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1 Introduction

The fractional differential equations have become a significant field of investigation due to their frequent use
in biophysics, economics, chemistry, mechanics, control theory, image processing and signal, etc. [1-3].
Recently, existence theory of solutions to initial and boundary value problems for fractional system has
received considerable attention from many researchers [4-11].

As is known to all, Riesz-Caputo derivative refers to a fractional derivative that reflects both the future and
the past memory effects; consequently, the Riesz fractional operator plays an important role in characterizing
anomalous diffusion, owing to successful applications to subdiffusive, superdiffusive, and evolution problems.
Space fractional quantum mechanics is a natural generalization of standard quantum mechanics, which arises
when the Brownian trajectories in Feynman path integrals are replaced by Levy flights. The classical Levy
flight is a stochastic processes, which in one dimension, is described by a jump length probability density
function. The position space representation of the ath power of the momentum operator is given by:

(x[Bpy = ~hD&p(x),

where D, is the Riesz fractional derivative operator of order a. The Riesz fractional derivative is regarded as
an effective tool for studying nonlocal and memory effects in physics, engineering, and applied sciences.
Therefore, many scholars are engaged in the study of the solutions of differential equations with the Riesz
fractional derivative. Many works carried out so far discuss the numerical solutions of diffusion equations,
which contain the Riesz derivative, and fractional variational problems, which contain the Riesz-Caputo
derivative, and only a few works report on the existence results of fractional boundary value problems, which
contain the Riesz-Caputo derivative.
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Gu et al. [12] discussed a new class of differential equations that contains the Riesz-Caputo fractional
derivative:

RDIX(E) = h(E, x(§), £€1[0,1], 0<a<i,
x(0) = x5, x(1) = x.

On the other hand, hybrid differential equation is a class of dynamical systems with quadratic perturba-
tion. Nowadays, due to the wide range of application of hybrid differential equations in several areas of real-
life problems, more researchers began to study the existence of solutions for hybrid differential equations with
different perturbations (readers can refer to [13-20]).

Houas [21] studied the results for the coupled hybrid system that contains integral boundary conditions as
follows:

Dal[ (o)

m] = fi(t, w(t), w(t)), te€[0,1], @€ (0,1,

Daz[ w(t)

my = o6, w(t), (1), t<][0,1], a€(0,1),

6,
w(0) = [A(s)u(s)ds, 61 € (0,1),
0

b,
1(0) = [A(Shus)ds, 6, € (0,1),
0

where D%(i = 1, 2) stands for the Caputo’s derivative.
Derbazi et al. [22] considered the solutions for the fractional boundary value problem as follows:

cpa| XWO ~fGXO) | _
D§ 2t x(0) = h(t,x(t)), l<a<2, te€]=]0,T],
xO - fex@) b XO - fex@y - _
1 1 =/,
gex®) |, goxo) |,
e8| X — f(& x(0) e XO — fEX@O) | _
ay D 26, x(D) - + by Dy dox©) ) =k, 0<n<T,

where D¢ and CDg stand for the Caputo fractional derivative.
Recently, Baleanu et al. [23] discussed the hybrid fractional coupled system as follows:

Dw[ x(t)

Ham) 0.0, vse

2O |__

[g(t,X(t),z(t))]_ Kelt, x(0), 2(1)), - &€ (2,3),
L = ¢ - ) -
HEX(O,20) |y D#[H(t,x(t),z(t))] R
L = VL = ) —
BE X0, 70) |, D[g(t,x(t),z(t)) AR

where D%, D, D¥, and DV stand for the Caputo’s fractional derivative.
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By virtue of the aforementioned documents, in this work, the authors present the solutions for the hybrid
fractional coupled system that contains the Riesz-Caputo derivative as follows:

A4 X@ = {1 x@®), ()|
oD1 2.6 (0, y(0) = hy(t, x(t), y(t)), 0<y<1, ()
remy| YO — L6 x(0), y(0) |
o1 &6, x(®), y(®)) ’ = Rt X(O. (@), 0<v<l, @
x(0) =a;, x(1) = by, (3)
Y(0) = az, y(Q) = by, @

where0 <y<1, 0<vs<1, 0s<t<1, %D}, and %D} are Riesz-Caputo’s fractional derivative of orders
V.V, fi, o ha, by € C([0,1] x R%, R), g, 8, € C([0, 1] x R, R\{0}) and ay, ay, by, and b, are the real constants. We
will use “Dhage’s fixed point theorem” to find the sufficient conditions for the existence of solutions. This is the
first time for us to present the existence of solutions of Systems (1)-(4).

