − − − −
+ − + − − − − −

x x x x x

x x x x

x x x x

28.2824 1 176.975 1 471.382 1 668.581 1

479.111 1 43.4217 1.0 196.896 1 109.513 1

35.4617 1 35.5468 1 17.2626 1 14.932 1 ,

1,32
12 11 10 9

8 7 6 5

4 3 2

Table 2: �2 and �∞ error norms the achieved OC in the Rothe-Delannoy approach in Example 5.2 with a fixed = = ∕M τ4, Δ 1 32,
=ε μ, 10‒2, =T 1, and various τ MΔ ,

==M 4 == ∕∕τΔ 1 16

τΔ �2 τOC 2 �∞ τOC ∞ M �2 OCx 2 �∞ OCx ∞

1

2

×1.5722 10‒3 — ×1.7828 10‒2 — 2 ×2.0157 10‒3 — ×5.0315 10‒3 —

1

4

×7.1666 10‒4 1.1334 ×7.9780 10‒3 1.1601 4 ×1.6405 10‒4 3.6190 ×1.7824 10‒3 1.4972

1

8

×3.3865 10‒4 1.0815 ×3.7150 10‒3 1.1027 8 ×4.3763 10‒5 1.9064 ×8.5134 10‒4 1.0660

1

16

×1.6405 10‒4 1.0456 ×1.7824 10‒3 1.0595 16 ×3.7332 10‒7 6.8732 ×1.6209 10‒5 5.7148

Table 3: Comparisons of error norms in Rothe-Delannoy approach in Example 5.1 with = = ∕M τ16, Δ 1 32, and various ε μ,

Present: (( )) == (( ))τ MΔ , , 16
1

32

MMAA [7] (Maximum errors)

(( ))ε μ, �∞ �2 (( )) == (( ))τ MΔ , , 128
1

32
(( )) == (( ))τ MΔ , , 1024

1

256

( )10 , 10‒2 ‒4 ×1.3431 10‒4 ×3.1523 10‒6 ×1.1005 10‒2 ×1.3370 10‒3

( )10 , 10‒3 ‒4 ×4.2173 10‒4 ×1.1160 10‒5 ×1.1976 10‒2 ×1.4690 10‒3

( )10 , 10‒4 ‒4 ×6.3133 10‒5 ×1.0522 10‒6 ×1.1985 10‒2 ×1.4780 10‒3

( )10 , 10‒5 ‒4 ×1.6381 10‒4 ×3.5362 10‒6 ×1.2011 10‒2 ×1.4850 10‒3

( )10 , 10‒5 ‒6 ×8.9921 10‒6 ×2.4677 10‒7 ×1.1856 10‒2 ×1.4840 10‒3

( )10 , 10‒6 ‒6 ×6.6773 10‒7 ×2.0028 10‒8 ×1.1922 10‒2 ×1.4790 10‒3

( )10 , 10‒7 ‒6 ×1.6409 10‒6 ×3.6331 10‒8 ×1.2279 10‒2 ×1.4720 10‒3

Table 4: Comparisons of error norms in Rothe-Delannoy approach in Example 5.2 with = = ∕M τ10, Δ 1 16, and various ε μ,

Present: (( )) == (( ))τ MΔ , , 10
1

16
(( )) == (( ))τ MΔ , , 512

1

128

(( ))ε μ, �∞ �2 MMAA [7] Richardson [8]

( )10 , 10‒6 ‒7 ×1.5753 10‒7 ×5.8572 10‒9 ×1.2824 10‒4 ×6.6241 10‒7

( )10 , 10‒7 ‒7 ×2.2132 10‒8 ×7.0771 10‒10 ×1.2853 10‒4 ×6.6241 10‒7

( )10 , 10‒8 ‒7 ×8.5904 10‒9 ×2.6963 10‒10 ×1.2781 10‒4 ×6.6241 10‒7

( )10 , 10‒9 ‒7 ×7.2362 10‒9 ×2.4376 10‒10 ×1.2804 10‒4 ×6.6241 10‒7
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Figure 4: Visualization of approximate solution (right) and the REFs (left) in the Rothe-Delannoy approach at different time instants τr ,
=r 1, 2,…, 32 in Example 5.1 for = ∕ =τ MΔ 1 32, 14, = =ε μ10 , 10 ,‒8 ‒6 and =T 1.

Figure 5: Visualization of approximate solution (right) and the REFs (left) in the Rothe-Delannoy approach at different time instants τr ,
=r 1, 2,…, 32 in Example 5.2 for = ∕ =τ MΔ 1 32, 14, = =ε μ10 , 10 ,‒8 ‒6 and =T 1.

Figure 6: Approximate solutions obtained via the Taylor-Delannoy approach for Example 5.1 (left) and Example 5.2 (right) with
=ε μ, 10‒1, =τΔ 0.1, =T 1, and =M 10.
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for the first Example 5.1 and

� ( ) ( ) ( ) ( ) ( )

( ) ( ) ( ) ( )

( ) ( ) ( ) ( )

= − − − − − − − −
− − − − + − − −
+ − − − + − + −

x x x x x

x x x x

x x x x

0.00318951 1 0.0164746 1 0.036348 1 0.0455024 1

0.0320158 1 0.0179865 1.0 0.00832472 1 0.0221956 1

0.0447422 1 0.069024 1 0.0900682 1 0.242765 1 .

