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Abstract: In this work, we consider a special nondegenerate equation with two weights. We investigate
multiplicity result of this biharmonic equation. Mainly, our purpose is to obtain this result using an alternative
Ricceri’s theorem. Moreover, we give some compact embeddings in variable exponent Sobolev spaces with
second order to prove the main idea.
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1 Introduction

Let �⊂Ω N( )≥N 2 be a bounded smooth domain. Assume that ω and ϑ are two different weight functions. The
aim of this study is to discuss the three solutions for the following equation:
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In recent years, the study of differential equations and variational problems with variable exponent growth
conditions has been an interesting topic resulting from nonlinear electrorheological fluids and elastic
mechanics. Moreover, since the problem involving ( )p x -biharmonic operator, which is not homogeneous,
possesses more complicated nonlinearities than the constant case, several variational methods such as the
Lagrange multiplier theorem, may not be practicable (see [1–11]). Note that these physical problems were
facilitated by the development of the variable exponent Lebesgue and Sobolev spaces.
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Ricceri’s three critical point theorem is a powerful tool to study the boundary problem of a differential
equation (see, e.g., [12–15]). Particularly, Mihăilescu [16] used three critical points theorem of Ricceri [17] to
study a particular ( )p x -Laplacian equation. He proved the existence of three solutions for the problem. Liu [18]
studied the solutions of the general ( )p x -Laplacian equations with Neumann or Dirichlet boundary condition
on a bounded domain, and obtained three solutions under appropriate hypotheses. Shi and Ding [19] general-
ized the corresponding result of [16]. To our best knowledge, there are no results of multiple solutions to

( )p x -biharmonic equation under sublinear condition.
In 2001, problem (1) was studied by Drábek and Ôtani [20] for ( ) ( )= =p x q x p = constant, ( ) ( )= =ϑ x ω x 1,

and = =μ η 0. They proved that the problem has a principal positive eigenvalue, which is simple and isolated.
Later, a nondecreasing sequence of positive eigenvalues of the weighted p-biharmonic operator was obtained,
and the simplicity and isolation of the first positive eigenvalue were proved by Talbi and Tsouli [21] for

( ) ( )= =p x q x p = constant and two weight functions.
In 2009, Ayoujil and El Amrouss [1] obtained the eigenvalues of the following fourth-order elliptic equa-

tion, which is the particular case of (1):
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1, for ( ) ( )=p x q x , ( ) ( )= =ϑ x ω x 1, and = =μ η 0. Problem (1) is also exam-
ined for ( ) =ϑ x 1 by Ge et al. [5]. They demonstrate the existence of a continuous family of eigenvalues for the
problem.

Li et al. [22] gave an approach to show the existence of at least three solutions for (1) with a non-weighted
case. They used a three critical points theorem presented by Ricceri. Moreover, Aydin [23] considered a new
compact embedding between a defined intersection space and a weighted Lebesgue space. The author inves-
tigated the existence and multiplicity of a weak solution for (1) with = =μ η 0. In this regard, our study is a
generalized version of [22,23] and some references therein.

Aydin and Unal [24] presented the double-weighted variable exponent Sobolev space and investigated
some basic and advanced properties including compact embeddings of these spaces. They considered several
elliptic problems such as the Steklov and Robin problems. Moreover, the authors used different approaches
(e.g., Ricceri’s variational principle, Ekeland’s variational principle, and Fountain theorem) on the mentioned
problems. For more details, we refer to [24–28].

The energy functional corresponding to problem (1) is defined on X as
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Let us recall that a weak solution of (1) is any ∈u X such that
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for all ∈v X .

This article is divided into four sections, organized as follows: in Section 2, we list some well-known
definitions and some basic properties of the weighted (or non-weighted) variable exponent Lebesgue and
Sobolev spaces. Moreover, we study boundary trace embedding theorems for variable exponent Sobolev space
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( )( )
W Ωω

p x2, , and we present some important properties of the ( )p x -biharmonic operator. In Section 3, we recall
an alternative form of Ricceri’s theorem and give the proof of the main theorem.

Throughout this article, we use the notation ∗X as the dual space of X .

2 Notation and preliminaries

In this section, we give some definitions and basic information about weighted variable Lebesgue and Sobolev
spaces to find out the solution of the problem (1). Moreover, we need some properties of ( )p x -biharmonic
operator, which we will use later.

