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Abstract: In this article, we establish some truncated second main theorems for holomorphic curves into
projective spaces with some special hypersurfaces and give some applications. In addition, the defect relation,
the algebraically degenerate conditions and uniqueness theorem for holomorphic curves with some special
divisors may be improved.
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1 Introduction and main results

We first recall the standard notation in Nevanlinna theory. For the details, please refer to [1,2]. Let = ∑E α ai i i

be a divisor on � , where �≥ ∈α a0,i i , and let � { }∈ ∪ ∞M . Denoted by Δt , the disk �{ ∣ ∣ }∈ <z z t, . Summing
the M -truncated degrees of the divisor on disks by:

( ) { } ( )[ ] ∑≔ >
∈

n t E α M t, min , , 0 ,M

a Δ

i

i t

the truncated counting function at level M of E is defined by taking the logarithmic average:

( )
( )

( )[ ]
[ ]

∫≔ >N r E
n t E

t
t r,

,
d , 1 .M

r
M

1

When = ∞M , we write ( )n t E, and ( )N r E, instead of ( ) ( )[ ] [ ]∞ ∞n t E N r E, , , .
Let � � �( )→f : N be a holomorphic curve having a reduced representation [ ]= ⋯f f f f: : :

N0 1
in the

homogeneous coordinates [ ]⋯z z: : N0 of � �( )N . Let { }= =D Q 0 be a divisor in � �( )N defined by a homo-
geneous polynomial �[ ]∈Q z z, …, N0 of degree ≥d 1. If �( ) ⊄f D, we define the truncated counting function of
f with respect to D as:

( ) ( ( ) )
[ ] [ ]≔ ∘N r D N r Q f, , ,f

M M
0

where ( )∘Q f 0 denotes the zero divisor of ∘Q f .
The proximity function of f for the divisor D is defined as:
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‖ ( )‖ ‖ ‖

∣ ( )∣
∫≔

∘
m r D

f re Q

Q f re

θ

π
, log

d

2
,f

π
iθ d

iθ

0

2

Hongzhe Cao, Yuting Wang: Department of Mathematics, Nanchang University, Nanchang, Jiangxi, 330031, P. R. China,
e-mail: hongzhecao@ncu.edu.cn, 1422649627@qq.com



* Corresponding author: Qingyong Xu, School of Tourism, Nanchang University, Nanchang, Jiangxi, 330031, P. R. China,
e-mail: xyongle@163.com

Demonstratio Mathematica 2024; 57: 20230136

Open Access. © 2024 the author(s), published by De Gruyter. This work is licensed under the Creative Commons Attribution 4.0
International License.

https://doi.org/10.1515/dema-2023-0136
mailto:hongzhecao@ncu.edu.cn
mailto:1422649627@qq.com
mailto:xyongle@163.com


where ‖ ‖Q is the maximum absolute value of the coefficients of Q and

‖ ( )‖ {∣ ( )∣ ∣ ( )∣}=f z f z f zmax , …, .
N0

Since ∣ ( )∣ ‖ ‖‖ ‖≤Q f Q f d, one has ( ) ≥m r D, 0f .
The Nevanlinna-Cartan characteristic function ( )T rf is defined by:

( ) ‖ ( )‖ ‖ ( )‖

( )

∫
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≔ −

= +

T r f re
θ

π
f

t

t
f ω O

log
d

2
log 0

d
* 1 ,

f

π

iθ

r

Δ

N

0

2

1 t

where ωN is the Fubini-study form on � �( )N .
The Nevanlinna theory consists of two fundamental theorems [2].The Poisson-Jensen formula implies the

first main theorem.

Theorem 1.1. (First main theorem [2]) Let � � �( )→f : N be a holomorphic curve and D be a hypersurface of
degree d in � �( )N such that �( ) ⊄f D. Then, for every >r 1, the following holds:

( ) ( ) ( ) ( )= + +dT r N r D m r D O, , 1 ,f f f

whence

( ) ( ) ( )≤ +N r D dT r O, 1 .f f (1)

Hence, the first main theorem gives an upper bound on the counting function in terms of the characteristic
function. The lower bound for the sum of certain counting functions is called the second main theorem. Such
types of estimates were given in several situations.