2 Some lemmas
Supposen-1<a<n,n€N fora>0,and n = [w] and [-] stands for the ceiling of a number.

Definition 2.1. [24] The Riesz-Caputo fractional derivative for a function x(t),0 <t < T, can be written as
follows:

n)
RCpa _ x"(w)
oDrx(t) = a) Ilt - ylott- n

- 5(8 [+ (CDDEX(D),
where 5D is the left Caputo derivative and $D§ is the right Caputo derivatives

1 xM(w)

Cna —
DX = T =g J (=t
and
1" (n)
t“DFx(t) = F((n ) j(u)i t§g+)1 n

Particularly, for x(¢t) € C(0, T), then
1
"iDX(0) = SGD; =t DIX(D),
if0<ac<1.

Definition 2.2. [24] The right, left, and fractional Riemann-Liouville integrals of order a can be written as
follows:

JIX(0) = I(u - O (u)du,

I'(a)
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JIX(E) = j(t - W x(wydu,

(a)4

T
1
oIix(t) = —Ilu - t] Ix(u)du.

I'(a) .

Lemma 2.1. [24] Let x(t) € C"[0, T], we have

n-1
OItaOCDtaX(t) = x(¢) - Z X l'(O) (t - 0)1
=0
and
n-1 1

1=0 I

From the aforementioned equations, thus we have

oIf §Dix(D) = (OII“OCDH SO + (D" (01“ (Df + I7 (DX(t)
—JGIEDE + (<11 DR,
Particularly, for x(t) € C(0, T), then
JEDEX(D) = X(0) = 2(x(0) + X(D)) ®

if0<a<1.

Lemma 2.2. [25] Let S be a closed convex, bounded, and nonempty subset of a Banach algebra E, and let
A,C:E— E and B : S — E be three operators such that

(@) A and C are Lipschitzian with Lipschitz constants § and p, respectively,

(b) B is compact and continuous,

() x=AxBy+Cx=>x€Sforal y €S,

(d) M + p <1, where M = ||B(S)||.

Then, there is a solution for the operator equation AxBx + Cx = x in S.

3 Main results

The Banach space C[0, 1] is recorded as X. The norm is defined as follows: ||x|| = maXe[o1j|x(t)|. Under the
following norm definition ||(x, y)|| = ||x]| + |[y||, we have E = X x X, which is a Banach space.

Definition 3.1. [26] If there is a constant g > 0 that satisfies
IF(w,z) = F(w, Z)|| < u(|lw = wl| + ||z = Z||)

for all (w, z), (W, z) € E, we call F: E — E as u-Lipschitz. Moreover, if 4 < 1, we call F as a strict contraction.
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Lemma 3.1. Let h € ([0, 1]. Then, the equation

- f(o ai, aZ)
2 g(O as, aZ)

f(1 bl: bZ)
&, by, by) 1"( )%

X(6) = g0t x(OY(D)| = + % I(t — ) h(s)ds

ﬂs—OV%6M8+fGXGXKO)

F()

is the solution of the boundary value problem:

reny| X(O = (&, x(), y(1))
T gt x (1), y(0)

x(0) =a;, x(1) = by,
y(0) =a;, y@) =Db,.

=ht), O0<y<t,

Proof. Integrating on both sides of equation (7) and considering (5), (8), and (9), we obtain

XO ~fEXOYO) _ e, L6~ fO @) by~ [ by by)
gt xo,y0) 7 2 g0,a,a) 2 g(byby)

Consequently, we find that

X(t) - f(t) X(t),)’(t)) - 1 a - f(o) a, aZ) + 1 bl - f(]-’ blx bZ)
g(t: X(t)’Y(t)) 2 g(O, ay, aZ) 2 g(]-’ bl, bZ)

1 _
+ i j(t - sy-1n(s)ds + ﬁ j(s — £y 1h(s)ds.

