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Abstract: In this study, we address a Cauchy problem within the context of the one-dimensional Timoshenko
system, incorporating a distributed delay term. The heat conduction aspect is described by the Lord-Shulman
theory. Our demonstration establishes that the dissipation resulting from the coupling of the Timoshenko
system with Lord-Shulman’s heat conduction is sufficiently robust to stabilize the system, albeit with a gradual
decay rate. To support our findings, we convert the system into a first-order form and, utilizing the energy
method in Fourier space, and derive point wise estimates for the Fourier transform of the solution. These
estimates, in turn, provide evidence for the slow decay of the solution.
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1 Introduction and preliminaries

Lord Shulman’s thermoelasticity has attracted significant attention from scientists in recent years, leading to
numerous contributions aimed at elucidating this theory. The foundation of this theory lies in the examination
of a set of four hyperbolic equations incorporating heat dissipation. Specifically, in this scenario, the heat
equation takes on a noteworthy characteristic it is both equivalent and hyperbolic. This stands in contrast to
the formulation based on Fourier’s law. For a deeper comprehension of this theory and related ones, you can
explore the works of Bazarra et al. and Lord and Shulman [1,2]. Furthermore, Green and Naghdi [3,4] intro-
duced a thermoelasticity model that incorporates thermal displacement gradient and temperature gradient
into the constitutive variables, complemented by a suggested heat conduction law. Choucha et al. [5] consid-
ered a one-dimensional Cauchy problem in the Timoshenko system, considering thermal effects and damping
described by Lord-Shulman’s heat conduction theory. It shows that the dissipation from coupling these ele-
ments stabilizes the system, albeit with a slow decay rate, using a first-order system transformation and
employing the energy method in Fourier space for point wise estimates.
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Several researchers have explored the outcomes arising from coupling the Fourier law of heat conduction
with diverse systems. The Timoshenko system has been scrutinized in previous studies [6,7], while the Bresse
system, coupled with the Cattaneo law of heat conduction, has been explored in the work presented by Said-
Houari and Hamadouche [8]. The investigation of the Bresse system has been undertaken in the range of
studies by Said-Houari et al. [9-11]. In addition, the MGT problem has been addressed by Boulaaras et al. [12].
For a more comprehensive understanding, readers are encouraged to explore the recommended papers
[13,14]. The foundational evolution equations for one-dimensional Timoshenko thermoelasticity, theories
with microtemperature and temperature were initially presented in previous studies [15-18] as follows:

phy =T,

L% = Hy + G,

PToGt = Gy
PE.=Py +q- Q.

In this context, the functions h and % represent the elastic material displacement, while G, Ty, P*,{,q, T, H,
and E represent equilibrated body force, reference temperature, first heat flux moment, mean heat
flux, entropy, heat flux vector, stress, equilibrated stress, and the first moment of energy, respectively.
Furthermore, E, I, I,, p, and K indicate Young’s modulus of elasticity, moment of inertia of a cross section,
polar moment of inertia of a cross section, density, and the shear modulus.

For simplification, we set Ty = K = p = I, = 1and 0 < EI = a?. In the current study, we consider the natural
counterpart to the microtemperatures in the Lord-Shulman theory. Consequently, we need to modify the
constitutive equations as follows:

@1

T=T+T P*=-kwy,
H=H +H, p{=yh+pyK+Bxd +0),

12
G=G1+G, Q= (k- kw+ (k- k), (1.2
q=kb + kw pE = -B,(kw; + w) - y, %K,
where
hi=G =Kh-K) T =-y,(x6; + 0)
oy
Hy = EI%, Gy = y,(k0, + 0) — 1, - _[yz(s)qq(x, t - $)ds, 13)

q

Hy = -y, (kw; + w).

In this context, the function 8 indicates the temperature difference, while the microtemperature vector is
indicated by w with k > 0 serving as the relaxation parameter. With B, and B, both being positive, the
coefficients y;, k, and y,, respectively, signify the coupling between the volume fraction and temperature,
the thermal conductivity, and the coupling between displacement and temperature.

When accounting for coupling, the coefficients ki, ky, k3, y,, and y, are all positive and fulfill the inequality.

k< kks. (14
For delay, assume the following (H1) y, : [@, ] — R is a limited function considering
)
Jlu(sias < . s
7

This study primarily focuses on thermal effects and distributed delay. We set the heat capacity as , = f > 0,
omitting the consideration of microtemperature effects by assuming 8, = k= ky = ks =y, = 0.



