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1 Introduction

Reaction-diffusion systems are systems involving constituents locally transformed into each other by chemical
reactions and transported in space by diffusion. They arise, in many applications, in chemistry, chemical engineering
and biology. They have been the subject of countless studies in the past few decades. One of the most important
aspects of this broad field is proving the global existence of solutions under certain assumptions and restrictions.
The aim of this work is to study the global existence in time of solutions of an m-component reaction-diffusion
system with tridiagonal symmetric Toeplitz diffusion matrix and homogeneous boundary conditions of the form

ou

Fya AnAU = F(U) on ]0, +oo[ x Q

o,U=0 or U=0 on ]0,+co[ x 0Q, O
U(0, x) = Uy(x) on Q.

Our techniques of proof are based on compact semigroup methods and some L!-estimates, and we show that
global solutions exist.

We consider the m-equations of reaction-diffusion system (1), with m = 2, where Q is an open bounded
domain of class C! in R%, (n = 1), the vectors U, F, U, and the matrix A,, are defined as follows:

U= (ulx '-':um)T = ((ui)l(zl)T;
F= (Fls "'rFm)T = ((E)l":ll)T’

Up = (W, wosp)” = (WED"
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aq b1 0 - 0
b1 ay bz ’ :
Am =10 bz as 0 | (2)
oo o b
0 « 0 bp-1 an

The constants (a;)™;, (b);! are supposed to be strictly positive and satisfy the condition

b
4b} cosz[m " 1] < Qi@+, ©)
which reflects the parabolicity of the system and implies at the same time that the diffusion matrix A,
is positive definite. That means the eigenvalues (As)it;, (4 > A, > ...>A,) of A, are positive.
In 2 x 2 diagonal case, Alikakos [1] established global existence and L*-bounds of solutions for positive
initial data for

n+2

fu,v)=-glu,v) =-w’, and 1<o< "

Masuda [2] showed that solutions to this system exist globally for every o > 1 and converge to a constant vector
ast — +oo,
Haraux and Youkana [3] have generalized the method of Masuda to nonlinearities f(u,v) = g(u,v) =
-u¥(v) satisfying
log(1 + (v
lim [log( ()]

Vv—+oo Vv

=0.

In the same direction, Kouachi [4] has proved the global existence of solutions for two-component reac-
tion-diffusion systems with a general full matrix of diffusion coefficients, nonhomogeneous boundary condi-
tions and polynomial growth conditions on the nonlinear terms and he obtained in [5] the global existence
of solutions for the same system with homogeneous Neumann boundary conditions.

In [6,7], we find new developed methods based on truncation functions, fixed point theorems and com-
pactness, etc. to prove the existence of global solutions.

In [8-12], m-equations of reaction-diffusion system (1) with the homogeneous and nonhomogeneous
boundary conditions were treated with nonlinearities of exponential growth via a Lyapunov functional.

In this present study, we shall generalize the results obtained in [13-16]. In [13-16], the authors obtained a
global existence of solutions for the coupled reaction-diffusion semilinear system with diagonal by order 2, and
m, triangular, and full matrix of diffusion coefficients. By combining the compact semigroup methods and
some L' estimates, we show that global solutions exist.

We prove the existence of global solutions of m x m tridiagonal symmetric Toeplitz diffusion matrix and
homogeneous Neumann or Dirichlet conditions. The reaction terms are assumed to be of polynomial growth.

The initial data are assumed to be in the regions:

wl=(V,,U)<0 ifz€3 @
wl=(V,, Upy20 ifsed|

2es =

erRm .

where
GNnN3=¢, 6U3={2 ....mh.

The notation (., .) denotes the inner product in R™ and V; = (v, ..., Vsm)T the eigenvector of the diffusion matrix
Ap, associated with the eigenvalue (As)7%;. Hence, we can see that there are 2™ regions.
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2 Statement of the main result

2.1 Assumptions

The following assumptions are also made on the function ¥ defined by

lp = ((IHS)ZLI)TJ lHS = <(_1)is‘/sy F), iS = 1) 2

(A1) ¥ are continuously differentiable on RY* and ¥, s = 1, m, are quasi-positive functions, which means
that, fors =1, m

[wy 20, ..., w1 20, W1 20, ...,wp, 2 0],
which implies
q{?(wl, ey W1, 0’ Ws+1, ---,Wm) 2 0. (5)

