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Abstract: In this article, we investigate the existence and regularity of solutions for non-autonomous inte-
grodifferential evolution equations involving nonlocal conditions. Using the theory of resolvent operators,
some fixed point theorems, and an estimation technique of Kuratowski measure of noncompactness, we first
establish some existence results of mild solutions for the proposed equation. Subsequently, we show by
applying a newly established lemma that these solutions have regularity property under some conditions.
Finally, as a sample of application, the obtained results are applied to a class of non-autonomous nonlocal
partial integrodifferential equations.

Keywords: non-autonomous integrodifferential evolution equation, resolvent operator, fixed point theorem,
nonlocal condition

MSC 2020: 34K30, 37B55, 45N035, 47N20, 49N60

1 Introduction

In this article, we study the existence and regularity of solutions for non-autonomous integrodifferential
evolution equations involving nonlocal conditions of the form:

t
x'(t) = A()x(t) + IB(t, $)x(s)ds + G(t, x(t), x(r(t, x(1)))), t€[0,T], @
0

X(O) + H(Xa X) = Xo,

where x(-) is the state variable taking values in a Banach space X. For any ¢ € [0, T], {A(t)}te[o,r] is the
infinitesimal generator of an analytic semigroup S;(s), s 2 0 and has fixed domain D(A), and {B(t, $)}.s)ea
(A defined in Section 2) is a family of closable linear operators with domains D(B(t, s)) D D(A) satisfying some
additional regularity conditions. The delay functionr(:,-) : [0, T] x X — [0, T]is continuous. G(-,*,*), and H(,")
are given functions to be defined later.

Partial integrodifferential equations, which can be transformed into abstract integrodifferential evolution
equations in Banach space X, arise in electronics, biological models, heat flow in materials with fading
memory, viscoelastic materials, and a lot of other physical phenomena [1-4]. In fact, Grimmer and Kappel
[5], Grimmer and Pritchard [6] gained the resolvent operator associated with the following linear homoge-
neous equation in Banach space X
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t

V(t) = Av(t) + J'y(r - $)u(s)ds, for t20,
0

v(0) = vy E X,

and using resolvent operator theory, the existence of solutions of the following integrodifferential evolution
equation:

v(t) = Av(t) + }[y(t - s)v(s)ds + f(t), for t=0, ©

v(0) = vy € X,

was proved, where f is a continuous function. The resolvent operator, which replaces the role of Cy-semigroup
for evolution equations, has an important effect on solving equation (2) in weak and strict senses. For more
classical resolvent operator theory, we refer to Priiss’s book [7]. In these years, several articles have been
devoted to discussing the existence, regularity, stability, almost periodicity, and controllability of solutions for
semilinear integrodifferential evolution equations by using the theory of resolvent operators (see [8-15] and
references therein).

We noted that all the problems under considerations in the aforementioned works are autonomous
integrodifferential evolution equation (2), i.e., the operator A is independent of time t. However, when we
treat some non-autonomous integrodifferential evolution equations, it is usually supposed that the operator A
isrelated to time t (i.e., A = A(t)), since this kind of operator is widely used in the applications [16]. Thus, it is
interesting and important to research non-autonomous integrodifferential evolution equations. Actually, some
topics for this class of equations, such as existence, uniqueness, regularity, and controllability of solutions,
have been studied by many mathematicians (see [17-24]).

As we know, fixed point theory is a very powerful and important tool for studying the qualitative theory of
differential equations. Concerning the literature, we cite the recent works by Younis et al. [25-27] for differ-
ential and integral equations, and the articles [28,29] for partial and abstract differential equations.

On the other hand, the nonlocal initial condition, which is a generalization of the classical initial condition
x(0) = xo, was motivated by physical problems. For example, Deng [30] described the diffusion phenomenon of
a small amount of gas in a transparent tube by making use of the formula:

14
g(x) = Y ex(ty), 3
i=1

where ¢;, i = 1,..., p are given constants and 0 < <---< t, < a. In this situation, condition (3) allows the addi-
tional measurement att;,i = 1,..., p, which is more accurate than the measurement just att = 0. The pioneering
work on evolution equations with the nonlocal condition (3) is due to Byszewski [31]. Since then, (integrodif-
ferential) evolution equations with nonlocal conditions have been considered by many authors and several
interesting results on some themes of nonlocal problems have been achieved (see [32-42] among others).

Meanwhile, evolution equations with the nonlocal condition H(x, x) are also used to represent mathe-
matical models for evolution of various phenomena. For instance, McKibben [43] considered the following
nonlocal combustion model:

%Z(f, t) = :—;Z(E, t) - 2[(%2(6, t)]g, -a<é<a 0<t<T,
z(a,t) = z(-a,t),0 <t <T, 4)

n T
2(E,0) = Y Ba(E, t) + [9(s)(s, 2(E, s)ds, ~a<E<a
i=1 0

where f; (i = 1,2, ...,n) are the positive real numbers. J(-) and x(-,-) are the suitable functions. If we take
z(-,t) = x(t)(*), then we can reformulate (4) abstractly as
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x(t) = Ax(t), te€(0,T),
x(0) = H(x, x),

in the space E = Cy([-a,al; R) ={h:[-a,a] » R: h is continuous and h(a) = h(-a)} by identifying the
operator A : D(A) CE - E as

5
5‘(2—6—22—2%3
s ot)’

with the domain

2
D(A) = [z €EE: Z_f" Z_EZZ € C([-a, al; [R)].
Based on the aforementioned analysis, it is obvious that the nonlocal condition H(x, x) is more general and
complicated than the condition (3) and standard initial condition x(0) = x,. For more models about evolution
equations with the nonlocal condition H(x, x), one can refer to [44].