DE GRUYTER Decay rate of the solutions to the Cauchy problem =— 3

Now, by substituting (1.2) and (1.3) into (1.1), we derive:

hy = (hy = Fx + yp(k6; + 6)x = 0,

)
Kie — @Ko = (hy = K) - Vl(Ket +0)+ UK + I#Z(S)Wt(xa t-s)ds=0, (1.6)
q

BKb; + 0) + yohy + Y K: — kO = 0,
where
(x,5,t) ER x (7, ) xRy,
with initial conditions

(h: ht) 7(1 (}(t: 6) et)(xr O) = (hO: hl: (](0’ 7(1) 001 91): X € IR:

Kix, -t) = g(x, 1), (x,t) €ER x (0, B). @7

The effect of delay of all kinds always remains very important in any stability of the different systems, so its
study is among the priorities. For more information on the effect of delay, the research works by Choucha et al.
are recommended [19-22].

Upon delving into the intricacies of distributed delay, several natural questions arise: How does one gauge
the intricacies? Is the notion of amortization universally beneficial? Could the incorporation of the distributed
delay term have heightened the complexity of solving this type of problem? This study aims to grasp the
nuances of the Cauchy problem in the Timoshenko system, where the heat conduction follows Lord-Shulman’s
theory and involves a distributed delay term, particularly in Fourier space.

We structure this article as follows: In this section, we leverage our initial findings to elucidate our
primary decay inference. Following that, in the subsequent section, we formulate the Lyapunov functional
and reveal the estimation for the Fourier transform utilizing the energy approach in Fourier space. The
concluding segment is dedicated to summarizing our results. Notably, this study represents one of the pio-
neering investigations addressing this matter in Fourier space, to the best of our knowledge.

We introduce the following variable as in the study by Nicaise and Pignotti [22]:

Y(x, p, s, t) = Kdx, t - sp),
thus, the following equation is obtained

sYi(x, p, s, t) + Y(x, p, s, t) = 0,
Y(x,0,s,t) = Kix, t).

Consequently, our problem can be written as follows:

hy - (hy - Ky + Vo(Ket +0) =0,

)
Kee = @ = (B = K) = (K6, + 0) + K, + [, ($)YCx, 1,5, s = 0,

- 1.8
BKO: + 0); + Yohyx + YK — kb = 0,
SYi(x, p, s, ) + Yy(x, p, s, ) = 0,
where
x,p,8t)ER x(0,1) x (5, n) xRy,
with initial conditions
(h, hy, K, K1, 6, 6)(x, 0) = (hg, hy, Ko, %4, 00, 1), X ER, 19

Y(x, p, s,0) = g(x,sp), (x,p,8) €ER x(0,1) x (0, B).
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The following Hausdorff-Young inequality is introduced for the analysis of our work:

Lemma 1.1. [23] Let k,0 = 0, ¢ > 0, then one can find C > 0 in a manner that ¥t > 0 following satisfies

J IxkeePtdx < €(1 + ¢y kmle, x € R, (110)

Ix|<1

Theorem 1.2. ([24] Plancherel theorem) Let f(x) be a real line function and its frequency spectrum is given by
f (), then

[reorax = [IF @pde.

2 Energy method and decay estimates

In this section, we present the decay estimation for the Fourier transform of the solution to the problem
defined by equations (1.8)-(1.9). Through this approach, we can ascertain the rate of decay for the solution
within the energy space, utilizing tools such as Plancherel’s theorem and integral estimates like Lemma 1.1. We
create appropriate Lyapunov functionals and apply the energy method in Fourier space to tackle this issue.
The section concludes the main findings of our work.