A holomorphic curve � � �( )→f : N is said to be algebraically (linearly) nondegenerate if its image is not
contained in any hypersurface (hyperplane). A family of > +q N 1 hypersurfaces { } =Di i

q

1 in � �( )N is in general
position if any +N 1 hypersurfaces in this family have empty intersection:

( ) ( { } ∣ ∣ )⋂ = ∅ ⊂ = +
∈

D I q I Nsupp for all 1, …, , 1 .
i I

i

In 1933, Cartan [3] proved the following second main theorem with truncated counting functions.

Theorem 1.2. (Cartan’s second main theorem, [3]) Let � � �( )→f : N be a linearly nondegenerate holomorphic
curve. Let H H,…, q1 be the hyperplanes in � �( )N in general position. Assume that �( ) ( )⊄ =f H j q1, …,j .
Then,

‖( ) ( ) ( ) ( ( ))
[ ]∑− − ≤ +

=
q N T r N r H o T r1 , ,f

i

q

f

N

j f

1

where the notation “‖P”means that the assertion P holds for all [ )∈ +∞r 1, excluding a Borel subset E of ( )+∞1,

with ∫ < +∞rd
E

.

In the one-dimensional case, Cartan recovered the classical Nevanlinna second main theorem. Since then,
many authors tried to extend the result of Cartan to the case of (possible) nonlinear hypersurface, e.g.,
Erëmenko and Sodin [4] and Ru [5]. Note that it is still an open question of truncating the counting functions
in the generalizations of Cartan’s second main theorem. Some results in this direction are obtained recently
but one requires the presence of more targets or big truncated level (see, for instance, [6–8]).

In [9], Yang et al. obtained the following second main theorem for a holomorphic curve intersecting a fixed
hypersurface without the level of truncation.
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Theorem 1.3. (Theorem 3.1, [9]) Let � � �( )→f : N be an algebraically nondegenerate holomorphic curve, and

let m and n be the integers with ( ) ( )≤ < + − +n m n N1 1
N

1 . Let D be a hypersurface defined by a homogeneous
polynomial in Im with coefficients of nonzero polynomials. Then,

‖ ( )
( )

( ) ( ( ))≤
− − + +

+T r
n m n N

N r D o T r
1

1
, .f f f

Thin [10] obtained the truncated second main theorem for holomorphic curves intersecting some special
hypersurfaces as follows.

Theorem 1.4. (Theorem 3, [10]) Let � � �( )→f : N be an algebraically nondegenerate holomorphic curve. Let d
and n be the integers satisfying ( )> + +n N d N 1 . Let � �{ ( ) ( ) }= ∈ =D z Q z: 0j

N

j
, ≤ ≤j N0 be the hypersur-

faces of degree d such that the hypersurfaces { ( ) }= =z Q z 0j

n

j j

N

0 are in general position in � �( )N . Let

� �{ ( ) ( ) }= ∈ ∑ ==D z z Q z: 0N
j

N

j

n

j0 . Then,

‖( ( )) ( ) ( ( ) ( )) ( ) ( ( ))
[ ] [ ]∑− + + + − ≤ +

=
n d N T r N r D N r D N r D o T r1 , , , .f

j

N

f j f

N

j f

N

f

0

In this article, we want to improve Thin’s work. Our main result is stated as follows.

Theorem 1.5. Let � � �( )→f : N be an algebraically nondegenerate holomorphic curve. Let dj and ( )≤ ≤k j N0j

be the integers satisfying∑ >=
−

Nj

N k N

d0

j

j

. Suppose � �( ) ( ){ }= ∈ =D z z Q z: 0j
N

j

k

j

j , ≤ ≤j N0 be the hypersurfaces

of degree dj in general position in � �( )N . We assume that ( )=d d dlcm , …, N0 and ( )∑ ≢= z Q 0j

N

j

k

j0

j
d

dj , which is

denoted by � �{ ( ) ( ( )) }= ∈ ∑ ==D z z Q z: 0N
j

N

j

k

j0

j
d

dj . Then,

‖ ( ) ( ) ( ( ))
[ ]∑⎛

⎝
⎜

−
−

⎞

⎠
⎟ ≤ +

=

k N

d
N T r

d
N r D o T r

1
, .