Therefore, (6) holds.
Define the operator T mapping E to E

TOGY)(O) = (LG YX(O), TG YD),

where

a — f(0, ay, az) . 1b, - 1@, by, bz)
2 g(0,a,a) 2 g, by, by) F( )

Li(x, y)(0) = g(t, x(t), Y(t))

j(r ~ $Y (s, x(s), y(s))ds

+ fi(t, x(6), (1)),

* Ty j(s - 0 s, X(9), y(s))ds

- £,00, &, az)
2 gz(o M, az)

WACLIO NN
(11 bl: bZ)

1b
T(x, y)(©) = g,(t, x(t), y(t)) + E

t
1
* 1oy J 0= 977 has, x(), (s
0

+ f,(t, x(1), y(1)).

1
+ %I(s — P hys, X(), y(s))ds

We give the hypotheses of this study.
(H) f.fyyh, et [0,1] xR2 > Rand g,8,: [0,1] x R* » R\{0} are continuous functions;
() ¢y, ¢, @y, @, are four positive functions such that

it %, y) = [ X, Y1 < ¢(OlIx - X + |y - y1I,

-_— 5

(6)

)]

)
9

(10)

1

(12)

13)



6 —— Dehong Jiet al. DE GRUYTER

It x,¥) = f,(t, %, 3)| < ¢o(OIx = x| + [y - ¥ ], 14
|g1(tr X’_y) - gl(tr X)ﬁ)' < ¢1(t)[|X - )?l + l)’ _,V']r (15
Igz(t, X,)’) - gz(t’ 7,)7)| < al(t)[lx - )?I + ly _)7”’ (16)

for allt € [0,1], x, X, y, and ¥ are the elements in R;
(Hs) Functions p,, p, € L*(J, R") and four continuous nondecreasing functions i,, ¥,, &, & : [0, ©) — (0, )
satisfy

Iha(t, x, )1 < py (O, (IxXDéCYD, an
1ha(t, X, )1 < P (O, (IXDEAYD, (18)

for allt € [0, 1], x and y are the elements in R;
(Hy) The positive number r satisfies

1 [ GAYH &M th ]<r, (19)
1=p(1=goIA = NIl 1= [I@]IA = (Il
where
P lIA + lldgll  11BlIA + [|Gll l
=ma (20)
P X‘l ~ 1948 = 119ll” 1= 116511A — 165
A= 1 _fi(o) ai, aZ) " 1 bl _fi(l) bl: bZ) + thbl(r)fl(r)npl“

2| g£0,a,a) 2| g, by, by) Iy +1) an

1 - (0, a3, az) . 1|by - f,, by, by) . 20, (r)&(M)|p, |

2 32(0 a, az) 2| 8@, by, by) r(v+1)

— 1
and l94lIA + {1l < E) 1B411A + 1|l < 2 fi = sup,eoylfi (¢, 0, 0)], Jo = suPepo (L, 0, 0)],
81 = SUPe(o1)l81(t, 0, 0)I, &, = Supe(q 1l&y(t, 0, O)].

Theorem 3.2. Problems (1)-(4) have a solution, if Conditions (Hy)—(H,) are true.

Proof. Let

S={xy) €E:||x, I =1} (22)
Then, S is a bounded convex closed subset of E.
Define operators A;, C;: E—~ X and B; : S —» X(i = 1,2) by

A1 (x(), y(0) = g,(t, x(6), y(1)), A (x(1), (1)) = gy(t, x(1), ¥(t)), (23)

1ai- £(0,a,a) 1by - fi(1, by, by)
By(x(t), y(t)) = 5 (0 . a) 5 g.(L by, by)

* T )J'(t - 5 (s, X(s), y(s))ds o)

1 )
+ Ty){(s — ) Thy(s, X(s), y(s))ds,
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1a - f,(0,a,a) 1by - (1, by, by)

OOy g 0.ana) T2 g biby
t
1
* oy {(t ~ s Thy(s, X(s), y())ds (25)
1
1
+ m{(s - 6 hyls, X(5), y(s))ds,
Gx(®),y(®) = fi(t, x(), (1)), and Gx(1), (1)) = (¢, x(6), y(1)). (26)
Then, operators T; and T; given by equations (11) and (12) are equivalent to
TLi(x(), y(8)) = A(x(®), y(O))B1(x (1), y(1)) + Gi(x (1), y(1)), @7
B(x(®), y(8)) = A, (x(1), y(O))Bo(x(1), (1)) + Co(x (), y(1)). (28)