2.1 The energy method in the Fourier space

For the Lyapunov functional in the Fourier space, we introduce the following new variables
f=h-K, j=hy, b=a%y, m=%K;, (=«kb6;+0, w=0, 2.1

thus, (1.8) can be expressed as follows:

fimh*tm=0
jz _f;( + Vo(x =0
b —am, =0
)
me = aby - f = yd + mm + [u()¥(x, 1,5, 6)ds = 0 22)

q
BG + VoJi + yym — kwy = 0
Ky - (+w =0
sY: + Y, =0,

with the initial data
(f.J,b,m, {, @, Y)(x, 0) = (fy, o> bo, Mo, Go, @0, &), X €R, (2.3)
where
fo = (hox = Ko), Jy =y, by = aKox, Mo =%, o= K01 — Oy, Wy = Opx.
Hence, problems (2.2) and (2.3) become

FE+ AR+ LF=0,

F(x, 0) = Fy(x), (2.4)
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where F = (f)j: b: m, (; w, Y)Ts FO = (ﬁ]’j()) bO) my, (0) W, go); and

m
» 0
J 0
- f+ Vo( T
- am ~f-nl+um+ _[,uz(s)Y(x, 1,s, t)ds
- ab 1
AF=|1 . , LF=|q
E(VOJ - ko) E(ylm)
1 1
K‘( ;w
0 1
5

Then the system (2.4) implies

E +ixAF + LT =0,

~ . 2.5)
F(X,0) = Fp(N).
in which F(x, ) = (£, , b, @, {, @, T)T(x, t). Moreover, (2.5); becomes
f-i +m=0
Jo —iNf + iyl =0
A[ -aixm =0
]
i, — ainb - f - ylf +um + qu(s)?(N, 1,s,t)ds = 0 (2.6)

T
BG + iny,j + y,m - ixk@ = 0
K@ - iR( +T =0
S/Y\}+?p=0.

Lemma 2.1. Assume E (X, t) be the energy functional and the solution of (2.5)is represented by F (X, t). Then, we
have

. P A _
EO=2Af P+ P+ [DP +mpP + BICE + ki |@ )

1 175 (2-7)
v 2 sl oI80x p, 5, O dsdp,
07
satisfies
dE (x, t N _
S’Z—) = -G |mp - k|G <0, @8)

> 0.

where C; = [,u1 - f;2|y2(s)|ds

Proof. For the required result, multiply f
the real part of these equalities and add,

,f_, b, and @ with (2.6)12,3.4, and multiply C, ko with (2.6)5 5. Take
we have the following
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1d
[P P+ U2+ 1BF + 1P + BICE + koc |G

53 2.9)
¥ AR + k|G + Re jyz(s)rﬁ?(x, 1,5, t)ds} = 0.
T
In next step, multiply ?Iyz(s)l with (2.6); and integrate over (0,1) x (7, ©)
175 1g
dt 2 L [stus1R0¢ p. 5, OPdsap = ——H|uz(s>| 9%, p, 5, DPPdsdp
0g 07
17
= 2 Jlus@1%0¢ 0,5, 0F - 1804 1,5, 0P)ds 2.10)
7
I|u2<s>|ds A - —jwz(s)nY(N L5, DPds.
q
Here, using the inequality of Young, the following is obtained
T ) ]
=G 1 = 1 £
Re I,uz(s)m Y15, 0dsf < I|y2(s)|ds | + EJ’|yz(s)||Y(N, 1,5, t)ds, @.11)
q q q
and substituting (2.10) and (2.11) into (2.9), one have
dE(x, £) f J,
= = Jl)ids| mp - kB
q
Then, by (1.5), there exits
B
G =y - I|ﬂ2(s)|d3 >0,
q
so that
Lé‘:’ 9 < |mp - kIBE <. 212)
Therefore, the required (2.7) and (2.8) are obtained. O

In the coming step, we introduce the following lemmas which will be used in the proof of main result.

Lemma 2.2. The functional
Di(x, £) = Refin(Fj + mb )} (2.13)

fulfills

do N, t 1 ~ a ~ ~ N
DO 10 [P - SR 11 + c + 00F F + 1+ wImf

R 5 (214)
+ o 0P + ¢ lIITe6 1,5, DPds.

q
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Proof. Differentiating £, and applying (2.6), one have

dDq(N, t)

TR Re{inf J - inj, [ + ixfh ~ iNDm}
N2 - a2 B+ 22 f |2+ an? | - Refinm } + Refinf b}

+ Refipynlh } - Refiuxmb } - Refy,N2T }
T .
- Re iijz(s)B %, 1, s, £)ds}.
q
From (2.15) and the inequality of Young, there exists §;, 6; > 0 such that
~Re{ixj } <8¢ [ P + c(SDImP,
+9Refinf b} < 8% B2 + c(S)If 12,
+RefipND} < $3 B + c(8ICP,

~Refiunmb } < 582 DI + c(8y)|mP,

o) )
~Reli¢ [u,(9D 20 1,5, 0ds| < 62 1BF + c(&) [ IR0, 1, OF s,

g Et
~RefyMf } <o TP + ol If 1.