j

N
j

j

f f

N

f

0

Example 1.6. If =k dj j , � �( ){ }= ∈ =D z z: 0j
N

j

dj , ≤ ≤j N0 be the hypersurfaces of degree dj . We see that the
hypersurfaces Dj( )≤ ≤j N0 are in general position in � �( )N . Set ( )=d d dlcm , …, N0 . Then, =D

� �{ ( ) }∈ ∑ ==z z: 0N
j

N

j

d

0 satisfies Theorem 1.5 with ∑ <=
+

j

N

d N0

1 1 1

j

. In particular, ( )= > +d d N N 1j ( ≤ ≤j N0 );

Theorem 1.5 holds for � �{ ( ) }= ∈ ∑ ==D z z: 0N
j

N

j

d

0 . This example shows that the hypersurfaces that we dis-
cussed in Theorem 1.5 exist.

When =⋯= =d d dN0 in Theorem 1.5, we have

Corollary 1.7. Let � � �( )→f : N be an algebraically nondegenerate holomorphic curve. Let d andkj( )≤ ≤j N0 be

the integers satisfying ( )∑ > + += k d N N1j

N

j0 . Suppose � �( ) ( ){ }= ∈ =D z z Q z: 0j
N

j

k

j

j , ≤ ≤j N0 be the hyper-

surfaces of degree d in general position in� �( )N , which is denoted by � �( ) ( ( )){ }= ∈ ∑ ==D z z Q z: 0N
j

N

j

k

j0

j . Then,

‖ ( ) ( ) ( ) ( ( ))
[ ]∑⎛

⎝
⎜ − + +

⎞

⎠
⎟ ≤ +

=
k d N N T r N r D o T r1 , .

j

N

j f f

N

f

0

Under the assumption of Theorem 1.4, since ( ) ( )≤N r D dT r,f j f ,

( ( )) ( ) ( ( ) ( )) ( ( ) ( )) ( )
[ ]∑− + + + − ≤ + + − + +

=
n d N T r N r D N r D n N d d N T r1 , , 1 1 .f

j

N

f j f

N

j f

0
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We note ( ) ( ) ( ) ( )+ + − + + ≤ + − + +n N d d N N n d N N1 1 1 1 if ( ) ( )> + + ≥n N d N N1 2 . Therefore, Corollary
1.5 improves Theorem 1.4 when =⋯= =k k nN0 .

We define the defect and defect with level of truncation M of f intersecting hypersurface D of degree d by:

( )
( )

( )
( )

( )

( )

[ ]

[ ]

≔ − ≔ −
→+∞ →+∞

δ D
N r D

dT r
δ D

N r D

dT r
1 limsup

,
, and 1 limsup

,

.f

r

f

f

f

M

r

f

M

f

From Cartan’s second main theorem, we have a defect relation ( )
[ ]∑ ≤ += δ H N 1j

q

f

N

j1 for a linearly nondegene-
rate holomorphic curve � � �( )→f : N and hyperplanes ≤ ≤H j q, 1j , in � �( )N in general position. For the
hypersurfaces case, we will prove

Theorem 1.8. Let � �{ ( ) ( ) }= ∈ =D z Q z: 0j
N

j
, ≤ ≤j N0 be the hypersurfaces of degree dj in general

position in � �( )N . Suppose that ( )=d d dlcm , …, N0 and ∑ ≢= Q 0j

N

j

d

dj

0 , which is denoted by ≔+DN 1

� �{ ( ) ( ) }∈ ∑ ==z Q z: 0N
j

N

j

d

dj

0 . Then ,

( )
[ ]∑ ≤ +

=

+

δ D N 1.

j

N

f

N

j

0

1

Example 1.9. Let � �( ){ }≔ ∈ +⋯+ =+D z z z: 0j
N

d

N

d

1 1

j j , ≤ ≤j q1 , be the hypersurfaces of degree ( )> +d N N 1j

in � �( )N . From Theorem 1.5, we obtain ( )
[ ] ( )≤ +

δ Df

N

j

N N

d

1

j

. Thus,

( ) ( )
[ ]∑ ∑≤ +

= =
δ D N N

d
1

1
.

j

q

f

N

j

j

q

j1 1

If ∑ <=j
q

d N1

1 1

j

, we obtain

( )
[ ]∑ < +

=
δ D N 1.

j

q

f

N

j

1

This is an example where Shiffman’s conjecture for defect with level of truncation holds.