Inspired by the aforementioned discussions, in this study, we are going to discuss the existence and
regularity of solutions for non-autonomous integrodifferential evolution equations involving nonlocal condi-
tions (1). Combining the theory of resolvent operators for linear integrodifferential systems founded in [45],
some fixed point principles, and an estimation technique of Kuratowski measure of noncompactness estab-
lished by Chen and Cheng [46] (see Lemma 2.4), we first establish the existence of mild solutions for equation
(1) under the situation that the nonlinear function G(:,-,-) and nonlocal function H(:,-) satisfy different
conditions, respectively. We would like to mention here that, in Theorem 3.2, we do not require the compact-
ness condition for the resolvent operator R(:,-), which is quite different from [19,24]. Based on these prepara-
tions, we further discuss the regularity of mild solutions of System (1) by using a newly established Lemma 4.1.
Namely, we give some sufficient conditions to prove that each mild solution may be a strict solution. It is also
worth mentioning that, in [37,40], the authors studied the regularity of solutions for non-autonomous semi-
linear integrodifferential equations with the nonlocal condition (3) under the condition that the nonlinear
function satisfies continuously differentiable. However, the technique used in [37,40] becomes invalid for
equation (1) since we only require that the nonlinear function G(:,-,-) satisfies Lipschitz or Holder continuous
(see (Hs) or (Hg)). Obviously, the obtained results in this article extend and develop the existing results, such as
the aforementioned ones.

This article is built up as follows: in Section 2, we state briefly the basic theory of resolvent operators and
Kuratowski measure of noncompactness. In Section 3, we are devoted to discussing the existence of mild
solutions of (1) using Schauder and Darbo-Sadovskii fixed point theorems, respectively. The regularity pro-
blems are investigated in Section 4. Finally, an example is provided to demonstrate the applications of the
obtained results in Section 5.

2 Preliminaries

In this section, we introduce some preliminary facts on theory of resolvent operators and Kuratowski
measure of noncompactness to be used in this article. Let (X, ||-||) and (W, ||-||w) be two Banach spaces. We
shall suppose for each ¢ € [0, T] that A(t) : D(A) € X —» X is a closed linear operator with fixed domain.
Next, we denote by Y the Banach space (D(A), ||-|l) equipped with the graph norm ||x||; = |JACO)x|| + [|x]|,
for x € D(A). The symbol ¥ (W, X) represents the space of bounded linear operators W — X endowed
with norm |||jw.o (Xo = X), and we write ¥(X) and ||-|| if W = X. The sets A = {(t,5): 0<s<t<T} and
A ={(t,s):0<s<t<T} are frequently used. Hereafter, C([0, T]; X) is the Banach space of continuous
functions from [0, T] into X with the norm of supremum ||-||c. CG(A; W, X) denotes the space of all strongly
continuous functions H : A - #(W, X), i.e., H(-,")y is continuous in X on A, for any fixed y € W, and we let
C(A; X) = G(A; X, X) for short.
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We now introduce the theory of resolvent operators for linear homogeneous integrodifferential equation
related to equation (1).

Definition 2.1. ([45], Definition 5) A two-parameter family of linear operators {R(t, $)}« s)ea In £(X) is said to
be a resolvent operator for the equation

t
X(t) = A(OX() + J'B(t, s)x(s)ds, te€[0,T], o
0

x(0) = xg €E X,

if it fulfills the following properties:
(P) Re CG(A; X)and R(t,t) =Ton]0,T];
(Py) R(t,$)X CY for (t,s) € A% AR € C(V; X), ARA™! € C(A; X), and

[ACORC(E, $)| < N(¢ - 8)7, (6)
for some constant N > 0 and (¢, s) € A,
(P3) %R(t, s) = A(H)R(t, s) + J'SIB(t, r)R(r, s)dr strongly for t > s;
(Py) g—;R(t, s) = =R(t, $)A(s) - LtR(t, r)B(r, s)dr on D(A(s)), t > s.

In this article, we always suppose that equation (5) fulfills the following assumptions.
(V) Forany 0 <t < T, A(t) is closed linear densely defined operator in X such that

[T = A())Y| < Gi/(JA] + 1), forall t €[0,T], Red 20, (7

holds for some constant C; > 1.
(V) The domains D(A(t)) = D(A) are independent of t € [0, T] and

I[(A(D) = A(SHAN(D)|| < G |t - 5|2,  forall ¢t,s,7€[0,T],

where G, > 0 and a € (0, 1] are the constants.
(V3) For any (¢, s) € A, B(t, s) is a closable linear operator in X such that D(B(t, s)) D D(A). Furthermore,

K: A -» 2(X) defined by K(t, s) = B(t, s)A™!(s) satisfies
[[K(t,s) = K(E -3)|| < G(|t - t|* +|s-5|%), forall (¢,5s),(f,3) € A,

where C; > 0 and a € (0, 1] are the constants.