These conditions on ¥ guarantee local existence of unique, nonnegative classical solutions on a maximal
time interval [0, Thax), See Hollis and Morgan [17].
(A2) The inequality

(S, ¥(W)) < G(1 + (W, 1)), 6
such that
W= (WL ---:Wm)) S= (dly dZ: -'-sdm—ls 1)1
for all ws=0, s=1,..,m and all constants d, satisfy d;>d;, s=1,..,m -1, where C; >0 and d;
are positive constants sufficiently large.
(A3) WY, i =1, m are nonnegative functions in L'(Q).
(A4) There exists a positive constant C, independent of wy, s = 1, m such that

m m
DUWL, W) S G Y Wy, Vw2 0,5 =1m. )
s=1 s=1

3 Eigenvalues and eigenvectors of the diffusion matrix

The usual norms in the spaces L(Q), L*(Q) and C(Q) are, respectively, by

lulh = flucodx,

Q

llulle = esssuplu(x)| and |[ullc@) = maxfu(x)|.
XEQ XEQ

For any initial data in C(Q) or L*(Q), local existence and uniqueness of solutions to the initial value problem (1)

follow from the basic existence theory for abstract semilinear differential equations (Friedman [18], Henry [19],

and Pazy [20]).

The aim in this section is to derive a three-term recurrence relation for the characteristic polynomial of
the matrix A, (of dimension m x m) in terms of matrices of dimensions (m-1)x(m-1) and
(m - 2) x (m - 2). Additionally, this recurrence relation will help in determining the eigenvectors of the
matrix A,. The eigenvalues of the matrix A,, are the values of A that satisfy the equation:
det(A,, - AIy) = 0. We denote the characteristic polynomial of Ap, An-1, Am-2 by ¢,,(D), @,,,_,(A), ¢,,_,(A),
respectively.

Lemma 1. [21] Let Ay, be the tridiagonal matrix defined in (2). The eigenvalues of Ay, are distinct and interlace
strictly with the eigenvalues of Ap-1 and Apy-y, for m = 2.

D) =1, ¢ =ar1 - A, $,(A) = Ay, i D) = bA_1,_,A). ®)
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Lemma 2. [22] Let A, be the real symmetric tridiagonal matrix defined in (2), with diagonal entries positive. If

T :
4bi2 COSZ[m . 1] < aiai+q, 1= 1)..', m - 1)
then Ay, is positive definite.

Lemma 3. The real symmetric tridiagonal matrix A, defined in (2), is positive definite if and only if its principal
minors detAg, for s = 1,..., m, are positive.

Proof. See Andelic and da Fonseca [22]. O

Lemma 4. The eigenvector of the matrix A given in (2) associated with eigenvalue A, for s = 1,..., m is given
by Vs = (Vg1, ..., Vsm)T, where vs, (€ = 1,..., m) are given by the following expressions:

Vsm =1,

V. _ )ls — Qn

s(m-1) bm—l ) (9)
bevsee+1y + (ae — As)vse

Vsee-1) = ~ brs , €=2,...m-1.

Proof. Recall that the diffusion matrix is positive definite, hence its eigenvalues are necessarily positive,
the eigenvectors of the diffusion matrix associated with the eigenvalues A, are defined as V = (vy, ...,vp)T.
For an eigenpair (A, V), the components in A4,V = AV are

a1 + bvy = Avy,

bo—1Vpo—1 + ApVy + oy = AV, 2<€<m-1,

bm-1Vm-1 + GmVm = Avp.
If v, = 0, then under the assumption b, # 0 forall¢ = 1,..., m — 1 we have that all v, are zero. We can therefore
take v, =1 and V = (vy, ...,Vp-1) is a solution of upper triangular system
bo-1ve-1 + (e = DV + bpps1 =0, 22€<m-2,
by-2Vm-2 + (@m-1 = AhVm-1 = ~bm-1,

bp-1Vm-1= A - ap.

The solution of this system is given by

v _A-ay
m-1 bm—l’
boVoi1 + (ap = DV,
Vf—lz_eelb(f )6” €=2, .,m—l 0
g_

3.1 Formulation of the result

Since the initial conditions are in ¥ 5, under assumptions (A1) and (A2), the next proposition says that
the classical solution of system (1) remains in 263 for all t in [0, Tray).