Substituting (2.16) into (2.15) and take &; = % 8y = % we obtained (2.14).

Lemma 2.3. The functional
DX, t) = ReliN(KBTC )}
holds, for any & > 0,

dD(%, 1) _ _B S

<S-TNEICR + ey T 2+ o R + c(e)( + XY@
S IR e [P+ G IRE + e+ 11

Proof. For the required proof, differentiate 9, and using (2.6), we have

Dy(R, t)

= RelNKBTL + kBTE))

= BN |CP + kin? [T — RefinB@C } + Reliyknm@ } - Refykny @ }.
In the same way, from (2.19) and the inequality of Young, there exits &, §3 > 0 such that

~RefikBTC } < 82 [T + c(83)| T,

+Refiy,kKNAT } < X2 [ + ¢ |TP,
4

N ~ —~
A0 P+ cle)@ + 8w 2.

- 25 =
Re{ykNyj @'} < 31(1 "

Here, substituting (2.20) into (2.19) and assuming &3 = g the required (2.18) is obtained.
Lemma 2.4. The functional

Dy, t) = -Re{fm + aj b}
fulfills

* Ifa =1. For any & > 0, we have

(2.15)

(2.16)

217

(2.18)

(2.19)

(2.20)

221
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dDs(x, t) 1 NN . -
—a Sy Prer; v b2 + c|mP + c(g)(d + XH)|(
% (2.22)
+ ¢ [lITe 1,5, Opds.
q
o For a # 1. Then, for any &, & > 0
dDs(x, 6) _1 2 N2 hi2 N =2 277 12
i@ 573 If | e e b +831+NZI]| + c(e3)(1 + x)|m|
5 2.23)
+ o)1+ MOICE + ¢ [l (s)IT04 1,5, fds.
5
Proof. For the proof, differentiate 93 and utilize (2.6), we have the following
dD3(x, t) ~ _ o = . a=
3(1—t == [f P+ |m]? - Re{y(f } + Re{uymf } + Refiay,x(b}
5 (2.24)
- Reli(1 - N T} + Re qu(s)f (%, 1, 5, t)ds}.
q
Here, we have two cases:
Case1.(a=1).
Using the inequality of Young and (2.24), there exists &, &, > 0 such that
~Re{y,{f 1< 84 F P+ c(8DICT,
Re{w,mf }< 6, |f I + c(SpIm,
t o= h 2.25
el [1,(5)f T, 1,5, 0)ds < 64 IF P + (6 [l )IIT0, 1,5, DFds, @25)
q q
AR 2 ~ ~
RetiayNCh} < e —5 IbF + cle)(d + 1ICT.
By substituting (2.25) in (2.24) and assuming &, = % the required (2.22) is obtained.
Case 2. (a # 1).
Applying the inequality of Young and (2.24), there exists & > 0 such that
— 2 ~
(@ - DRe{inj M} < g J 1?2+ c(e)(@ + XB)|m2. (2.26)

1+ N

By substituting (2.26) and (2.25) in (2.24), the required (2.23) is obtained, which completes the proof.

Lemma 2.5. The functional

15

Dy 0 = [ [se R0 p. 5, OF dsdp

0g

satisfies
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dDu(X, t)

15
22 <o, [ sl )IT0s p. 5, OFdsdp + py 1P

07

Q
-y IR 1,5, OPds,

q

where n, > 0.

Proof. For the proof, differentiate 9, and utilize (2.6);, we have

ADy(N, 1) _

15
= [[se T oo, OP dsap

05

Q
- i@l ¥06 1,5, 0 - [¥(x, 0,5, OR]ds.

4

Utilizing Y(N, 0,5, t) = KN, t) = m,and e* < e™? < 1, for all 0 < p < 1, one have

g
dDy(X, t) _ PN 2
= s s u@itoa p. s, opdsdp

07
)

)
- [eslu @I 1,5, 0pds + | [lugo)lds| 1mE.

a a

(2.27)

We have -e™5 < -e™, for all s € [7, ). Because —e™S is a monotonically increasing function, we can finally

derive (2.27) by setting n; = e and recalling (1.5).