Therefore, the operator T in equation (10) can be written as follows:
TG Y)(®) = (T, Y)(O), Tax, y)(0) = AX(8), y(O)B(x (1), y() + C(x(1), y(1)),

where A = (4, 4;), B = (By, By), and C = (Cy, (;). In the following, we prove that the conditions in Lemma 2.2
can be satisfied.
First, we prove that A and C are Lipschitz on the space E. Given (x;, y;), (X2, y,) € E, and t € [0, 1], then by
(H,), we obtain
[A1 0, Y (@) = A0, Y, (O] = 1g,(t, xa(t), y, (1)) — & (L, X(t), y, (D)

29
< 6,10 - 0] + Dy (©) -, OD. @9

Similarly,

14203, y1)(0) = Az (X, ¥, )(0)] = 18,8, (0, ¥ (1)) = &,(t, X%a(D), ¥, (D)

- (30)
< ¢, (O(a() = x0O] + [y, () = y,(OD.

From equations (29) and (30), we obtain
|[ACa, y)(t) — A, ¥,)(D)] = (A1, A2)(4, Y, ) — (A1, A2) (%, Y,
< (9, + o(O)(a(®) = %O + [y, (1) = y, (D))

for all t on the interval [0, 1]. Taking the supremum on both sides of the aforementioned formula with respect
to t, we have

1404, y1) = A0, Il < (lall + [1@alDUa = el + [y = ¥, 1D,

which implies that A is Lipschitz on the space E with Lipschitz constant ||@,|| + ||@,]|-
We consider C : E = X, (4,y;), (X, y,) € E, then

1G4, y1)(0) = GO, y,)(O1 = /(& %), y, (D) = f(E, %(0), y, ()]

< B O1% () - (D] + D, (©) - 3, (OD. GV

Similarly,

1Go(x, y1)() = G0, y,)(O1 = I, (€, (), ¥ (1) = /(& X%(1), ¥, (D)

- (32)
< g(O(a(t) — xO] + |y, (6 =y, (D).
From equations (31) and (32), we obtain

[CCa, ¥,)(@) — COx, y,)()] =1(C, G208, Y,) — (G, G0, Y,
< (9o + PO)(Pa(t) = (D] + [y, () = y, (O]
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for all ¢ on the interval [0, 1]. Taking the supremum on both sides of the aforementioned formula with respect
to t, we obtain

IC0a 1) = CO Y < ldoll + N1 GolDCxs = 2ell + llyy = Yo 1D

which implies that C is Lipschitz on the space E with Lipschitz constant ||| + ||@,||-

Second, we prove that B is completely continuous mapping S to X. In Step 1, we show that B is a
continuous operator on S. To prove this, assume that {x.},{y,} are convergent sequences and satisfy
Xp = X,Y, Yy asn — +, By the Lebesgue dominated convergence theorem, we have

- fi(4, by, by)
(1: blr bZ)

1a - f,(0, @, ap)
2 g00,a,a)

1b
lim By, ) = lim [ o

1 ]
+ W)j(t = S (s, Xa(S), Yy ())ds

* o3 J(s = 0/, Xa(5), Yy (£))ds

1q ‘fi(O, a, az) N 1by - 11, by, by)
2 g(0,a, az) 2 g, by, by)

' (y) — lim I(t — Y (s, xu(5), , (5))ds

* To ),,““ j(s — Oy (s, Xe(), Yy (5))ds

1a - £(0, a1, @) . 1by - fi(4, by, by)
2 gl(oy ai, az) 2 gl(l’ bl) bz)

(33)

t
o Je= ot sy o0

1
1
+ TV) _t[(s - t)y_l,}ijg hi(s, xx(s), y, (s))ds

1a - £(0, @y, a) N 1by - 11, by, by)
2 g1(0 ay, az) 2 g, by, by)

* o) j(t ~ Y hy(s, x(s), y(s))ds

* Ty I(s = 0/ Mu(s, X(5), y($))ds = Bi(x,y).
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Similarly, we have

hm By(Xn, y,) =

_1@-f(0.aa0) 1b
2 gZ(O (11, a) 2

- 1 a - fé(o; a, az)
2 gZ(O) aly az)