A normed space ( ∥ ∥ )⋅X , X is called a Banach function space (BF space), if Banach space ( ∥ ∥ )⋅X , X is
continuously embedded into ( )L Ω ,loc

1 briefly ( )↪X L Ω ,loc

1 i.e., for any compact subset ⊂K Ω, there is some
constant >C 01 such that ∥ ∥ ∥ ∥( ) ≤fχ C f

K L XΩ 1
1 for every ∈f X . Moreover, a normed space X is compactly

embedded in a normed space Y , briefly ↪↪X Y , if ↪X Y and the identity operator ⟶I X Y: is compact,
equivalently, I maps every bounded sequence �( ) ∈xi i into a sequence �( ( )) ∈I xi i that contains a subsequence
converging inY . Suppose that X andY are two Banach spaces and X is reflexive. Then, ⟶I X Y: is a compact
operator if and only if I maps weakly convergent sequences in X onto convergent sequences inY . More details
can be found in [29].
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for any ∈x Ω. Let ( )∈ +p C Ω and ( )< ≤ ≤ < ∞− +p p x p1 . Now, we define the modular function by
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where the supremum is taken over all ball centers at x . It is proved that the operator Mf is bounded on
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Proposition 2.1. (See [40]) If ( ) ( )< ≤ < ∞q x p x1 , ( ) ( )< ≤ϑ x ω x0 a.e. ∈x Ω, and ∣ ∣ < ∞Ω , then the inequality
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Let E and F be Banach spaces. Define the sum norm on the space = ∩Y E F as ∥ ∥ ∥ ∥ ∥ ∥= +u u uY E F for
∈u Y . To solve the problem (1.1), we call for an equivalent norm, and a new compact embedding theorem for
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In 2008, Zang and Fu [41] showed that the norms ∥ ∥u X and ∥ ∥ ( )⋅uΔ p are equivalent on X for ( ) =ω x 1. To
improve and prove the weighted version of this theorem, we have required conditions for X . Thus, if we use
the techniques and methods in [41, Theorem 4.4], then we obtain the following more general norm for X .

Theorem 2.2. Let Ω be a bounded domain with Lipschitz boundary. If the operator Mf is bounded on ( )( )⋅
L Ωω

p ,
then the norm ∥ ∥ ( )⋅uΔ p ω, is equivalent to the norm ∥ ∥u X in ( ) ( )( ) ( )∩⋅ ⋅

W WΩ Ω .ω

p

ω
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0,
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Then, we take the norm for the space X as ∥ ∥ ∥ ∥ ( )= ⋅u uΔX p ω, , where
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⎧
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⎫
⎬
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u

γ
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Δ
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Ω
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for ∈u X . It is noted that the space ( ∥ ∥ )⋅X , X is a separable and reflexive Banach space. Throughout this article,
we will take the norm ∥ ∥⋅ X and the modular

( )⋅ϱ
p

ω , which is defined as �
( )

→⋅ Xϱ :
p

ω by

( ) ( )∣ ( )∣
( )

( )∫=⋅ u ω x u x xϱ Δ d .
p

ω p x
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Proposition 2.3. (See [5,6,42]) For any ( )∈ =u u X k, 1, 2, …k , we have
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for every ∈x Ω. It is obvious that ( ) ( )< ∗
p x p x

2
for all ∈x Ω. In 2009, Ayoujil and Amrouss [1] proved that the

space ( ) ( )( ) ( )∩⋅ ⋅
W WΩ Ωp p2,

0

1, is compactly embedded in ( )( )⋅L Ωq with ( )∈ +p q C, Ω such that ( ) ( )< ∗
q x p x

2
for any

∈x Ω. Moreover, Aydin [23] proved the compact embedding from X into ( )
( )⋅

L Ωϑ

q , where ( ) ( ) ( )≤ < ∗
p x q x p x

2

for ∈x Ω.

Let us consider the functional
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p x
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It is easy to see that ( )J u is well defined and continuous differentiable in X .

Proposition 2.4. For any ∈u u X, k ( )=k 1, 2, … , we have
(i) ∥ ∥ ( ) ( ) ( )< = > ⇔ < = >u J u1 1, 1 1 1, 1 ,X

(ii) ∥ ∥ ( ) ∥ ∥≤ ≤
− +

u J u uX

p

X

p with ∥ ∥ ≥u 1,X

(iii) ∥ ∥ ( ) ∥ ∥≤ ≤
+ −

u J u uX

p

X

p with ∥ ∥ ≤u 1,X

(iv) ∥ ∥ →u 0k X if and only if ( ) →J u 0k , as → ∞k ,

(v) ∥ ∥ → ∞uk X if and only if ( ) → ∞J uk , as → ∞k .