For the two cases, we introduce the Lyapunov functional as follows:

2

1
—NlDl(N) t) + N3D3(N) t)

= 22F
J0C0 = NA+RPEM D + 15l

+ NyDa(R, t) + Ny(1 + R22Dy(, 1),
in which the positive constants N, N;, i = 1, 2, 3, 4 will be selected in a later stage.
Lemma 2.6. There exist us, l,, is > 0 in a manner that the functional J(X, t) given in (2.28)fulfills

s(1+ XD2E (X, 1) < TN, £) < py(1 + N2E(X, B),
TN, 1) < —usp(R)J (X, 1), V> 0.

where
?‘(4
PO Ty
Proof. If a = 1, differentiate (2.28) and utilize (2.8), (2.14), (2.18), (2.22), and (2.27) with 11‘12 <

o S 1, one have

O

(2.28)

(2.29)

(2.30)

< min{1, X%} and
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N4

NEGEES R 2D

1 ~ a ~
H N - €1Nz] >+ ENl - EZNB] |b|2’
- (1 + XYY CN - cN; - cN, — ¢N3 — cNy||mif?

x2 1 ~
1+ NZlENg - CNl] Fr

- (1 + MBKN - c(eDNe]|@ P -

_NZ

gNz - CcNy - C(Ez)Nsl ICP 231

= (1 N - ey - eNal [l ()IT0¢, 1, 5, s

q

17
= (0N [ [slu ()T p. s, )Pdsdp.
0g
By setting
M ah,
81 = N =
4N, 4Ns
we obtain

4

/ LSS F R A
j(?‘(,t)s (1+N2)2N1[4IJ| +4|b|]

- (1 + Nz)z[ClN — CN; — ¢N; — cN3 — C]V4]|I'ﬁ|z

2
= (1 + X[kN = c(Ny, NN, | > - 1+ Nz CNll I P
- N gNz - cNy - c(IVy, N3)N3] ICP? 2.32)

2
= (14 NN - Ny = eNl [T O, 1,5, D)Rds
q
17

- @+ N [ [slu)NITex, p, s, Opdsdp.
0
In the same way, if a # 1, differentiate (228) and utilize (2.8), (214), (2.18),(223), and (2.27) with 7 < min{l, N2}
and e <1, one have
, ay
TN, 1)< “a+ Nz)z“ Ny - &Ny — eNs| [ P + M- 82N3l |blzl
= (1 + X2?[CIN - Ny — cN; - c(&5)N3 - cNy]|m
~ N1 ~
= (1 + X®?[kN - c(e)Na]|@|* - 1+ NZ[EN3 - CNl] If P
- gNz - Ny - C(Sz)Nz] I (2.33)

= (L Ny - ey - eNl [l ()T, 1, 5, )fds
17
- @+ N [ [slu)NITex, p, s, Opdsdp.

075
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By setting

Gl M
1 ) 2 4N3’ 3 8N3

we obtain

, L S b
j(Nyt)S (1+N2)2Nl[4I]| +4|b|]

= (1 + X®’[GN - cNy = cN, = ¢(I\y, N3)N; = cNy]|mf?

x2 1 ~
[ENS - CN1] If 2

= (L KRN = e, NNoJ|@T P = =

- N2

[)’ ~
ENZ = Ny = ¢(Ny, N3)Ns| |2

)
= (1N - e - eVl [T, 1,5, s
q
15

- (N [ [sli ()T p, 5, ) dsdp.

0g

Next, for the two cases (2.32) and (2.34), we fixed N; and choosing N; large in a manner that

1
EN;; -cN; >0,

next we choose N, large enough such that

l’]lN4 —CN; — ¢N3 > 0,
then we select N; large enough such as
B
ZNZ - ¢cNy = ¢(Ny, N3)N3 > 0.