Then, in view of [45, Theorem 2], the aforementioned (V;) —(V5) insure that there exists a unique resolvent
operator R(t, s) for equation (5). Moreover, the resolvent operator R(t, s) is also analytic and there exists M = 1
such that

IIR(t, )|l < M, for (t,s) € A. ®)

Remark 1. According to [47, Theorem 6.1], we observe that condition (V;) implies that for everyt € [0, T], A(t)
is the infinitesimal generator of an analytic semigroup S;(s), s = 0, and it also follows from (V;) that there exists

an angle 3 € (0, g) such that
p(A(t)) D L ={A:|arg]| = 9} U {0} 9)

and that (7) holds for all A € L, possibly with a different constant C;. Here, p(A(t)) stands for the resolvent set
of operator A(t).
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Remark 2. From (9), it follows that operator A™(¢) exists for t € [0, T]. Furthermore, we note that if, for each
t € [0, T], A\(t) is a compact operator, then R(t, s) is a compact operator for any (¢, s) € A (see [45, Corollary
4]). In addition, the compactness of R(t, s), (t, s) € A” indicates the continuity in uniform operator topology.

Based on Remark 2, we can establish the following lemma.

Lemma 2.1. If the operator R(t, s) is compact for all (t, s) € A, then ||[R(v, 0)R(t, s) - R(t, s)|| = 0 asv — 0* for
each (t,s) € A,

Proof. Suppose that there exists a constant N; > 0 such that||R(z, 0)|| < N; for every z € (0, %), andlete > 0 be
given. Since the set U; = {R(t, $)x : ||x|| < 1} is compact, and therefore, there are X, X,, ... Xx such that the open

balls B(&, R(t, $)xn)(1 £ m < K) with radius & = centered at R(¢, $)x,, cover U;. According to the strong

_ &
2N; +1)

continuity of R(v, 0), thereis0 < § < % such that
|mwmmaﬁym—mnwﬁm<§, for 0sv<é and m=12..K. (10)

For each x € X with ||x|| < 1, there exists a X, such that
[|R(t, $)X — R(t, $)Xp|| < &1. an
Then, from (10) and (11), for 0 < v < 6, we find
[|R(v, 0)R(t, $)x — R(t, $)x]| < ||R(v, 0)||[|R(t, $)x — R(t, $)Xp|| + [|R(V, O)R(E, $)Xm — R(t, $)Xn||
+ |IR(, $)X = R(t, $)Xp|
< Nig + % +&
=g

Thus, we conclude the assertion. The proof is finished. O

Next, we turn to state the definition and basic properties of Kuratowski measure of noncompactness,
which will be used in Section 3.

Definition 2.2. [48] The Kuratowski measure of noncompactness 17(-) defined on bounded set S of Banach space X is

n(s) =inf{r > 0: 8 =ULS; and diam(S;) <r fori=1,2,..,n}

Lemma 2.2. [48,49] Let X be a Banach space, and U, V C X be bounded, then the following properties hold:
@ n@) =n(V)ifuCV;

(2) n(U) = 0 if and only if U is compact, where U means the closure hull of U;

(3) n(U) = n(U) = n(conv U), where conv U means the convex hull of U,

@ nQU) = |AIn(U), where A € R;

(5) n(U U V) = max{n(U), n(V)k

®6) n(U+ V) <nU) +n(V), whereU+V={zlz=u+v,u€ U,v EV}

(7) n(U + z) = n(U), for any z € X.

In what follows, we denote by a(-) the Kuratowski measure of noncompactness on the bounded set of
Banach space X and denote by ac(-) the Kuratowski measure of noncompactness on the bounded set of
C([0, T]; X). To discuss our main results, we need the following lemmas.

Lemma 2.3. [50, Lemma 2.1] Let D C C([0, T]; X) be bounded and equicontinuous, then toD C C([0, T]; X) is
also bounded and equicontinuous (where co D denotes the closed convex hull of D).
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Lemma 2.4. [46, Theorem 5.3] For each bounded subset D C X, there exists a countable subset Dy of D such
that a(D) = a(Dy).

Lemma 2.5. [51, Theorem 2.1] If {x,}m-1 C L'([0, T]; X) is uniformly integrable, i.e., there exists a function
Y € I}[0, T]; RY) such that

X (D] < ¥(t), aet€[0,T],m=1,2,...

Then, the function t = a({xpu(t)}n=1) is measurable and

o

t

jxm(s)ds

0

a

t
< 2fa({n(S)l-1)ds.
0

m=1

Lemma 2.6. [48] Let D C C([0,T]; X) be a bounded set. Then, a(D(t)) < ac(D) for all t € [0, T], where
D(t) = {x(t) : x € D}. Moreover, if D is equicontinuous on t € [0, T], then a(D(t)) is continuous on [0, T],
and ac(D) = max;eqo,ra(D(t)).

Lemma 2.7. [52, Lemma 12] Let {Rp}n>1 be a sequence of bounded linear maps on X converging pointwise to
R € #(X). Then, for any compact set K in X, R,, converges to R uniformly in K, namely,

sup ||[Rmx — Rx|| = 0, as m — o,
XEK

Lemma 2.8. ([49] Darbo-Sadovskii’s fixed point theorem) Suppose thatT is a a-condensing operator on a Banach
space X, i.e., T is continuous and there exists a positive constant k € [0, 1) such that a(T(D)) < ka(D) for every
bounded subset D of X. IfT(B) C B for a convex, closed, and bounded subset B of X, then T has at least one fixed
point in B.

Lemma 2.9. [53, Theorem 1.3.2] If function F : [a, b] — X is continuous and differentiable on (a, b), then there
exists £ € (a, b) such that ||F(b) - F(a)|| < ||[F'(©)||(b - a).