Proposition 1. Suppose that assumptions (A1)-(A2) are satisfied. Then, for any Uy in 3 & 5, the classical solution
U of system (1) on [0, Tyax) X Q remains in Y53 for allt in [0, Trayx)-

Usually, to construct an invariant regions for systems such as (1) we make a linear change of variables u;
to obtain a new equivalent system with diagonal diffusion matrix for which standard techniques can be
applied to deduce global existence [8-12].
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Let Vg = (Vsg, ...,Vsm)T be an eigenvector of the matrix A, associated with its eigenvalue (A;)T,
where 4 > A >...> An. Multiplying the kth equation of (1) by (-1)sVy, is = 1,2 and k = 1,..., m, and adding
the resulting equations, we obtain

w
aa—t ~ diag(h, A, o, A)AW = W(W) on ]0, +oo] x Q,

uW=0 or W=0 on 10, +e[ x Q, (10)

W (0, x) = Wp(x) on Q,
where
W= ((Wo)st)’,  wy = ((-1)sV;, U),
Y= (W), %= (D5, F),

W = (WORDT, W = (-1)sV,, Tp).

Proposition 2. System (10) admits a unique classical solution W on [0, Tryax) % Q, where
Tnax (W7 oo, W3 leo, ool Wi lee)

denotes the eventual blow-up time. Furthermore, if Tpax < +%, then

m
lim ) [lw(t, )llo = +o.

t= Tnax s=1

Therefore, if there exists a positive constant C such that

m
2wt ke < € for all t € [0, Tay),

s=1

then, Tyax = +.

3.2 Compactness of the solution

Lemma 5. We consider the generator A of a semigroup of contractions S(t) and a function F : X —» X which is
Lipschitz continuous on bounded sets. We consider the semilinear evolution equation

du
a Au = F(u(t)), 5.1)
u(0) = uy.

in classical form with u € C([0, T], D(A)) N Cl([O, T1, X), and u, € X as well as the associated formulation
t
u(t) = S(t)u, + IOS(t - S)F(u(s))ds.

u € C([0, T1, D(A)) N CY([0, T], X),

du

= _ - 11
& Au = F(u(t)), (1
u(0) = uy,

admits a unique solution u verifying
t

u(t) = S(t)ug + IS(t — §F(u(s))ds, Vt € [0, Toml. (12)
0

Proof. See Pazy [20]. O



6 —— Nabila Barrouk and Karima Abdelmalek DE GRUYTER

In this section, we will give a compactness result of operator L defining the solution of problem (11) in the case
where the initial value equals zero [u(0) = 0], i.e.,

t
LE)(®) = u(t) = jsa - $)F(u(s))ds, Vt € [0, T]. 13)
0

Theorem 1. [13-16,23] If for all t > 0, the operators S(t) are compact, then L is compact of L([0, T], X)
in L([0, T, X).

Proof. Step 1. To show that S(A)L : F — S(A)L(F) is compact in L'([0, T], X), it suffices to prove that the set
{SQOL(F)(t); |IF|ly < 1} is relatively compact in L'([0, T], X), Vt € [0, T].
Since S(t) is compact, the application t — S(t) is continuous of ]0, +o[ in £(X); therefore,

Ve>0,v6>0,In>0,YO<h<n Vt26, |IS(t+h) - SOlex) <€
By choosing A = §, we have for0 < t<T-h
S(u(t + h) - SWu(t)

t+h t

_[S(A +t+ R - $)F(u(s))ds - _[S(A + t - §)F(u(s))ds
0 0

t+h t

IS(A +t+ R - $)F(u(s))ds + J'(S(A +t+h-s)-SQ+t - s)Fus))ds,
t 0

where from

t+h t

ISult + h) = SAu®llx < IIIF(H(S))IdeS + &) IF(u(s))llxds
t 0

we define v(t) by

oo [uo ifosesT
v(t) = 0  otherwise,

therefore,
ISOv(t + k) = SOv(O)h < (h + eD)|IF(u(s)lh,

which implies that {S(A)v, ||F|j; £ 1} is equi-integrable, then {S(A)L(F)(t), ||F|l; < 1} is relatively compact
in L1([0, T], X), which means that S(A)L is compact.
Step 2. We prove that S(A)L converges to L when A tends to 0 in L'([0, T], X). We have