The proof of Proposition 2.4 can be seen by the same method in [37, Theorem 1.3]. Also, the operator
≔ ′ ⟶ ∗T J X X: defined as

⟨ ( ) ⟩ ( ( )∣ ∣ ( )∣ ∣ )( ) ( )∫= +− −T u v ω x u u v λϑ x u uv x, Δ Δ Δ d ,p x q x

Ω

2 2

for any ∈u v X, . Moreover, the function ∈u X is a weak solution of the problem (1) if and only if u is a critical
point of J .

It is noted that Zhikov and Surnachev [43] proved a sufficient condition for the density of smooth functions
in weighted variable exponent Sobolev space. Therefore, the weak solution of problem (1) is well defined.
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Theorem 2.5. ≔ ′ ⟶ ∗T J X X: is a
(i) continuous, bounded, mapping of type ( )+S , and strictly monotone operator,
(ii) homeomorphism.

Proof. Using the same method in [22], it is easy to see that (i) holds. Now, we prove thatT is a homeomorphism.
Since T is the strictly monotone operator, the operator T is an injective operator. Moreover, T is a coercive
operator. To prove this, let ∈u X and∥ ∥ >u 1.X If we consider Proposition 2.3, [40, Proposition 2.2] and the fact

that X compactly embedded into ( )
( )⋅

L Ω ,ϑ

q then we obtain

( )
( )

∣ ∣ ( )
( )

∣ ∣ ( )

∣ ∣ ( ) ∣ ∣ ( )

( ) {∥ ∥ ∥ ∥ }

∥ ∥ {∥ ∥ ∥ ∥ }

∥ ∥ ∥ ∥

( ) ( )

( ) ( )

( ) ( ) ( )

∫ ∫

∫ ∫

= +

≥ +

≥ +

≥ +

= +

+ +

+ ⋅ + ⋅ ⋅

+ +

+ +

− +

− − +

− −

J u
p x

u ω x x λ
q x

u ϑ x x

p
u ω x x

λ

q
u ϑ x x

p
u

λ

q
u u

p
u

λ

q
u u

p
u

λ

q
u

1
Δ d

1
d

1
Δ d d

1
ϱ min ,

1
min ,

1
.

p x q x

p x q x

p

ω

q ϑ

q

q ϑ

q

X

p

X

q

X

q

X

p

X

q

Ω Ω

Ω Ω

, ,

This follows that ( ) ⟶ ∞J u as∥ ∥ ⟶ ∞u X , i.e., J is coercive on X . As a result, by Minty-Browder theorem (see
[44]), the operator J is an surjection and admits an inverse mapping. It is enough to see that −J 1 is continuous.
Assume that �( ) ∈f

n n is a sequence of ∗X satisfying ⟶f f
n

in ∗X . Assume that un and u are in X such that

( ) ( )= =− −J f u J f uand .
n n

1 1

Since the functional J is coercive, the sequence ( )un is bounded in the reflexive space X . For a subsequence
denoted by ( )u ,n we obtain ⇀u un in X . This yields

 ⟨ ( ) ( ) ⟩ ⟨ ⟩− − = − − =
⟶+∞ ⟶+∞

J f J f u u f f u ulim , lim , 0.
n

n n
n

n n

This follows by the continuity of J that

 ( ) ( ) ( )⟶ ⟶ = ∗u u X J u J u J u Xin and in .n n

By the injectivity of J , we obtain that =u u . □

3 Main results

Before giving our main result, we need to the alternative form of Ricceri’s theorem (see [45,46]).

Theorem 3.1. X is a reflexive real Banach space. �⟶J X: is a continuously Gâteaux differentiable and
sequentially weakly lower semicontinuous functional whose Gâteaux derivative admits a continuous inverse
on ∗X and J is bounded on every bounded subset of X ; �⟶XΨ : is a continuously Gâteaux differentiable whose
Gâteaux derivative is compact; �⊆I an interval. Let

( ( ) ( ))
∥ ∥

+ = +∞
⟶+∞

J x μ xlim Ψ
x

(2)

for every ∈μ I , and that there is a �∈h satisfying

( ( ) ( ( ) )) ( ( ) ( ( ) ))+ + < + +
∈ ∈ ∈ ∈

J x μ x h J x μ x hsup inf Ψ inf sup Ψ .

