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Abstract: In this study, we give a modification of Mellin convolution-type operators. In this way, we obtain the
rate of convergence with the modulus of the continuity of the mth-order Mellin derivative of function f , but
without the derivative of the operator. Then, we express the Taylor formula including Mellin derivatives with
integral remainder. Later, a Voronovskaya-type theorem is proved. In the last part, we state order of approx-
imation of the modified operators, and the obtained results are restated for the Mellin-Gauss-Weierstrass
operator.
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1 Introduction

The aim of this article is to define a generalization of Mellin convolution operators to obtain a higher order of
approximation with respect to the usual one. Mellin convolution-type integral operators, acting on functions
defined on the multiplicative group +� , have different structure compared with the classical convolution
operator defined on a line group. The operators, more suitable for the use of a dilation operator and the
Haar measure instead of usual translation operator and Lebesgue measure, ensure invariant under dilation.
The singular integrals of Mellin convolution-type were first introduced by Kolbe and Nessel in [1]. In the
original article [2], the authors proved convergence of operators in Lp space with the connection of Mellin
analysis. In [3], by taking into account the notions of the logarithmic Taylor formula, Mellin derivatives,
logarithmic uniform continuity, and logarithmic moment of kernel function, approximation results by Mellin
convolution operators have been simplified. From the beginning of the 2000s to the present, Mellin convolu-
tion operators have been extensively studied, especially by Bardaro and Mantellini, and very significant
contributions have been made to the literature. A special attention deserves their article [4], where the authors
used a new and powerful approach that uses a Taylor formula in terms of Mellin derivatives. In [5], the
behaviour of iterates of Mellin-Fejer-type operators with respect to pointwise and uniform convergence was
examined by Bardaro and Mantellini, and also, they introduced a new method in the construction of linear
combinations of Mellin-type operators using the iterated kernels to acquire better approximation order. In [6],
a Voronovskaya formula of high order for linear combinations of the Mellin-Gauss-Weierstrass operators was
given. It is very respectable in terms of improving the order of approximation.

The authors in the series articles [5,7–9] regarded Mellin convolution operators of type:
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where f belongs to the domain of the operator Tw and ∞ →K : 0,w �( ) is a set of the kernels.
In this study, we develop a different method in the construction of linear combinations, using Mellin

derivatives of approximated function of the form:
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where fΘ j is the jth-order Mellin derivative of the function f .

We point out that in some cases, this method gives a better order of approximation with respect to the
classical operator Tw, especially for what concerns the Voronovskaya formula and quantitative point of view.
As we show an application, this happens, for example, for the moment operators and the Mellin-Gauss-
Weierstrass operators.

Additionally, in [10–14], some investigations have been performed recently on sampling operators in some
different spaces, such as Mellin-Lebesgue, Orlicz, etc.

The rest of the study is organized as follows. In the next section, primary notations and preliminaries
related to the subject are reminded. Also, we give the definition of modified singular integral of Mellin
convolution type. In this way, we express the approximation rate with the modulus of the continuity of the
mth-order Mellin derivative of function f , but without the derivative of the operator. Then, we express the
Taylor formula including Mellin derivatives with integral remainder. Later, a Voronovskaya-type theorem is
proved. In the last part, we state the order of approximation of the modified operators, and the obtained
results are restated for the Mellin-Gauss-Weierstrass operator.

2 Basic notations and preliminary results

Let us remark some notations related to Mellin operators given in [2], or Mellin derivative fΘ of a function
→+

f : � � is defined by:

= ′ >f s sf s sΘ , 0,( ) ( )

provided the usual derivative ′f s( ) exists and Mellin differential operator of order ∈i � is defined inductively
by putting

= = ∘ ≥−
iΘ Θ, Θ Θ Θ , for 2.i i1 1

If >x 0, the =x xln log ,
e

where e is the Euler number.
Let +� be the set of all positive real numbers endowed with the measure ∫= ∕μ E t td

E
( ) ( ), where E is any

(Lebesgue) measurable set. We will denote by =+
L μ L μ,p p�( ) ( ), ≤ < +∞p1 , the Lebesgue spaces with respect

to the measure μ and by ∞L μ( ) the space of all the essentially bounded functions. We will denote by f p∥ ∥ and
∞f∥ ∥ the corresponding norms.
For every ∈m 0� , we denote by = +

C C
m m �( ) the space of all functions →+

f : � � with continuous mth-
order derivative in +� . Moreover, we will say that ∈f C

m locally at the point ∈ +
s � if there is a neighbour-

hoodUs of the point s such that f is −m 1( )-times continuously differentiable inUs and the derivative of order
m exists at the point s.