3 Mild solutions

Our main objective in this section is to study the existence of mild solutions for equation (1) using Schauder
and Darbo-Sadovskii fixed point theorems, respectively. The mild solutions of equation (1) expressed by the
resolvent operator are defined as follows.

Definition 3.1. A function x(-) € C([0, T];X) is called a mild solution of equation (1), if it verifies
t
x(t) = R(t,0)[xo - H(x,x)] + IR(t, $)G(s, x(s), x(r(s, x(s))))ds, fort e [0, T].
0

To guarantee the existence of mild solutions, we make the following hypotheses:

(Hy) R(t,s) is compact for each (t, s) € A.
(H;) The function G : [0, T] x X x X — X fulfills the following conditions:
(i) For eacht € [0, T], the function G(t, -,-) : X x X — X is continuous and for each x, y € X, the func-
tion G(,x,y) : [0, T] — X is strongly measurable;
(ii) For each positive number p, there exists a function fp () € L]0, T]; R*) such that

sup |G, x, Y|l < f,(1), for t €0, T],
IxIbiylisp
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and

I, Izt o, 7; v
liminf —2—— 2R o < oo,

poteo

(Hy) H:C([0,T]; X) x C([0, T]; X) —» X is a continuous function and satisfies the following conditions:
(i) H(,")is a compact map;
(ii)) There are constants L; > 0, i = 1, 2 such that for u, w € C([0, T]; X),

|1H (u, w)|| < Ly||ullc + La|/wllc-

For anyl > 0, let
B ={xeC(0, T} X): ixllc <13,

then B, is a bounded, closed, and convex set in C([0, T]; X).
In the light of the aforementioned conditions, we establish the first existence result.

Theorem 3.1. Suppose that the conditions (H;) — (H3) hold, then equation ()has a mild solution provided that
MLy + Ly + @) < 1. (12)

Proof. Let the operator I : C([0, T]; X) — C([0, T]; X) defined by
t
Tx)(t) = R(t, 0)[xo - H(x, x)] + IR(t, $)G(s, x(s), x(r(s, x(s))))ds. (13)
0

From the strong continuity of R(t, s), (¢, S) € A, and (H,) —(Hs), we deduce that I'x € C([0, T]; X). Subsequently,
we will prove that the operator I' satisfies the conditions of Schauder fixed point theorem, and hence, I' has a fixed
point, which is a solution of equation (1). For the sake of convenience, we give the proof in several steps.

Step 1. We declare that there exists a positive number [, such that I'(B;,) € By,.

As a matter of fact, if it is not true, then for any [ > 0, there are x(-) € B, and t; € [0, T], such that
[|(Tx)(t)]| > L. On the other hand, however, by (8), (H,) (ii) and (Hs) (i), we have that

L<ITxpll

]

< M{|Ixoll + 1HCa, xlI] + MIIIG(S, xi(8), xi(r(s, xi(s))))lds
0

4

< M{l|xol + Lallxlle + Lollxdlc] + M [f(s)ds
0

< M{|Ixol| + Ll + Ll] + MI|fylI120,71; R -

Dividing on both sides by the ! and taking the lower limit as [ - +o, we obtain that
1<M(Ly + Ly + @)

This contradicts (12). Thus, there is a positive number [, such that I'(By,) € By,

Step 2. We show that I' is continuous on By,

Let {xn} € Bj, with x, — x in Bj,. Then, by the continuity of r(-,-) and the fact that 0 < r(s, x(s)) < T, we
know that for each s € [0, T],

X (r (s, Xa(s))) = X(r(s, X(HNII = 1Xa (1 (S, Xp(8))) = X (8, Xu (NI + 11X (S, Xn($))) = X(r (s, x(H))|

- 0, asn-— oo, (14)

By the continuity of H(:,-) and G(-,-) combined with (14), we see that

H(Xy, X2) = H(X,X), n— o,



8 —— Jianbo Zhu and Dongxue Yan DE GRUYTER

and

G(8, Xn(8), Xn(r (s, Xa($)))) = G(s, X(5), X(r(s, X(5)))), N — .
Applying condition (H,) (i), we have

1G(S, Xn($), Xn(1(8, Xn($)))) = G(8, x(8), X(r(s, X(N| < 2f;,(5).

Using the Lebesgue dominated convergence theorem, we obtain that

I = Txlle < sup [MIH (xn, Xa) = Hx, 21 + MIIIG(s, Xn(8), Xu(1(S, Xn($)))) = G(s, X(5), X(r(s, X(s))||ds
0<t<T 0

-0, asn-— oo,

i.e, I is continuous.
Step 3. We certify that {I'x : x € By} is a family of equicontinuous functions.
Welet0 <t <t <T and &> 0 be small enough, then, for any x € By,
ITx)(&) = )@ < [IR(%, 0) = R(&, O)I[[1xoll + [[H (X, )]
t-¢€

+ I IR(tz, 8) = R(t1, )|I|G(s, x(5), X(r(s, x(s5))))||ds
0

+ _[ IR(tz, 5) = R(ti, )||I|G(s, x(5), X(r(s, x(s))))||ds

t-¢

15
+ IRt NG, x(5), x(r(s, x(s)Nds
4
< IR(t, 0) - R(t, O)l[[xoll + (L + Lo)o]

Hh-¢

+ sup [IR(t,s) - R(t, o)l [ £, (5)ds
0

sE€[0,t-¢]