μ I x X x X μ I
(3)
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Thus, there is an open interval ⊆Λ I and a positive real number ρ with the following property, i.e., for all ∈μ Λ

and every C1 functional �⟶XΦ : with compact derivative, there is a positive real number δ satisfying for
every [ ]∈β δ0, , the expression

( ) ( ) ( )′ + ′ + ′ =J x μ x β xΨ Φ 0

has at least three solutions in X whose norms are less than ρ.

Proposition 3.2. X is a non-empty set and J and Ψ are two real functions on X . Suppose that there exist >r 0 and
∈x x X,0 1 satisfying

( ) ( ) ( ) ( ( ))
( )

( )(( ])

= − = > − <
−

∈ −∞−
J x x J x r x r

x

J x
Ψ 0, , sup Ψ

Ψ
.

x J r

0 0 1

,

1

11

Thus, for every h such that

( ( ))
( )

( )(( ])

− < <
−

∈ −∞−
x h r

x

J x
sup Ψ

Ψ
,

x J r,

1

11

the expression

( ( ) ( ( ) )) ( ( ) ( ( ) ))+ + < + +
≥ ∈ ∈ ≥

J x μ x h J x μ x hsup inf Ψ inf sup Ψ

μ x X x X μ0 0

is satisfied.

Now, we are ready to give our motivation.

Theorem 3.3. Let �( )

∣ ( ) ∣

∣ ∣ ( ) < +∞∈ × + −sup
x s

f x s

s, Ω

,

1 z x 1 , where ( )∈z C Ω and ( ) ( )< ∗z x q x for every ∈x Ω and there are

>ρ φ, 0 and a function ( ) ( )∈γ x C Ω with { }< ≤ ≤− + − −γ γ q p1 max , such that

(i) ( ) >F x s, 0 for a.e. ∈x Ω and all ( ]∈s 0, ϱ ,

(ii) there are ( ) ( )∈r x C Ω and ( ) ( )< ≤ <+ − ∗q r r x q x satisfying

( )

∣ ∣ ( )
< +∞

⟶ ∈

F x s

s
limsup sup

,
,

s x

r x

0 Ω

(iii) The inequality

∣ ( )∣ ( ∣ ∣ )( )≤ +F x s φ s, 1 ,γ x

for a.e. ∈x Ω and all �∈s .

Then, there is an open interval ( )⊆ +∞Λ 0, and a positive number ρ with the following property: for each
∈μ Λ and each function � �( ) × ⟶g x s, : Ω such that

�

∣ ( )∣

∣ ∣( )
( )+

< +∞
∈ ×

−
g x s

s
sup

,

1
,

x s

t x

, Ω

1

where t( ) ( )∈x C Ω and ( ) ( )< ∗t x q x for all ∈x Ω, there is a positive constant δ such that for every [ ]∈β δ0, ,

problem (1) has at least three weak solutions whose norms in X are less than ρ.

Proof. The equalities

⟨ ( ) ⟩ ( ( )∣ ∣ ( )∣ ∣ )( ) ( )∫′ = +− −J u v ω x u u v λϑ x u uv x, Δ Δ Δ dp x q x

Ω

2 2
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⟨ ( ) ⟩ ( )∫′ = −u v f x u v xΨ , , d

Ω

⟨ ( ) ⟩ ( )∫′ = −u v g x u v xΦ , , d

Ω

hold for all ∈u v X, . By Theorem 2.5, J is a continuous Gâteaux differentiable and sequentially weakly lower
semicontinuous functional whose Gâteaux derivative admits a continuous inverse on ∗X . Therefore, Ψ and Φ

are continuously Gâteaux differentiable functionals whose Gâteaux derivative is compact. Also, it is clear that
J is bounded on every bounded subset of X .