_1@-f(0aa) 1b
2 gZ(O ay, (12) 2

Solutions of a system of hybrid fractional boundary value problems

1a; - 500, a;, az) . 1 b, - f,, by, by)
|2 &0, a1, az) 2 g, by, by)

n—-o

1 N
+ W!“ — $)Thy(s, Xu(S), Y, (5))ds

1
1 -
+ m{(s — £ My(s, Xu(S), Y, (5))ds

- £, by, by)
&1, by, by)

* (V) —lim j(t — $)hy(s, Xa(S), Y, (5))dis

* T )n‘m I(s ~ 0" o(s, Xe(5), Yy (5))d

- f,, by, by)
(1) bl’ b2)

1b
+_
2

t
‘T { (= 57 lim (s, x,(5), 3, (5))ds

1
+ ﬁ ‘!(s - t)V‘lr}{rB ha(8, Xn(8), Y, ($))ds

- /1, by, by)
&(1, b1, by)

) j(t - )" hy(s, X(6), Y($))ds

) j(s = 07 (s, X(5), y(9))ds = Bo(x. ).

-_ 9

(34

In view of equations (33) and (34), for all t € [0, 1], the operator B = (By, B;) is a continuous operator.
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In Step 2, we prove that in S, the set B(S) is uniformly bounded. For any (x, y) € S, in consideration of (Hs),
we obtain

a - f(0, a4, az)
g1(0 a;, az)

bl - fi(lx bl) bZ)
&, by, by)

1
+_
2

B, YO < 5

* 5 j(t = ) (s, x(s), y(s))lds

1 )
W)[(s — 61| y(s, x(s), y(s))|ds

m - £,(0, a;, ap)
g1(0 ay, az)

b1 - f,(1, by, by)

1
<=
2 &, by, by)

1
+_
2

* T j(t - ) (PGS 3)

' %}’) _!’(s = V7P () (N)é(r)ds
4~ hO, @, a)
&0, a;, az)

b1 - fi(1, by, by)

1
T2 &, by, by)

1
+_
2

*+ 1Pyl (r)é(r)

t 1
1 ) )
Ty)u(t - sy-lds + {(s - ty-lds

_1 @ - fi(0, @, @) L1 - fi(, by, by) N 2||p, |y (r)é(r)
2 gl(oy as, aZ) 2 gl(lx bla bZ) F(V + 1) '
1 |ay - f,00, a1, az) 1 | by - f;(1, by, by)
B ,yt)|s—- |————————— — |
|B2(x (1), y())| < 5 gz(O . a) t5 (L by, by)

* 1) J(t - )" s, X(5), y(s))lds

1 N
i WJ: (s = O Hh(s, x(s), y(s)lds

a = fé(ox ai, az)
gz(o; a, az)

(36)
b, - f,, b1, by)

1
s i
2 gz(]-y bl) bz)

1
+_
2

+ 1Dl [$(r)&a(r)

t 1
1 V- V-
T‘/)M(t — sy ids + _[(s -ty ids

a - fé(o’ ay, a2)
gz(o, a, aZ)

by - f,(, by, by)

, 2,5
gz(]-: bl) bZ) '

T'(v+1)

1 1
= — +_
2 2

Thus, ||B(x,y)|| < A for all (x,y) € S with A given in equation (21), which implies that the set B(S) is a
uniformly bounded set in S.
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In the following, we show that the operator B is equicontinuous. To prove this, given0 < 4 < 6, < 1, (x,y) € S,
we can find

t 1
B100)(0) = B, X0 = | 7o Je =57 09,6 + o g(s e, X6 (s
1} ;L
_ T)})J’(tl - )" 1hy(s, x(s), y(s))ds - T)/)J’(s — &) y(s, x(s), y(s))ds
*T( ).[ (& = sy = (& = s DIu(s, x(5), Y(s))|ds