In the other context, Green and Griffths [11] conjectured that every holomorphic curve in a complex
projective hypersurface of general type is degenerate. It is a topic that is paid more attention (see [12–14] etc.).
In this article, we will obtain some results of algebraically degeneracy with special hypersurfaces as follows.

Theorem 1.10. Let � �{ ( ) ( ) }= ∈ =D z Q z: 0j
N

j
, ≤ ≤j N0 , be the hypersurfaces of degree dj in general position in

� �( )N . Suppose that ( )=d d dlcm , …, N0 and∑ ≢= Q 0j

N

j

d

dj

0 ,which is denoted by � �{ ( ) ( ) }≔ ∈ ∑ =+ =D z Q z: 0N
N

j

N

j

d

dj

1 0 .

Then, every holomorphic curve � � �( )→f : N whose image intersecting ( )≤ ≤ +D j N0 1j with multiplicity at
least lj. If

∑ <
=

+

l N

1 1
,

j

N

j0

1

then f is algebraically degenerate.

Theorem 1.11. Let dj and kj( )≤ ≤j N0 be the integers satisfying ∑ >=
−

Nj

N k N

d0

j

j

. Let D be the hypersurface as in
Theorem 1.5. Then, every holomorphic curve � � �( )→f : N whose image f intersecting D with multiplicity at

least >
∑ −=

−l
N

Nj

N
kj N

dj
0

must be algebraically degenerate.
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When =⋯= =d d dN0 , we obtain

Corollary 1.12. Let d and kj( )≤ ≤j N0 be the integers satisfying ( )∑ > + += k d N N1j

N

j0 . Let D be the hypersurface
as in Corollary 1.7. Then, every holomorphic curve � � �( )→f : N whose image f intersecting D with multiplicity

at least
( )

> ∑ − + +=
l

Nd

k d N N1j

N

j0

is algebraically degenerate.

Finally, as an application of Theorem 1.5, we prove a uniqueness result as follows.

Theorem 1.13. Let � � �( )→f g, : N be algebraically nondegenerate holomorphic curves. Let D be the hypersur-

face as in Theorem 1.5. Assume that ( ) ( )=f z g z on ( ) ( )∪− −f D g D1 1 . If + < ∑ =
−

N
N

d j

N k N

d

2

0

j

j

, then ≡f g .

We note that if =⋯=k kN0 and = =⋯=d d d ,N0 Theorem 1.13 gives back Theorem 10 in [10].

2 Proof of theorems

The following lemma is inspired by [10]. We will give the proof for completeness.

Lemma 2.1. Let � � �( )→f : N be an algebraically nondegenerate holomorphic curve. Let =Dj

� �{ ( ) ( ) }∈ =z Q z: 0N

i
, ≤ ≤j N0 , be the hypersurfaces of degree dj in general position in � �( )N . Suppose

that ( )=d d dlcm , …, N0 and ∑ ≢= Q 0j

N

j

d

dj

0 , which is denoted by � �{ ( ) ( ) }≔ ∈ ∑ ==D z Q z: 0N
j

N

j

d

dj

0 . Then,

‖ ( ) ( ) ( ) ( ( ))
[ ] [ ]∑≤ + +

=
T r

d
N r D

d
N r D o T r

1
,

1
, .f

j

N

j

f

N

j f

N

f

0

Proof. First, we suppose that hypersurfaces D D,…, N0 have the same degree d. Since they are in general
position in � �( )N , we have

∩⋯∩ = ∅D Dsupp supp .N0

Thus, by Hilbert’s Nullstellensatz [15], for any integer ≤ ≤i i N, 0 , there is an integer >m d such that

( ) ( )∑=
=

x b x x Q x x, …, , …, ,i

m

j

N

ij N j N

0

0 0

where b b,…, N0 are the homogeneous polynomials with coefficients in � of degree −m d.
Let [ ]= ⋯f f f: :