Hence, for the two cases, we arrive at

4

X ~ ~ ~
T, )= —m(ao VP+a b)) -1+ x)CN - c]lm
N2 ~ o .
Vi If P = a3 |C* = (1 + X2)?[kN - c]|@ |

L)
- (1+ N4y @04 1,5, OFds

q

17
- (@ + s [ [sluy©)ITx, p, 5, HRdsdp.
075
In addition, we have
N2F K N
[T, 1) = N4+ N)E(X, t)| = Nlmlﬂl(N, | + N31+—N2|1)3(N, Dl

+ No|Do(X, )] + (1 + K2)2Ny| Dy(X, t)].

2
Using the inequality of Young and the inequality NNZ < min{1, N%} and ﬁ <1, one obtained

1+ + N2
T, £) = N1+ M2)2E(X, £)] < c(1 + X22E (X, t).
Thus, we have

(N=-0)1+RZEN ) < TR, t) < (N + )1+ X)2E(N, t).

-_ 1"

(2.34)

(2.35)

(2.36)
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Next, we pick N in a manner that
N-¢c>0, CGN-¢>0, kN-c¢c>0,

and exploiting (2.7), estimates (2.35) and (2.36), one can find a positive constanta > 0, V¢t > 0 and VX €ER in a
manner that

ty(1+ RPE (X, 1) < J(R, 1) <y (1 + RPE (X, 1) (2.37)
and
N4 ~ ~ . “ N - -
T, 1) < —am(l] P+ DR+ @+ |f P+ [mP + [P+ h(]YP)), (2.38)
where
175
h(P) = [ [slITe, p, s, dsdp.
0g
Then
T X, t) < -p(E(X, 1), Vt=0. (2.39)

. A
As a result, for some positive constant g = H—l > 0, we have
4

TR, 1) < ~up(ROJR, 1), V20, (2.40)

4
(“N—Nz)“ for some A, ;> 0,1 = 3, 4, 5. Hence, the required proof is completed. O

in which p(X) =

2.2 Decay estimates

Theorem 2.7. Assume s and Fy € HS(R) N LY(R). Then, the solution F of (2.2)and (2.3)satisfies the below decay
estimates

10XF ()]l < CllFolh(1 + £)7575 + C(1 + ) 4]|0%“ Fylly. (241)

Here, ¢, s, and k represent nonnegative integers with the condition thatk + ¢ < s, and C > 0 stands for a positive
constant.

Proof. To prove the result, |E(x, )P~E (X, t) can be concluded easily, and then by using the theorem of
Plancherel, we obtain

IOKFCOI = [INEXIE ¢, )
R
< ¢ [n[Ze o0 |F (, )
R

<c [ IxPRewotor F(x, 0)Pdx 242

Ix|<1

Ry

+c I N[k e #sP MOt |F (N, 0)2dN.

Ix[21

R,

Next, we estimate R; and R,, the low-frequency part |X| < 1 and the high-frequency part || > 1, respectively.
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Here, we have p(x) = %N‘l, for [X| < 1. Then

Ri<c J' [R[Eke RN | (x, 0)2dx

e

R b (2.43)
<csup{IF ¢ 0} [ e i,
Ix|<1 IN|<1
and by using Lemma 1.1, one have
Ry < csupf{|F (%, OP}(1 + 67271 < cl|R|f + )73, (2.44)
IN|<1
After that, we have p(N) 2 %N"}, for [X| = 1. Then
Ry<c [ e h [Py, 0)pd, Ve o, 2.45)
IN[21
Exploiting the inequality
sup{[N[ ety < (1 + t)Y, (2.46)
Ix]21
we obtain that
R, < csup |N|‘2"e‘fg""4" I [XEE+O|E (X, 0)2dx
[X[21 pal1 (2.47)
<c(1+ )|k F(x, 0)|}, V= 0.
By substituting (2.44) and (2.47) into (2.42), we find (2.41). O

3 Conclusion

In this study, we explored the general decay behavior of solutions in a one-dimensional Lord-Shulman
Timoshenko system with thermal effects and a distributed delay term. We established optimal decay outcomes
for the Z2-norm of the solution, specifically demonstrating that the decay rate follows the form (1 + t)™/8. For
the proof of our results, the energy method in the Fourier space is used to build some very delicate Lyapunov
functionals. Furthermore, the inclusion of mechanical damping y,K; appears to be essential for our approach

in our system (1.8). It is an interesting problem to prove the same result for the equality (_[;2| ,(s)|ds = u,) in the
hypothesis (1.5), and we will attempt to utilize the same methodology for prove this result.
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