Su(t) - u(t) = IS(A +t - §)F(u(s))ds - _[S(t — $F(u(s))ds.
0 0

So, for t = §, we have

IS@uce) - u@)| < [IISQ + 5) = SOllzan IF@s)ds + 2 [ [IFu(s))l|ds.
S t-68

We choose 0 < A < n, then

t t
IS@uce) - u@)l < efIFQs)iids + 2 [ 1F@s)lds
)

t-6
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and for 0 <t < §, we have
t
IS@uce) - u@)) < 2[IF@s)ds.
0

Since F € I1(0, T, X), we obtain
(ISu(t) = u®)|l < (eT + 28)||F(us)l; -

So, if A - 0, then S(M)u — u in LY([0, T], X).
The operator L is a uniform limit with compact linear operator between two Banach spaces, then L
is compact in L([0, T], X). O

Remark 1. The semigroup S(t) generated by the operator A4 is compact in L'(Q).

4 Approximating problem

For all n > 0, we define the functions wj, s = 1, m, by:
wyp = min(wy, n),
from which it is clear that wj, verifies (A3), i.e.,
wh € LNQ), w2 0,Vs=1,m.

Let us consider the following system:

aWL[ X
Pyl MAAwy, = Pi(wy,, ..., Wny,) in ]0, +oo[ x Q,
W, .
ot = AWy, = Un(wy,, ...,Wp,) In ]O, +oo[ x Q (14)
ows,
an =0,orw,, =0,5s=1,m on ]0, +oo[ x 9Q,
W5, (0,X) = wip(x) 20,s =1, m in Q.

4.1 Existence of a local solution and its positivity of the solution of problem (14)

We convert problem (14) to an abstract first-order system in the Banach space X = (L}(Q))™ of the form

0

;)t" = Awp + Y(wy) in [0,T] x Q,

0

aar)zn =0o0rwy, =0 in [0, T] x 0Q, .

wn(0,.) = we,() €EX in Q.

Here w, = (ws )5y, the operator A is defined as A = diag(44, A4, ...,And), where D(A) = {w, € X : Aw,, € X},
the function ¥ is defined as ¥ = (%), and wo, = (Wp)§e1.
So system (15) can be returned to the shape of system (11), thus, if (wy,, ...,wn,) is a solution of (15),
it then verifies the integral equation
t
w;, () = S(Hwyp + JSs(t - DEW(T), «...Wp (T)dT, s=1,m, (16)
0

where Sy(t) is the semigroup generated by the operator A4, s = 1, m.



8 —— Nabila Barrouk and Karima Abdelmalek DE GRUYTER

Theorem 2. There exists Ty; > 0 and w, a local solution of (15) for all t € [0, Ty].

Proof. We know that Ss(t) are semigroups of contraction and as ¥ is locally Lipschitz in w, in the space X,
so we have 3Ty, > 0 and w, is a local solution of (15) on [0, Ty,]. O
Lemma 6. Let (Wy,, ...,Wn,) be the solution of problem (14) such that
Wep(x) 20, Vx € Q.
Then,
ws,(t,x) 20, V(,x)E(O,T)x*Q.

Proof. Let Wy, = e™'w;,, 0 > 0, then

%: ot%+gws, forall1<s<m.
ot ot "

Consequently, by problem (15), we have w,,, 1 < s < m is a solution of the system

oW
atl" + oWy, - MAWy, = €W (Wy, ..., W) in ]0,T[ x
MW, ~ ~ o
+ OWp, = AmAWp, = €W (W1,, ..., Wn,) In ]0, T[ x Q, a7)
oW, _
W=0 or w;,=0,1<s<m on 10, T[ x 09,
W5, (0,X) =wi(x) 20,1<s<m in Q.

Let Wy = (%o, Xo) be the minimum of wy, on ]0, T[ x Q. We will show that w;,(Wp) = 0, which will imply
that wy, 2 0 on ]0, T[ x Q and then wy, 2 0 on ]0, T[ x Q.

Suppose the contrary, namely, w; (W) < 0.

By the properties of the minimum, we can ensure that W, € 10, T] x Q and

owy, _ .

at Wp) =0, AW1H(VVO) 20 if0<t<T,
oy, _ .

S (W) S0, Wy, (Wp)20 if = T.