N0
be a reduced representation of f , where f f,…,

N0
are the entire functions on � and

have no common zeros. Then,

∣ ( )∣ ‖ ( )‖ {∣ ( ( ))∣ ∣ ( ( ))∣}≤ −f z c f z Q f z Q f zmax , …, ,
i

m m d

N0

where c is a positive constant depending only on the coefficients of ≤ ≤b i j N, 0 ,ij , thus depending only on the
coefficients of ≤ ≤Q j N, 0

j
. Therefore,

∣ ( )∣ {∣ ( ( ))∣ ∣ ( ( ))∣}≤ ≤ ≤f z c Q f z Q f z i Nmax , …, , 0 .
i

d

N0
(2)

We consider the holomorphic curve � � �( )→F : N induced by the map:

( ( ( )) ( ( )))Q f z Q f z, …, .
N0
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Since f is algebraically nondegenerate and hypersurfaces =D j N, 0,…,j are in general position in � �( )N ,
[ ( ( )) ( ( ))]= ⋯F Q f z Q f z: :

N0
is a reduced representation of F and F is linearly nondegenerate. Hence,

Inequality (2) implies that

( ) ( ) ( )≥ +T r dT r O 1 .F f (3)

On the other hand, applying Theorem 1.2 to F with the hyperplanes:

� � � �{ ( ) } ( ) ( ) ∑≔ ∈ = ≤ ≤ =
⎧
⎨
⎩

∈ =
⎫
⎬
⎭

+
=

H z z j N H z z: 0 0 , : 0 ,j
N

j N
N

j

N

j1

0

we have

‖ ( ) ( ) ( ( ))
[ ]∑≤ +

=

+

T r N r H o T r, .F

j

N

F

N

j f

0

1

Note that

( ) ( ) ( ) ( ) ( )
[ ] [ ] [ ] [ ]= ≤ ≤ =+N r H N r D j N N r H N r D, , 0 , , , .F

N

j f

N

j F

N

N f

N

1

Hence,

‖ ( ) ( ) ( ) ( ( ))
[ ] [ ]∑≤ + +

=
T r N r D N r D o T r, , .F

j

N

f

N

j f

N

f

0

Combining Inequality (3), we have the conclusion of the lemma for the case of hypersurfaces with the same
degrees.

If D D,…, N0 have not the same degree, then the hypersurfaces ∕ ∕
D D,…,

d d

N

d d

0
N0 have the same degree d.

Hence,

‖ ( ) ( ) ( ) ( ( ))
[ ] [ ]∑≤ + +

=

∕
dT r N r D N r D o T r, , .f

j

N

f

N

j

d d

f

N

f

0

j

Since ( )
[ ] [ ]( ) ≤∕

N r D N r D, ,f

N

j

d d d

d f

N

j

j

j

, ≤ ≤j N0 , it yields that

‖ ( ) ( ) ( ) ( ( ))
[ ] [ ]∑≤ + +

=
T r

d
N r D

d
N r D o T r

1
,

1
, .f

j

N

j

f

N

j f

N

f

0

□

Proof of Theorem 1.5. Put � �{ ( ) ( ) }≔ ∈ =D z Q z˜ : 0j
N

j
, ≤ ≤j N0 , which are the hypersurfaces of degree

− ≥d k 0j j . According Inequality (1),

( ) ( ) ( ) ( )
[ ] ≤ ≤ − ≤ ≤N r D N r D d k T r j N, ˜ , ˜ , 0 .f

N

j f j j j f

Since � �( ) ( ){ }= ∈ =D z z Q z: 0j
N

j

k

j

j , ≤ ≤j N0 , for every ≤ ≤j N0 ,

( ) ( )

( ) ( )

( ) ( ) ( ) ( )

[ ] [ ] [ ]

[ ]

[ ]

≤ +
⎛

⎝
⎜

⎞

⎠
⎟

≤ − +
⎛

⎝
⎜

⎞

⎠
⎟

= − +
⎛

⎝
⎜

⎞

⎠
⎟ ≤ − +

N r D N r D N r

f

d k T r NN r

f

d k T r NN r
f

d k N T r

, , ˜ ,
1

,
1

,
1

.

f

N

j f

N

j
N

j

k

j j f

j

k

j j f

j

j j f

1

1

j

j

From Lemma 2.1, we have

6  Hongzhe Cao et al.



‖ ( ) ( ) ( ) ( ( ))