In the following, we will say that a function f is log-uniformly continuous in +� if for every >ε 0, there
exists >η 0 such that − <f s f s ε1 2∣ ( ) ( )∣ whenever − <s s ηln ln1 2∣ ∣ for every ∈ +

s s,1 2 � .
We denote by BC

0 the subspace of C
0 containing the log-uniformly continuous and bounded functions in

+� and by BC
m the space of all the functions with mth-order Mellin derivative in BC

0.
For the set of kernels →+ +

K : ,0� � which satisfies the conditions:

2  Cem Topuz et al.



(1) ∈K L μ1( ) and ∫ =
∞

K t 1.
t

t0

d
( )

(2) =K t wK tw

w( ) ( ).

For ∈j �, we define the logarithmic moments and the absolute logarithmic moments of order j of family
Kw( ) by, respectively:
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For fixed ∈m 0� and ≤ ≤ +∞p1 , we denote =+
L μ L μ,p m p m, ,�( ) ( ) the set of all ∈f L μp m, ( ) whose Mellin

derivatives f fΘ ,…, Θm also belong to L μp( ). If = ∞p , we define the norm as usually =∞ ∈ +f f xess sup
x �∥ ∥ ∣ ( )∣.

Moreover, for ∈f L μp m, ( ), there exist norms fΘk

p∥ ∥ , ≤ ≤k m0 .

Definition 1. For ∈f L μ ,p m, ( ) we define that the modified singular integral of Mellin convolution-type is
defined by:
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In particular, =T f s T f sw w,0 ( ) ( ) for ∈f L μp( ). It is noted that (2.1) is not always positive.

Lemma 1. Let ∈m 0� , ≤ ≤ ∞p1 , and < ∞M Kj w( ) for ≤ ≤j m0 . For ∈f L μ ,p m, ( ) we have
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Proof. First, if = ∞p , then using (2.1), we can write
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From this, we obtain
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and, later for ≤ < ∞p1 , by the generalized Minkowsky inequality, we have
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The desired results are obtained. □
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A special attention deserves this article from 2011, [15] where the authors used a new and powerful
approach that uses a Taylor formula in terms of Mellin derivatives. Inspired from here, we can express the
following lemma.

Lemma 2. Suppose that f is locally of class +
C

m 1( ) at a point ∈ +
s0 � . We have the following equality:
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Proof. We use the induction method. For =m 0, using the fundamental theorem of calculus, we have
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Now, let us assume that equation (2.2) is true for =m k and show it to be true for = +m k 1. So, we have to
show that
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Thus, we obtain the desired result. □

3 Order of approximation

In this section, we examine the order of approximation of the family of operators T .w m,( )

Definition 2. We give the modulus of continuity of ∈f L μp( ), ≤ < ∞p0 , with:
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If we multiply both sides of equation (3.1) by −
K tsw
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By performing the necessary calculations, we obtain
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4 Voronovskaya-type theorem

This section devoted to Voronovskaya-type theorem by means of Mellin derivatives. The theorem determines
the precise order of pointwise approximation.

Theorem 2. Let ∈ +
s � , < ∞+M Km w2( ) , ∈ ∞f L μm, ( ), and ∈ ∞ + −f L μΘ j

m j, 2 ( ), ≤ ≤j m0 for fixed ∈m 0� .

(1) (a) If =+m K 0,m w1( ) we have

− = −
+

+
+ ⎛

⎝
⎞
⎠

+

+
− +

T f s f s

m f s

m

m K o w1
1 Θ

2 !
.w m

m

m

m w

m

,

2

2
2( ) ( ) ( )

( ) ( )

( )
( ) ( )

(b) If ≠+m K 0,m w1( ) we have

− = −
+

+ −
+

+
+ ⎛

⎝
⎞
⎠

+

+

+

+
− +

T f s f s

f s

m

m K

m f s

m

m K o w1
Θ

1 !
1

1 Θ

2 !
.w m

m

m

m w

m

m

m w

m

,

1

1

2

2
1( ) ( ) ( )

( )

( )
( ) ( )

( ) ( )

( )
( ) ( )

Proof. By the Taylor formula, we can write

∑= +
=

+ − +
+ −

f t

f s

i

t

s

φ t s

t

s

Θ
Θ

!
ln , ln ,j

i

m j i j

i

j

m j

0

2

2( )
( )

( )

where ≡φ t φ t s,
j j
( ) ( ), ∈+ −

∞ + −φ t t L μln
j

m j

m j

2
, 2( ) ( ) for ≤ ≤j m0 and =→ φ t φ slim .t s j j

( ) ( ) Using (2.1), we obtain

∫

∫

∑ ∑

∑

=
−

+
−

= +

∞
−

= =

+ − +
+

∞
− +

=

T f s K ts

j

f s

i

t

s

t

t

K ts

t

s j

φ t

t

t

A f s B f s

1

!