Hence, the first equation in (17) yields

oy,
at
2 e W (W1, (Wp), ..., Wi, (W)

ows,(Wo) = = (Wo) + Ay, (Wp) + e W (W, (Wp), .., W, (WD)

Now, we use the structure of w,,(W,) and hypothesis (5) to write
IP(I/T}L[(T/VO)’ ---,Wm,l(vvo)) = lp(O) ---,Wm,l(vvo)) 2 O

This implies that wy,(Wp) = 0, which is impossible by the hypotheses.
In the same way we find

Wk"(t, x)20, k= Z,_m,

then we obtain the positivity of ws,(t, x) 2 0, V(t,x) € (0, T) x Q and for all s = 1, m. O
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4.2 Global existence of the solution of problem (14)

To prove the global existence of the solution of problem (14) for all nonnegative ¢, it is enough to find
an estimate of the solution for everything ¢t > 0.
For this, the following lemma shows the existence of an estimate of the solution of (14) in L(Q).

Lemma 7. Let (Wy,, ...,Wn,), the solution of problem (14), so there exists M(t), which depends only on ¢,
such that for all 0 < t < Ty, we have

Z ws, (1)

s=1

< M(t).

L1(Q)
Proof. Let us add the equations of (14), we obtain

g m m m
a_ Zwsn - ZASAWS,, = les(wln’ ---;Wmn)-
ts- s=1 s=1
By (7) we get
g m m m
" D ws, = Y AAwg, < G ) w,.
tszl s=1 s=1

Let us integrate on Q and apply the formula of Green, we find that

%J’ gwsndx < CZI gwsndx,

Q s=1 Q s=1
S0,
a m
E‘[st=1wsndx
Tom . SG
IQZS=1WSndX

integrating on [0, t], we find
t

m
lnj Z WsndX < G,

QS=1 o
thus
LY ws (Hdx
Ty b
Q s=1Ws0
which implies that
JoZstaws, (H)dx
Trym g < exp(Gi)
Igzs=1WsodX

and for wjj < wyg, we have

[ 3 wo0dx s exp(cin 3 wod.

o s=1 qs=1

Let us put

M(t) = exp(Cyt)

m
Z Wso
s=1

JR(®)
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Since wg, are positives, we obtain

2 ws (b)

s=1

SM(t), 0st=<Ty. O
L'(Q)

We can conclude from this estimate that the solution (ws,, ...,wn,) given by the theory 2 is a global
solution.
Now, we give the following lemma, which shows the existence of estimate of the solution (wy,, ...,Wn,)

of problem (14) in L'(Q).

Lemma 8. For any solution (wy,, ...,wWn,) of (14), there is a constant K(t), which depends only on t, such that

m
Z Wso

s=1

Z Wsn(t)

s=1

< K(t)
14Q)

JR(%)

Proof. To prove this lemma, we use the following results given by Bonafede and Schmitt [24].
So, we introduce 6 € C;°(Q), 6 2 0 and ® € C»%(Q) a nonnegative solution of the following system:

-®, - dAD = 0 on Q,

oo

E =0 or ®(,.)=0 on [0, T[] x 09, (18)
d(T,.)=0 on Q.

Furthermore, for all g € |1, +oo[, there exists a nonnegative constant ¢ independent of 6, such that
110y = ¢ 10llzs(q)-

According to Bonafede and Schmitt [24]:

®
ISs(t)Wﬁ)(x) _aa_t - dAd)]dtdx = '[w;})(x)qn(o, X)dx,
Q Q
and that
t
o0
IISS(t ~ DWWy, oW, )T [_E - dAcp]dtdx = I‘I’S(Wln, e Wi YO(T, X)drdlX,
Q\o0 Q
where
[esompooededx = [wh0@, xdx 19
Q Q
and

t
[sitt - owws,, ... wm, )z
0

|

Q

bdtdx = [W(w,, ..., W, )07, X)d7dx. (20)
Q

Let us multiply equation (16) by 6, and let us integrate on Q, by using (19) and (20), we obtain

t
[ssct = oymaw,, ..., wm,)dz fpdtdx
0

[w@6dedx = [sougooedeax + [
Q Q Q
= [whe02(0, )dx + [Wwy,, .. )O(T, )drdx, s = T,

o 0
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therefore,

m m m
[ wo@pdedx = [ 3 wii0e(0, )dx + [ ¥ Wws,, ..., wn JO(T, )d7dx,
Q s=1 Q s=1 Q s=1
according to (7) and as wj, < wy, we have
m m m
j 3w, (£)8dtdx < j 3 Weg()@(0, X)dx + Icz 3wy, (OO(7, x)drdx.
0 s=1 o s=1 0 s=1