4 6
+ M J' £, (s)ds + Mjﬁo(s)ds.

t-¢€ t

The right-hand side is independently of x € B;, and tends to zero as &, —  ~ 0 and & — 0 since, by Remark 2
and (Hy), R(t, s) is continuous in the uniform operators topology for all (¢, s) € A’. Furthermore, according to
the compactness of H(By,, B;,) (see (Hs) (1)), the strong continuity of R(t, s), (¢, s) € A and Lemma 2.7, we obtain
that

t
@) = @O < [IR(E, 0)[Xo = H(X, X)] = [xo = HOG X)]|| + IIIR(t, SIINGCs, x(s), x(r(s, x(s))))l|ds
0

<IIR(E, 0% = Xl + IIRCE, H(x, x) = HO6 )| + M [f, (s)ds
0

<[IR(t, 0)xo = Xoll +  sup _ [IR(t, 0)y = yll + M Jf; (s)ds
yeH(BloyBlo) 0

- 0, ast—0,

which implies that {I'x : x € B} are equi-continuous att = 0. Therefore, the operator I' maps B;, into a family

of equicontinuous functions on [0, T1.
Step 4. We verify that for ¢ € [0, T, the set (I'B;,)(t) = {(Ix)(t) : X € B} is relatively compact in X.
Clearly, due to (Hs) (i), (TB;,)(0) = {xo — H(x, x) : x € By} is relatively compact in X. Lett € (0, T] be fixed,
0 <e<t,for x € By, define
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t-¢

Tex)(t) = R(t, 0)[xo — H(x, x)] + R(¢, 0) IR(t, $)G(s, x(s), x(r(s, x(s))))ds.
0

Note that
t-¢

IR(t, S)G(s, x(s), x(r(s, x(s))))ds
0

t-¢

< M [ £,(5)ds < Mllf, oy vy <+
0

from which and the fact R(g, 0) is compact, we deduce that, for any ¢ € (0, T], the set
t-¢

R(g, 0) IR(t, $)G(s, x(s), x(r(s, x(s))))ds : x € By,
0

is relatively compact in X, and thus, (I.B,)(t) does so. By Lemma 2.1, we obtain that

t-¢

t
1)) = Tx)OI < IR(t, $)G(s, x(s), x(r(s, x(s))))ds - R(e, O)IR(t, $)G(s, x(s), x(r(s, x(s))))ds
0 0

t-¢

I(R(t, $) — R(g, 0)R(t, $))G(s, x(s), x(r(s, x(s))))ds
0

<

t
+ JR(t, S)G(s, x(s), x(r(s, x(s))))ds
t-¢
t-¢ t

< I||R(t, $) = R(g, OR(, s)|If;, (s)ds + M Iﬁo(s)ds -0, ase-0.
0 t-¢

Then, there are relatively compact sets arbitrarily close to the set (I'By)(t). Hence, the set (I'By)(¢) is also
relatively compact in X for every t € (0, T].

In view of Steps 24 together with the infinite-dimensional version of Ascoli-Arzela theorem, we can infer
thatT is a completely continuous map on By, and thus, there exists a x € B, such that I'x = x via the Schauder
fixed point theorem. Consequently, equation (1) has a mild solution x(-) on [0, T], and the proof is com-
plete. O

Our next purpose is to show that we can avoid condition (H;), i.e., we will use the Darbo-Sadovskii fixed
point theorem and Kuratowski measure of noncompactness to get rid of the assumption for compactness of the
resolvent operator R(-,-). To this end, the function G(:,-,-) is assumed to satisfy that
(Hy () Foreacht € [0, T], the function G(¢, -,-) : X x X — X is continuous, and for each x, y € X, the function

G(,x,y) : [0, T] — X is strongly measurable;

(ii) There is a positive function f(o) such that

sup ||G(t, x, Y)|| < f(g), for tE€[0,T],
[IxILIyllsa

and

liminf@ =T < 400,

g+

(i) There exist functions y;, u, € L([0, T]; R*) such that, for any bounded and countable sets Dy, D, € X
andt € [0, T],

a(G(t, D1, D)) < y(H)a(Dy) + py(H)a(Dy).
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Then, we have the following.

Theorem 3.2. Assume that the conditions (Hs) and (Hy) are fulfilled. Assume further that R(t, s) is uniform
operator topology continuous for all (t, s) € AV, then equation (1) admits at least one mild solution provided that

ML, +Ly+1T) <1, (15)
and

2M[ltqll2 o,y my * oMo,y my] < 1. (16)

Proof. Define the operator I' on C([0, T]; X) by (13). Proceeding as in Steps 1 — 3 of Theorem 3.1, applying
Inequality (15), (Hs), (Hy) (1)-(ii), and the uniform operator topology continuity of R(:,-), we can verify that
there exists a 4 > 0 such that I'(B,) € By, I' is continuous on By, and I'(By) = {I'x : x € By} is a family of
equicontinuous functions.