By Theorem 2.5, it is clear that

( ) ∥ ∥ ∥ ∥≥ ++ +

− −
J u

p
u

λ

q
u

1
,X

p

X

q (4)

for ∥ ∥ ≥u 1.X Moreover, if we consider ( )iii and [23, Theorem 6], then we have

( ) ( ∣ ∣ ) (∣ ∣ ∥ ∥ )

( ∥ ∥ ) ( ∥ ∥ )

( )
( )

( )

∫≥ − + ≥ − +

≥ − + ≥ − +

⋅

⋅

+

+ +

μ u μ φ u x μφ u

C u C u

Ψ 1 d Ω

1 1 ,

γ x
γ

γ

γ

γ

X

γ

Ω

3 4

(5)

for every ∈μ Λ and ∈u X . Here, C3 and C4 are positive constants. This follows by (4), (5), and use the fact
{ }≤+ − −γ q pmax , that

( ) ( ) ∥ ∥ ∥ ∥ ( ∥ ∥ )+ ≥ + − ++ +

− − +
J u μ u

p
u

λ

q
u C uΨ

1
1 .X

p

X

q

X

γ

4

This yields

( ( ) ( ))
∥ ∥

+ = +∞
→∞

J u μ ulim Ψ ,
u X

for every ∈u X , [ )∈ +∞μ 0, . This means that the assumption (2) is verified.
Now, the remaining part of the proof is verifying the assumption (3). To obtain this, we verify the

assumptions of Proposition 3.2. Let =u 0.0 Then, it is clear that

( ) ( )= − =J u uΨ 0.0 0

Now, we prove that (3) is satisfied. By ( )ii , there exist [ ]∈ζ 0, 1 and >C 05 such that

( ) ∣ ∣ ∣ ∣( )< < −
F x s C s C s, ,r x r

5 5

for a.e. ∈x Ω and for every [ ]∈ −s ζ ζ, . This follows by ( )iii that there is a constant C6 such that

( ) ∣ ∣< −
F x s C s, ,r

6

for a.e. ∈x Ω and for every �∈s . If we consider the fact ( )↪ −
X L Ωr , then we obtain

( ) ( ) ∣ ∣ ∥ ∥∫ ∫− = < ≤ ≤− − −
+

u F x u x C u x C u C θΨ , d d ,r
X

r

Ω

6

Ω

7 7

r

q

when ∥ ∥ ≤
+

+ θ.
u

q

X

q

Since >− +r q , we have

( ( ))−

=
→

≤

+

∥ ∥
+

+

u

θ
lim

sup Ψ

0.
θ

θ

0

u
X

q

q (6)

Assume that ( )∈u C Ω1
2 is a function satisfying ∣ =∂u 01 Ω , ≤u dmax Ω 1 , and positive in Ω. This follows that

∈u X1 and ( ) >J u 0.1 By ( )i , we obtain

8  Cihan Unal



( ) ( ( ))∫− = >u F x u x xΨ , d 0.1

Ω

1

Thus, if we consider (6), then there exists ( )⎜ ⎟∈
⎛
⎝

⎧
⎨
⎩

⎫
⎬
⎭
⎞
⎠

+θ J u0, min ,
p1

1 such that

( ( ))
( )

( )
∥ ∥

− <
−

≤
+

+

u θ
u

J u
sup Ψ

Ψ
.

u

q
θ

1

1
X

q

Now, let (( ])∈ −∞−u J θ, .1 This yields

( )
∣ ∣ ( )

( )
∣ ∣ ( )( ) ( )∫⎜ ⎟

⎛
⎝

+ ⎞
⎠
≤ <

p x
u ω x

λ

q x
u ϑ x x θ

1
Δ d 1,p x q x

Ω

which, by Proposition 2.4, implies ∥ ∥ <u 1.X Thus, we obtain

∥ ∥ ∥ ∥
( )

∣ ∣ ( )
( )

∣ ∣ ( )( ) ( )∫⎜ ⎟+ ≤ ⎛
⎝

+ ⎞
⎠
<+ +

+ −

p
u

λ

q
u

p x
u ω x

λ

q x
u ϑ x x θ

1 1
Δ d .X

p

X

q p x q x

Ω

Therefore, we obtain

(( ]) ∥ ∥ ∥ ∥−∞ ⊂ ⎧⎨
⎩
∈ + < ⎫

⎬
⎭

−
+ +

+ −
J θ u X

p
u

λ

q
u θ, :

1
,X

p

X

q1

and then,

( ( ))
( )

( )(( ])

− <
−

∈ −∞−
u θ

u

J u
sup Ψ

Ψ
.

u J θ,

1

11

If we consider Theorem 3.1 and Proposition 3.2, then the desired result is completed. □
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