1,32
12 11 10 9

8 7 6 5

4 3 2

for the second Example 5.2. The snapshots of approximate solutions at all time steps are shown in Figures 7 and
8. The pictorial representations of the related REFs for these two examples further are visualized in Figures 7
and 8 (right panels).

Table 5: �2 and �∞ error norms the achieved OC in the Taylor-Delannoy approach in Example 5.1 with a fixed = = ∕M τ20, Δ 1 16,
=ε μ, 10‒2, =T 1, and various τ MΔ ,

==M 20 == ∕∕τΔ 1 16

τΔ �2 τOC 2 �∞ τOC ∞ M �2 OCx 2 �∞ OCx ∞

1

2

×7.6855 10‒6 — ×4.0077 10‒4 — 2 ×1.2547 10‒1 — ×3.2306 10‒1 —

1

4

×9.3964 10‒6 ‒0.2900 ×4.0761 10‒4 ‒0.0244 4 ×8.6965 10‒3 3.8507 ×4.4586 10‒2 2.8571

1

8

×2.8447 10‒6 1.7238 ×1.4570 10‒4 1.4842 8 ×6.9113 10‒4 3.6534 ×1.4085 10‒2 1.6624

1

16

×6.8003 10‒7 2.0646 ×3.6922 10‒5 1.9804 16 ×9.9786 10‒6 6.1140 ×4.3118 10‒4 5.0297

Table 6: �2 and �∞ error norms the achieved OC in the Taylor-Delannoy approach in Example 5.2 with a fixed = = ∕M τ10, Δ 1 320,
=ε μ, 10‒2, =T 1, and various τ MΔ ,

==M 10 == ∕∕τΔ 1 320

τΔ �2 τOC 2 �∞ τOC ∞ M �2 OCx 2 �∞ OCx ∞

1

2

×1.3091 10‒2 — ×6.4420 10‒2 — 2 ×1.9939 10‒4 — ×4.9898 10‒4 —

1

4

×2.9828 10‒3 2.1339 ×1.4596 10‒2 2.1419 4 ×1.5828 10‒5 3.6550 ×1.6955 10‒4 1.5573

1

8

×7.3089 10‒4 2.0289 ×3.5652 10‒3 2.0336 8 ×4.3493 10‒6 1.8636 ×8.4488 10‒5 1.0049

1

16

×1.8338 10‒4 1.9949 ×8.8603 10‒4 2.0085 16 ×3.6534 10‒7 3.5735 ×2.2103 10‒6 5.2564

Table 7: Comparisons of error norms in Taylor-Delannoy approach in Example 5.1 with = = ∕M τ16, Δ 1 32, and various ε μ,

Present: (( )) == (( ))τ MΔ , , 16
1

32

MMAA [7] (Maximum errors)

(( ))ε μ, �∞ �2 (( )) == (( ))τ MΔ , , 256
1

64
(( )) == (( ))τ MΔ , , 512

1

128

( )10 , 10‒5 ‒6 ×1.7491 10‒5 ×4.7820 10‒7 ×5.886 10‒3 ×2.974 10‒3

( )10 , 10‒6 ‒6 ×1.2824 10‒6 ×3.8829 10‒8 ×5.909 10‒3 ×2.961 10‒3

( )10 , 10‒7 ‒6 ×3.1737 10‒6 ×7.0724 10‒8 ×5.906 10‒3 ×2.961 10‒3

( )10 , 10‒8 ‒6 ×3.3630 10‒6 ×7.4950 10‒8 ×6.008 10‒3 ×2.981 10‒3
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6 Conclusion

Two accurate hybrid matrix collocation techniques based on the (novel) Delannoy functions of graph are
developed to find an approximate solution to a class of singularly perturbed CDR problems with variable
coefficients and two small parameters. For the time-marching algorithms, the first-order Rothe method and the
second-order Taylor series formula are utilized to discretize the underlying CDR model problems. We then
apply the Delannoy collocation technique to the discretized time equations at each time level. The proposed
schemes have been shown to be uniformly convergent of order �( )+ ∕τ MΔ 1s

1

2 , =s 1, 2. Numerical simulations
relied on two academic test cases are presented to demonstrate the first- and second-order accuracy of the
proposed hybrid approaches. The presented results show that two new hybrid procedures have better accu-
racy in comparison with the current numerical methods.
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Figure 7: Visualization of approximate solution (left) and the REFs (right) in the Taylor-Delannoy approach at different time instants τr ,
=r 1, 2,…, 32 in Example 5.1 for = ∕ =τ MΔ 1 32, 12, = =ε μ10 , 10 ,‒8 ‒6 and =T 1.

Figure 8: Visualization of approximate solution (left) and the REFs (right) in the Taylor-Delannoy approach at different time instants τr ,
=r 1, 2,…, 32 in Example 5.2 for = ∕ =τ MΔ 1 32, 12, = =ε μ10 , 10 ,‒8 ‒6 and =T 1.
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