We next prove thatT' : ® — 0 is a a-condensing operator, where © = ¢o I'(B;,) and ¢o I'(B;,) mean the closed
convex hull of I'(By). By Lemma 2.3, we can know that ©® C By, is bounded and equicontinuous, and operator
I': ® - 0 is continuous. For any D C 0, (D) is bounded. Consequently, by Lemma 2.4, there exists a countable
set Dy = {Xpm}m=1 C D, such that

ac(I(D)) = ac(T(Do)). 17)

By the equicontinuity of D, we know that Dy C D is also equicontinuous. Then, using Lemma 2.5, Lemma 2.6,
and the conditions (H) (i), (H,) (iii), we have that

t
a(T(Do)(1)) < Ma({xo}) + Ma({H Xm, Xm)}m=1) + 2M Ia({G(S, Xm(8), Xm(1'($, Xm($))))}m=1)ds
0

t
= 2M [a(G(S, Xn(S), Xn(r (S, Xn(S)))Frer)Cs
0

t

<2M I[ul(S)a(Do(S)) * 1y(8)a(Do(r(s, Do(s))))1ds
0

t
< 2M J[1,(5) + py(s)ldsac(Do)
0

< 2M |yl o, kY + NMlliio, ry; v 1ac(D).
Since I'(Dy) C I'(By) is bounded and equicontinuous, from Lemma 2.6, we obtain that
ac(T(Do)) = trer}oa’%a(r(Do)(t))- (18)
Thus, using (17) and (18), we see that
ac(T(D)) < 2M{|luyll2qo,r; & + NMallziqo,1); R 1Ac(D).

Due to (16), T is a a-condensing map on 0, and by the Darbo-Sadovskii fixed point theorem, I' has at least one
fixed point x(-) on ©, which is a mild solution of equation (1). The proof is complete. O

4 Regularity of solutions

The main purpose of this section is to discuss the regularity of mild solutions for equation (1), i.e., we will
provide conditions that allow the existence of strict solutions for equation (1). We introduce the following
definition:
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Definition 4.1. [45, Definition 3] A function x € C([0, T]; X) is said to be a strict solution of equation (1) if
x € CY([0, T]; X), x(t) € D(A) on [0, T], A(t)x(t) is continuous on [0, T], and (1) holds in [0, T].

When the function G(:,-,-) satisfies Lipschitz condition, i.e.,
(Hs) The function G : [0, T] x X x X — X is a Lipschitz continuous, namely, there exists L3 > 0 such that

IG(t, %1, 1) = G(t, %, Y,)II < La(|ts = & + [pa = xl| + |y =¥, 1D, &, & € [0, T], 4, %, ¥, Y, €X,

we have the following result.

Theorem 4.1. Assume the conditions of Theorem 3.1 and (Hs) hold true. Also, the following conditions are fulfilled:
(Hg) There is a Banach space (Z,|||z) continuously included in X such that B(t,s) € ¥(Z,X) and
R(t,s) € (X, Z) for (t,5) € A, Le., there exist positive numbers M; and M, such that
IB(t, $)l|z.o < My, (L, 8) € A, 19
and
[IR(t, $)|lo.z < My, (t,S) € A. (20)
(H7) r:[0,T] x X — [0, T] is a Holder continuous function, ie., there exist Ly > 0, 0 < 6 <1 such that for
4,5 €[0,T],x,y €X,
Ir(t, x) = 1, Y)I < Ly(Ity - 6I° + |Ix = y|I°).
Then, for every xo — H(x, x) € D(A), equation (1) has a strict solution.

We first give a crucial lemma before proving Theorem 4.1.

Lemma 4.1. Let condition (Hg) holds, and f(s) is a continuous function on [0, T], and then, the function

J;R(t, S)f (s)ds is uniformly Hélder continuous int € [0, T] with any exponent 0 <y < 1.

Proof. We show initially that if 0 < h < 1, |t - s| = h, then
ChY
|t - sp’

IRt + h, s) - R(t, s)|| < @1)

where C > 0 is a constant.
In fact, for each x € X and for each bounded linear functional p(X — R), the mean value theorem gives,

for some h € (0, h),

Ip(R(t + h, $)x) = p(R(t, $)X)| < p[%R(t + R, $)x| | h < ||p||H %R(t + h, s)|||Ix]|h. (22)
Combining Definition 2.1-(P3), (6), (19), (20), and (22), we have
t
Ip(R(t + h, $)x) = p(R(t, $)xX)| < ||pll| |A(OR(E, $)|| + IB(t, PR(r, s)dr || {|[x]|h
N
t
<IIpI[N 1t = s + [IBCE DllzolIRE, $)llo2dr |[xilh

<[PV |t = s[™* + MiM,T)||x] IR

<[l [t = s[™ + MiM,T? |t = s[™)]|x]|h
= ||pll(N + MiM,T2)|x]| R [t = s|™
=|IpliClixih fe - sI

<|pliClix||rY |t = s,

which indicates that Inequality (21) holds.
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We next show that the function J';R(t, s)f(s)ds is uniformly Hélder continuous in t € [0, T] with any
exponent 0 < y < 1. Using (8) and (21), we obtain that

t+h

_[R(t + b, )f(s)ds - jR(t s)f (s)ds

t+h
< j||R(t+h $) = R, )| ()]s + I||R(t+h SIFElds + JIIR(t,s)IIIV(s)IIdS
t-h
< ] gpds sup PO + M sup [FO]2R + M sup [ (O)]h
0 |t t€[0,T] t€[0,7]
1
< T'7 sup [If(8)|ChY + M sup [If(t)|j2h + M sup [[f(D)||h.
[ te[0,T] te[0.7]
This implies that we establish our assertion. The proof is completed. O

We now turn back to prove Theorem 4.1.