Θ

!
ln

d

ln
1

!

d

.

w m w

j

m j

i

m j i j

i j

w

m

j

m j

j

w m w m

,

0

1

0 0

2

0

1 2

0

, ,

( ) ( )
( ) ( )

( )
( )

( )

( ) ( )

(4.1)

First, we consider A f .w m, We obtain

∫ ∑ ∑ ∑

∑

⎜ ⎟

⎜ ⎟

=
⎛

⎝
⎜

−
−

+
+

⎛
⎝

+ ⎞
⎠

−

+
+

⎛
⎝

+ ⎞
⎠

−
⎞

⎠
⎟

∞
−

= =

+
+

=

+
+

=

A f s K ts

j

f s

l j

t

s

f s

m

t

s

m

j

f s

m

t

s

m

j

t

t

1

!

Θ

!
ln

Θ

1 !
ln

1
1

Θ

2 !
ln

2
1

d
.

w m w

j

m j

l j

m l

l

m

m

j

m

j

m

m

j

m

j

,

0

1

0

1

1

0

2

2

0

( ) ( )
( ) ( )

( )

( )

( )
( )

( )

( )
( )

Using the equalities
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∑ ∑⎜ ⎟ ⎜ ⎟
⎛
⎝

+ ⎞
⎠

− = − ⎛
⎝

+ ⎞
⎠

− = + −
= =

m

j

m

j

m

1
1 1 ,

2
1 1 1 ,

j

m

j m

j

m

j m

0 0

( ) ( ) ( ) ( )( )

∑ ∑ ∑ ∑⎜ ⎟
−

−
= ⎛

⎝
⎞
⎠

−
= = = =j

f s

l j

t

s

f s

l

t

s

l

j

1

!

Θ

!
ln

Θ

!
ln 1 ,

j

m j

l j

m l

l

l

m l

l

j

l

j

0 0 0

( ) ( )

( )

( )
( )

and

∑⎜ ⎟
⎛
⎝

⎞
⎠

− = ⎧⎨⎩
=
≠=

l

j

l

l
1

1, 0

0, 0
,

j

l

j

0

( )

we can write

∫ ∫

∫

= + −
+

⎛
⎝

⎞
⎠

+ −
+

+
⎛
⎝

⎞
⎠

∞
−

+ ∞
− +

+ ∞
− +

A f s f s K ts

t

t

f s

m

K ts

t

s

t

t

m f s

m

K ts

t

s

t

t

d
1

Θ

1 !
ln

d

1
1 Θ

2 !
ln

d

w m w

m

m

w

m

m

m

w

m

,

0

1

1

0

1 1

2

0

1 2

( ) ( ) ( ) ( )
( )

( )

( )
( ) ( )

( )

and

= + −
+

+ −
+

+

+

+

+

+A f s f s

f s

m

m K

m f s

m

m K1
Θ

1 !
1

1 Θ

2 !
.w m

m

m

m w

m

m

m w,

1

1

2

2( ) ( ) ( )
( )

( )
( ) ( )

( ) ( )

( )
( )

Now, we estimate the last term B fw m, . Let ∑ ==
−

φ t ϕ t
j

m

j j j0

1

!

j

( ) ( )
( ) . Then,

∫ ∫ ∫≤
⎛

⎝
⎜ + +

⎞

⎠
⎟ = + +

∕

∕

∞
+

B f s K t ϕ ts t

t

t

I I Iln
d

.ω m

δ

δ

δ

δ

w j

m

,

0

1

1

2
1 2 3∣ ( )∣ ( )∣ ( )∣∣ ∣

We take into account I2. Let >ε 0 be fixed and choose >δ 1 such that <ϕ t ε
j

∣ ( )∣ for ∈t Uδ. Hence,

∫≤ ≤
∕

+
+I ε K t t

t

t

εM Kln
d

.