¥ Ty)tf (& = s = (s = &) Dlhy(s, X(5), y(s))lds

1 ¢ 37)
W)I«s - )71 = (s = 6 Hlu(s, x(5), y(5))lds
< ||p1||l/?((r))fl(r) [I((t _ (tl _ s)y—l)ds + _[((tz _ s)y—l _ (S _ tl)y-l)ds
4
+ j((s - ) - (s - 6) s
2}
= %[(t{ —-e) -t +A-u)Y -A-8)Y+ (- )]
7”1)1%(:)3(” [6f - + A -6 - (1-6)].
Similarly, we obtain
12}
1 % Ul
IBy(x, y)(12) - By, y)(t)| = m{(tz = )75, X(), YA + 1 I(s ~ )" Thy(s, x(s), y(s))ds
- Lj'(l.‘ - sV 1hy(s, x(s), y(s))ds - —J(s = ) hy(s, x(s), y(s))ds
) 1 2 y T(v) 1 H(S, Y
(38)

- (- s s + [(6 - 71 - (s - o) s

4

ARG
oD [j((tz

+ I((s - )1 (s - ) Nds
23

_ Ipall(E)
T'(v+1)

[ty -t/ + (A -6 -1~

Using equations (37) and (38), we find that

(119, (r)&(r)
Iy+1
P2l

I'(v+1)

IB(x, y)(&) = B(x, y)(t)| < [t -t + (1- &)Y - (1-86)]

[ty -t/ + (1 -6 -1-4)]
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Thus, when &, - &, we have |B(x, y)(f;) — B(x, y)(t,)| — 0, so that we can find that B is equicontinuous; there-
fore, we have the operator B that is compact according to the Arzela-Ascoli theorem.

Third, we prove that conditions (c) of Lemma 2.2 holds.

Take any two elements x,y from E and any two elements X,y from S, which satisfy (x,y) =
A(x,y)B(x,y) + C(x,y); using (H,), (Hs), and (Hy), we find

IX(O] < |4 (x (), yO)IB(X (D), ¥ ()] + [G(x(6), y())]

@ - £,00, a;, ay) b - fi(1, by, by)
g1(0, ai, aZ) gl(lx bl: bZ)

<1g,(t, x(t)y(O)]

1 1
2 2

) ACKIGYO)

p 1
1 ~ o 1 ) o
+ TV) _([(t - Sy hy(s, X(s), ¥ (s))|ds + _J:(S - OV hy(s, X(5), 7 (s))lds

(39)
< (6 XOYO) - §(5,0,0) + 1500, om(% T R
¢ 1
+ W{(t - s)lds + _!-(S - o lds| + (6 x(Oy(©) - £(8,0,0)] + [ (€, 0, 0)])
< (1p4ll(x(O1 + OD + gIA + lIgolI(IXO] + (O + £y
Taking the supremum on both sides of the aforementioned formula with respect to ¢,
lixl < Cll@lICIXIT+ V1D + gDA + lgolI I + IVIID + fis
this equals to
| < (I|¢1II/;J: ||||<Zj||l|3ll)ill ”+¢j1|1\ th
Similarly, we obtain
Y(O1 < 142 (x(©), yO)[B2(X (1), y (D)] + [Ca(x (1), (D))
<16 xOYO); az;ﬁf‘; e bzg_z(]f’(;’l p
1 1
+ m}[(t = $)" Hhy(s, X(5), ¥ ()lds + WJ;(S = O Mhy(s, X (), ¥ (Dlds | + I (&, x(O)y(D)]
@~ £,0,0,0) o

< (Ig,(t, x(OY(1) = g, 0,0)] + |gy(t, 0, 0)')1% 20,00
0, a,

b= L b b) | | B
gz(ls bl’ bZ) F(V)
+ ([t x(y(0) = £,(¢,0,0)] + [f;(¢, 0, 0)])

< (194 1Ax(O1 + @) + gIA + [[Goll (XD + (D + f,.