Proof of Theorem 4.1. By Theorem 3.1, we know that equation (1) has a mild solution x(-) on [0, T]. Set

o(t) = R(t, 0)[xo = H(x, )],

q(t) = IR(t, $)G(s, x(s), x(r(s, x(s))))ds.
0

It follows from Lemmas 2.9 and 4.1 that o(t) and q(t) are Holder continuous on [0, T'], respectively. Thus, we see
that x(-) is Holder continuous on [0, T], i.e., for each t, t, € [0, T], there are constants L; > 0,0 < 6; < 1, such
that

lIx(t) = x(&)|| < Ls |ty - %, (23)
from which, together with (H;) and (H;), we obtain
|G(t + h, x(t + h), x(r(t + h, x(t + h)))) = G(t, x(t), x(r(t, x(t))))|]
Ly(h + ||x(t + h) = x(O + [|x(r(t + h, x(t + h))) = x(r(t, x(O)|])
Ls(h + Lsh®% + Ls |r(t + h, x(t + h)) - r(t, x(O)|*)
Ls(h + Lsh® + Ls[Ly(h? + ||x(t + h) = x(0)|°)])
Ls(h + Lsh® + Ls[L4(h® + LIN%)|%),

IN IN A

IA

which implies that the map t — G(¢, x(¢t), x(r(t, x(t)))) is Hélder continuous on [0, T]. Hence, from Corollary 5
of [45], the mild solution x(-) of equation (1) is a strict solution, and this completes the proof. O

In the following, we give another regularity result in the case where (Hs) is replaced by weaker condition:
(Hg) G:[0,T] x X x X — X is a H6lder continuous function, i.e., there exist Lg > 0, 0 < 8, < 1 such that
IG(t, %, ¥1) = G(t, %0, Y| < Le(Ity = 6% + |Ixa = X% + |ly; = ,11%), o, & € [0, T1, %, %, y;, ¥, € X.

Theorem 4.2. Suppose that the conditions of Theorem 3.1 and (Hg)-(Hg) are satisfied. Then, equation (1) has a
strict solution for every xy — H(X, x) € D(A).

Proof. The proof is similar to that of Theorem 4.1. Therefore, we only demonstrate the differences in the proof.
From Theorem 4.1, we know that x(-) is Hélder continuous on [0, T]. Applying (H), (Hg), and (23), we have that
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IGCE + hy x(t + 1), x(r(¢ + B)) = Gt X(0), X(r(O)|| S Lo(h®% + Lg"h0:% + Lg* |r(¢ + b X(t + h)) = r(t, x(0)[%)
< Lo(hf2 + LEROO + LO[1, (R0 + lIx(t + h) = x(©)]|?)]2:9)
< L6(h92 + L592h0102 + Lg?Z[L4(h9 + L50h‘991)]9192)'

Then, the map t - G(t, x(t), x(r(t, x(t)))) is Holder continuous on [0, T], and hence, x(-) is a strict solution of
equation (1) by [45, Corollary 5]. The proof is completed. O

5 Application

In this section, we apply the obtained abstract results to investigate the existence and regularity problems for
the following non-autonomous nonlocal partial integrodifferential equation:

t
0 9% 92
Ez(t, X) = ﬁz(t, x) —a(t)z(t,x) + {b(t, s)ﬁz(s, x)ds + ¢

t cos(z(t, x)) ]
N

te[0,1], xe€][0,m], =z(t0)=z(tm)=0, te€][0,1], (24)

t,z(t,x), z

2(0,x) + _[Iﬁ(x,y)sin(z(t,y))dy + IKz(X,y)ln(l + 12(t, y)Ddy = 20, x € [0, 7],
0 0

where a: [0,1] - R is a Holder continuous function and satisfies @ = minsepgqla(t)| > -1. b(-,-) : [0,1] x
[0,1] = R is a continuous function. The functions c(,*,*) and K;(,-), I = 1, 2, will be described in the following.
Let X = I*([0, ]; R) with the norm ||-|, and we consider the operator (A, D(A)), which is given by

Az =17"
with the domain
DA)={z()eX:z,z7€X, and z(0)=z(1) =0}
It is well known that A generates a compact analytic semigroup (T (t))so. Furthermore, A has eigenvalues
-n%, n € N, with the corresponding normalized eigenvectors z,(x) = \/g sin(nx), n =1,2,..., and it can be

expressed as

0

Az =) - nXz, 2,)zn, Z € D(A).

n=1

Next, let operator family {A(f) : 0 < ¢ < 1} on X be defined by

D(A()) = D(4), te]0,1],

A(t)z = Az - a(t)z, z € D(A).
Then, A(t) generates an evolution operator {U(t, s) : 0 < s < t < 1} fulfilling (})—(V,) (see [54]), and

Ut,s)z=y ), aDdz eVe,, z € X,
n=1
for0<s<t<1.
We also consider the operator B(t,s) : D(A) C X = X, 0 < s < t < 1, which is defined by
D(B(t, s)) = D(A), B(t, s)z = b(t, s)Az, z € D(A).

It is easy to see that B(t, s) € (Y, X) for0 < s <t <1, whereY is defined as in Section 2. Furthermore, if we
suppose that b(t, s) is Holder continuous, then the condition (V3) is well verified, and thus, the corresponding
linear system of (24) has an analytic resolvent operator (R(t, s))s. Moreover, using the similar method as in
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[55], one can easily certify that the resolvent (AI — A(t))™ is compact for all t € [0, 1] and some A € p(A(t))
(p(A(t)) is defined as in Remark 1. Hence, the resolvent operator R(t, s) is compact for ¢ > s by virtue of
Remark 2.