( ) ( ) ( ( ))

[ ] [ ]

[ ]

∑

∑

≤ + +

≤
⎛

⎝
⎜

− + ⎞

⎠
⎟ + +

=

=

T r
d

N r D
d

N r D o T r

d k N

d
T r

d
N r D o T r

1
,

1
,

1
, .

f

j

N

j

f

N

j f

N

f

j

N
j j

j

f f

N

f

0

0

Thus,

‖ ( ) ( ) ( ( ))
[ ]∑⎛

⎝
⎜

−
−

⎞

⎠
⎟ ≤ +

=

k N

d
N T r

d
N r D o T r

1
, .

j

N
j

j

f f

N

f

0

Theorem 1.5 is proved. □

Proof of Theorem 1.8. By Lemma 2.1 and the definition of truncated defect of holomorphic curves, we obtain
Theorem 1.8. □

Proof of Theorems 1.10 and 1.11. If the holomorphic curve � � �( )→f : N whose image intersecting hypersur-
face D in � �( )N with multiplicity at least l, then

( ) ( ) ( )
[ ] [ ]≤ ≤N r D NN r D

N

l
N r D, , , .f

N

f f

1

Suppose that f is algebraically nondegenerate. By Lemma 2.1 Inequality (1), we have

‖ ( ) ( ) ( ) ( ( ))

( ) ( ) ( ( ))

( ) ( ( ))

[ ] [ ]∑

∑

∑

≤ + +

≤ + +

≤
⎛

⎝
⎜

⎞

⎠
⎟ +

=
+

= +
+

=

+

T r
d

N r D
d

N r D o T r

N

l d
N r D

N

dl
N r D o T r

N

l
T r o T r

1
,

1
,

, ,

.

f

j

N

j

f

N

j f

N

N f

j

N

j j

f j

N

f N f

j

N

j

f f

0

1

0 1

1

0

1

Hence,

∑ ≥
=

+

l N

1 1
.

j

N

j0

1

This is a contradiction. The proof of Theorem 1.10 is completed.
Suppose that f is algebraically nondegenerate. By Theorem 1.5 and Inequality (1), we obtain

‖ ( ) ( ) ( ( ))

( ) ( ( )) ( ) ( ( ))

[ ]∑⎛
⎝
⎜

−
−

⎞

⎠
⎟ ≤ +

≤ + ≤ +

=

k N

d
N T r

d
N r D o T r

N

ld
N r D o T r

N

l
T r o T r

1
,

, .

j

N
j

j

f f

N

f

f f f f

0

Thus,

≤
∑ −=

−l
N

N

.

j

N k N

d0

j

j

This contradicts our assumption. Theorem 1.11 is proved. □

Proof of Theorem 1.13.We suppose that ≢f g . Then, there are two numbers { }∈α β N, 0, 1, …, , ≠α β such that

≠f g f g .
α β β α
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Assume that ( ) ( )∈ ∪− −z f D g D0
1 1 . The condition ( ) ( )=f z g z on ( ) ( )∈ ∪− −z f D g D1 1 implies that z0 is a zero of

−f

f

g

g

α

β

α

β

. Therefore, we have

( ) ( ) ( ) ( ( ) ( )) ( )
[ ] [ ]≤ ≤ ≤ + +−N r D NN r D NN r N T r T r O, , , 0 1 .f

N

f f g

1
fα

fβ

gα

gβ

Applying Theorem 1.5, we have

‖ ( ) ( ) ( ( )) ( ( ) ( )) ( ( ))
[ ]∑⎛

⎝
⎜

−
−

⎞

⎠
⎟ ≤ + ≤ + +

=

k N

d
N T r

d
N r D o T r

N

d
T r T r o T r

1
, .

j

N
j

j

f f

N

f f g f

0

Similarly,

‖ ( ) ( ( ) ( )) ( ( ))∑⎛
⎝
⎜

−
−

⎞

⎠
⎟ ≤ + +

=

k N

d
N T r

N

d
T r T r o T r .

j

N
j

j

g f g f

0

Therefore,

‖∑ −
≤ +

=

k N

d
N

N

d

2
.

j

N
j

j0

This is a contradiction. Hence, ≡f g . □
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