δ

δ

w

m

m w2

1

2
2∣ ∣ ( )∣ ∣ ( )

As regards I1 (and analogously for I3), we have

∫≤ = ⎛
⎝

⎞
⎠

∞
+

∕
+ − +

I

ϕ

w

K t t

t

t

o wln
d

,
j

m

δ

m m

1 2

0

1

2 1

w

∣ ∣
∥ ∥

( )∣ ∣ ( )

so =→+∞
+

w Ilim 0w

m 1
1∣ ∣ . The proof follows by limsup and liminf arguments. □

5 Application to the Mellin-Gauss-Weierstrass operator

Let us consider the function

)(= ∈− +
K t

π

e t

1

4
, .

t
1

2
log

2

�( ) (5.1)

This function generates the modified Mellin-Gauss-Weierstrass operator:

)(∫ ∑=
∞

=

−
f s

w

π

f t

j

s

t

e

t

t4

Θ

!
ln

d
.w m

j

m j

j

w t

s
,

0 0

2
log

2

� ( )
( )
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It is easy to see that Property (1) holds and =m K 01( ) . We know that if m is odd, =m K 0m( ) , and if m is even,
= −∕

m K m2 1 !!m

m 2( ) ( ) , where in this case =n n!! 3.5 … with n odd.
From Theorem 1, we obtain

Corollary 1. Let ∈f L μp m, ( ) with ∈m 0� and ≤ ≤ ∞p1 . We have,

− ≤ ⎛
⎝

⎛
⎝

+ ⎞
⎠ + ⎛

⎝
+ ⎞

⎠
⎞
⎠

⎛
⎝

⎞
⎠f f

m π w

m m

ω f

w

2

!

2
Γ

1

2
2Γ

2

2
Θ ;

1
.w m p

m

m
p

m

,�∥ ∥

Also, if = ∞p , for ∈ ∩ ∞f BC L μ ,m ( ) we have

− ≤ ⎛
⎝

⎛
⎝

+ ⎞
⎠ + ⎛

⎝
+ ⎞

⎠
⎞
⎠

⎛
⎝

⎞
⎠∞ ∞f T f

m π w

m m

ω f

w

2

!

2
Γ

1

2
2Γ

2

2
Θ ;

1
.w m

m

m

m

,∥ ∥

Proof. We have

∫ = ⎛
⎝

+ ⎞
⎠

∞

K t t

t

t π w

m

ln
d 2

Γ
1

2
w

m

m

m

0

( )∣ ∣

and

∫
∫

=
→∞

∞ +

∞
K t t

K t t

lim

ln

ln

0.
w

w

m
t

t

w

m
t

t

0

1 d

0

d

( )∣ ∣

( )∣ ∣

Therefore, via Theorem 1, we obtain the desired result. □

Corollary 2. Let ∈f L μp m, ( ) with ∈m 0� and ≤ ≤ ∞p1 . If ∈f Lip LΘm

α p( ) for fixed < ≤α0 1, i.e.
=ω f δ O δΘ ; .p

m α( ) ( ) Then, we have for >w 0

− = ⎛
⎝

⎞
⎠

− +
f f O w .w m p

m α

,�∥ ∥ ( )

Remark 1. Corollaries 1 and 2 show that the order of approximation by the modified Mellin-Gauss-Weierstrass
operator w m,� is better than the approximation by classical operator T .w

From Theorem 2, we obtain

Corollary 3. Let ∈ +
s � , ∈ ∞ +f L μm, 2( ), and ∈ ∞ + −f L μΘ j

m j, 2 ( ), ≤ ≤j m0 for fixed ∈m .0� If m is even, then
we have

− =
+

+→∞
+

+

+w f s f s

m f s

m

m Klim
1 Θ

2 !
.

w

m

w m

m

m

2
,

2

2�[ ( ) ( )]
( ) ( )

( )
( )

Corollary 4. Let ∈ +
s � , f , ∈ ∞f L μΘ .2

,2( ) Then, we have

− =
→∞

w f s f s f slim Θ .
w

w

2 2�[ ( ) ( )] ( )

Remark 2. Corollaries 3 and 4 show that the modified Mellin-Gauss-Weierstrass operators w m,� provide better
order of pointwise approximation.
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6 Conclusion

In this article, we introduced a modification of Mellin convolution-type operators. In this way, we obtained the
rate of convergence with the modulus of the continuity of the mth-order Mellin derivative of function f , but
without the derivative of the operator. Then, we expressed the Taylor formula including Mellin derivatives
with integral remainder. Later, a Voronovskaya-type theorem was proved. Finally, we stated order of approx-
imation of the modified operators, and the obtained results were restated for the Mellin-Gauss-Weierstrass
operator.
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