We impose the following conditions on System (24):
(A1) The function c : [0,1] x R x R — R is continuous, and there exists a constant L. such that

le(t, %, ¥1) = (b, Xo, Yol < Le(lt = | + 4 = Xl + [y, = Yy 0)s
and there is a function ¢ € I1([0, 1]; R*) such that
le(t, x, y)I < E@O)x| + D,

forany &, € [0,1], x,y,x,); €ER,i=1,2.
(A2) The functions K; : [0, ] x [0, 7] » R, i = 1, 2, are measurable with K;(0, y) = K;(;r,y) = 0, y € [0, 7] and
satisfy, respectively,

nn ;
o = |[[Kice yydydx| < +o0
00
and
nn %
0y = _UKZZ(X, y)dydx| < +oo,
00

Now, we take u(t)(x) = z(t, x) and define the functions G: [0, T] x X x X = X, r :[0,1] x X — [0,1] and
H: C([0,1]; X) x €([0,1]; X) — X, respectively, as

G(t,z,z)(x) = c(t, z(x), z(x)), z€X,

t cos(z(x))

r(t, z)(x) = N

z€X,

and
H(u, w)(0) = [Kix,y) sin(®O))dy + [Kx(x, y)In + u@y)Ddy,  u € €([0,1]; X).
0 0

Then, with these notations, equation (24) can be rewritten as the abstract form (1).

In the sequel, we will verify that the conditions in Theorems 3.1 and 4.1 are all satisfied for System
(24). Condition (4;) implies that the function G(-,,-) satisfies (H,) and (H;). In fact, for 4, t, € [0,1] and
7, Zp, V1, V2 € X, we find

||G(t1: 24, Vl) - G(tZ: 2, VZ)H = I'C(tb Zl(x)) Vl(X)) - C(tZ: ZZ(X)) VZ(X))lde]
0

1
2

IA

ILE(Itl = ] + |2() = 00| + [Vi(X) = V(0] dx
0

1 1 1
2 2 2

IA

+ +

n
[2216 - tpax
0

J12 12100 - z0opax| +|[£2 oo - va0oPdx
0 0

= LTty — &) + Lel|lzy — 2| + Le||lvi — val|
SLVT(lt = 6] + ||z = 2| + |[vi = velD.
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Then, we obtain that L = L.+/7. Similarly, we also find

1
T 2

I6¢t, 2, )] = | [le(t, 200, vx)Pax

0

1

2

<|[&20)1z00 + vePdx
0

1 1
T 2 2

<|[exnlz00pax

0

<&@zl + [[vID-

It can easily be seen that f,(t)=25(0)p (l|z|l vl < p) and |[If,llziqo1; &Y = 2l1€lliqo; kP (note that

. [sz(t)IV(X)Izdx
0

ol 20,11, wy

@ = liminfy o=

= 2||¢llro,13; r%)- On the other hand, for u, w € C([0, 1]; X), we have that

1 1
2 2 |l n 2 2

Jroyysinuoondy | dx| +|[] [Keoy)na + wohdy | dx
0 0 0

@ w <|

0

1 1
2 2 2 2

IA

n(m
0

[ir0e i@y | dx
0

n(m
all
0

[ 10 pIw©Oldy | dx
0

o) + H 20r, y)dydx

2

w(®Il

IN

I KE(x, y)dydx
00
= ayf|u(t)]| + ao|lw(t)]| < 01||u||c + 0| wllc.

From the aforementioned inequalities, the function H(:,-) clearly satisfies the condition (H3) with L; = 0; and
L, = ay, respectively (also see [56] for the compactness property). Furthermore, for &, t, € [0,1] and 7, z, € X,
we find

-

lr(t, z1) - r(ty, 2)|| = I|t1 cos(z(x)) - & cos(z(x))? dx]
0

IA

4-

0

[1t cos@()) - & cos(zCop dx’ + [ﬁtz cos(@(x) - & cos(z)E dx

1
2

IA

1
JT

fia- tzlde' + [J’|cos(zl(x)) - cos(z,00)f dx'
0

0

1
2

IN

4l

VTt - &) +

[1a00) - z0opdx
0

<l -t + ||z - 2|,

which implies that the condition (Hy) is satisfied with L, = 1. Thus, on the basis of Theorems 3.1 and 4.1, we

have the following conclusions for equation (24).

(D) If M(oy + 02 + 2||€]|1j0,1); k%) < 1 holds, then the non-autonomous nonlocal partial integro-differential
equation (24) has a mild solution on [0, 1].

(2) If zo(x) € D(A) and Ki(-,-) are C? functions, i = 1,2, then the non-autonomous nonlocal partial integro-
differential equation (24) admits a strict solution on [0, 1] as long as (20) holds.
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6 Conclusion

The purpose of this article is the study of non-autonomous integrodifferential evolution equations involving
nonlocal conditions. The existence and regularity of mild solutions for the proposed equation are obtained by
applying Schauder and Darbo-Sadovskii fixed point theorems, Kuratowski measure of noncompactness, resol-
vent operators theory, and Lemma 4.1. Finally, an example is provided to show the effectiveness of the
obtained results. In the future, we will consider the regularity of neutral non-autonomous integrodifferential
evolution equation with finite delay and will utilize resolvent operators technique on this system.
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