Thus,

+

t 1
% I(t ~ s)-1ds + j(s - t)“ds'
0

t

(Il < QUG+ 1D + g)A + I GolClxl] + IVIID + fo,

which equals to

(I9lIA * 1olDIXI| + 8, + fy
L= [14[1A = [0l

Iyl <

S0,
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0= 1IxI] + [l
_ galia + 1IgoDIVIl + &8 + £ (IGylIA + [ GIDIX + A +
1= {194]1A = Il 1= [194]IA = Il
_ UI94lIA + ligolDIVII &M +h 41

T=(1gofIA = lidoll 1= [1@4]IA = il
, (@A + oDl &M+ 1
1= IgIA = 11Goll 1= [I1¢llA = NIl

Therefore, we have

&A+fi . giA +f N
PLL = lloalIA = llgoll 1= [IdglIA = I Dol '

1
[CSEE

Fourth, we show that SM + p < 1.
Since M = ||B(S)|| = supy yes(SUPsefo,BOG YD) < A, using (Hy), we find

(el + 1182IDM + 1ol + 1Bl < (U]l + N1G11DA + lidgll + NI Goll < 1.

Therefore, all the conditions of Lemma 2.2 are satisfied, so that T(x, y)(t) = A(x, y)B(x,y) + C(x,y) has a
coupled fixed point in S; consequently, Problems (1)-(4) have a solution defined on [0,1]. O

4 Example

We consider the hybrid boundary value systems with the Riesz—Caputo derivative:

2
1 x(t) = 155 (X(O] + (O] + 10) t
R T Iy(t)tly BT (t)oo sinx(0); l+y (ly)(lt)l’ “
wx@] T o] T 10 ’
2
1 y(6) = 5 (X(©O + ()] + 10) t t y(@®)|
RCH2 50 - —1si s 43)
o X0l , DO 10,000 COS[4 SIXO3 o
o] T o 1 bl
x(0)=0, x(1)=1, (44)
y0) =0, y@d=1 (45)
Wenotethaty=v=%, =0, a=0, b=1 by=1,
t2 t2
At xy) = m(IXI +yl +10), f(txy) = 5(IXI + |yl + 10),
|| Wl |x| Wl
gl(t’ X’y) = 1+—|X| + 1+—|y| + 10, gZ(t’ X,y) = 1+—|X| + 1+—|y| 1,
ot bl _ ot [ ). |
h(t,x,y) = 10,000 smx(t)1 e and hy(t,x,y) = 10,000 cos 2 smx(t)1 ol
We can show that
t2
At x.y) - A X3) < 70X =X+ 1y =y D,

2
AExY) = hE55) S5 (x =51 + Iy~ 5,

gl(t,X,)/) - gl(t;)?,Y)slx - Xl + Iy _yl’
&(tXy) - &t X, y)sx =X + |y - yI.
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Hence, we obain @y(t) = B = 50 () =1, 9y(t) = LTy + 1) = T(v + 1) = T(2) = 0.886, then [|q,]| =
2000 1Poll = 55> ll@qll = 1, and ||9]| = 1,

Iha(t, x, Y1 < pyOY(IXDEWYD,  ha(t, X, Y| = py(OP,(IXDEA(IYD,

where
O= 5055 D= GO =Dl PO = oo cos[ T D =1, &)= b
PO = Jo0000 D=L &= DL 2O = F5505 cos(y ) wallD = I, &) = Dl
1 1
then[|pill = 355000 lIP2ll = 505> 2N
t2 1 tz 1
fi=sup /(60,00 = sup =0 f = sup [,(6,0,0)] = sup — =,
t€[0,1] te[0,1] 0 0 te[0,1] t€[0,1] 5 5

& = sup |g(t,0,0)] = sup 10 =10, g, = sup|g,(t,0,0)] = sup 11 =11,
te[0,1] te[0,1] te[0,1] te[0,1]

2

12 1
fi(ox O! 0) = 01 fé(ox 0) O) = 07 fi(lx 1) 1) = M? ];(1) 15 1) = %? gl(ly 1} 1) = 11! and gz(:l; 1; 1) = 12'

We choose r = 10; by calculation A = 0.1168, p = 0.158; thus,

1 &A+fi N giA + 1 _
1=p| 1= loolIA = llgoll 1= [IDglIA = I Dol

So far, we have proved that all conditions in Theorem 3.2 are satisfied, which implies that Problems (42)—(45)
have a solution.

=3768 <10 =r.

5 Conclusion

We have presented the existence results of a coupled system of hybrid boundary value problems with the
Riesz-Caputo derivative with the aid of the Dhage fixed point theorem. The novelty of this kind of fractional
derivative is Riesz-Caputo fractional derivative that can reflect both the past and the future memory effects.
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