Using the Holder inequality, we deduce

m m m
[Iwa@odtax <|| T wo| . 190, Mgy + G2 | Twa®|| - @l
os=1 s=1 Ll(g) s=1 LI(Q)
m m
|| 2wl + G| 2w (® Nl
s=1 LY(Q) s=1 IR(0)
m m
smax(l, &) || 2w+ || 2wa(® Nl
s=1 i@ =1 Q)
m m
< k()] || 2 wso + || 2w () - N6llz=0)
s=1 ey Hs=1 '@
where k(t) = max(c, cC,).
Since 6 is arbitrary in C;°(Q), this implies
m m m
ZWsn(t) < kl(t) ZWSO + stn(t) .
s=1 1) s=1 g s=1 L'Q)
Taking k(t) = —_ we find that
aking k(t) = - 1yo We find tha
m m
2w k@O 2w O
s=1 L'@Q s=1 i@

Now, we will prove the main result of this work: The existence of global solutions for the system (1)
is equivalent to the existence of wy, s = 1, m, illustrated by the following main theorem:

Theorem 3. Suppose that the hypotheses (A1)—(A4) are satisfied, then system (1) has a nonnegative solution
ws, S = 1, m, in the sense:

ws € C([0, +o[L{(Q)), s=1,m,

W(wy, ...,Wn) € L(Q) where Q =(0,T) x Q forall T> 0,
21

t
ws(t) = Ss(Bwsg + ISs(t = DYW(T), ..,wWp(T))dr, s = 1,mVte [0, TT,
0
where Sy(t) are the semigroups of contractions in L/(Q) generated by A/, s = 1, m.
Proof. Let us define the application L by
t
L (o, h) = S()wp + jsa - Dh(1)dr,
0

where S(t) is the semigroup of contraction generated by the operator d4, according to the previous result
of Theorem 1 and as S(t) is compact, then the application L is adding two compact applications in L(Q).
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This is how L is compact from (L'(Q,))™ in L'(Q,).
Therefore, there is a subsequence (len, ...,W,{;") of (wy,, ...,Wp,) and (wy, ...,wy,) of (L}(Q))™, such that:
(w{;1 , ...,w,{,n) converges toward (wy, ...,Wp).

Let us now show that (W{; , ...,w,{;n) is a solution of (16). We have

t
wi(t, %) = SOwh + [S.(t - DBWI (D), ... w), ()dr, s = T, (22)
0

S0, it is enough to show that (wy, ...,wy,) verifies (21), and it is clear that if j — +o, we have the following limits:
lIJs(wl’,;, ...,an;") > YWy, W), ae, s=1m (23)

and

Wh - wy, s=T,m
Thus, to show that (wy, ...,wy,) verifies (21), it remains to show that
‘I’S(Wl{l, ...,W,{ln) - YWy, ..,Wp), §=1,m, in L'(Q) when j — +o,

We integrate the equations of (14) on Q by taking into account that

—ASJ’AWSJ}; dedx = 0,5 = T,

Q

We have

‘[ws{l (t)dx - jw;;,dx = J'lps(wl{l s oW, Ydtdx,

Q Q 0
where

—J‘PS(W{;1 s W ddX < stodx, s=1,m. 24)

Q Q

Let us put

m
Y, = G ) wl - W, ..wj), s=1m,
s=1

it is clear that Y;, is positive according to (7), from (24) we obtain
m .
[¥odtdx < &,f 3 widedx + [wodx.
Q O s=1 Q

Lemma 8 gives us

_[stdtdx < +oo,
Q

which implies
[raswd, ..owildedx < G Y widedx + [y, dedx < +eo
Q st Q

Let
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¢, are in L(Q) and positives and furthermore

Wi, .. wp)l <o, ae s=Tm.

Let us combine this result with (23) and we apply the theorem of convergence dominated by Lebesgue,
we obtain

Wy, ..o, ) = BWi, .owr) 0 L(Q).

By passing in the limit j — +o of (22) in L(Q), we find

t
wi(t) = Su(Owsg + [Sy(t = DBWA(D), ..o wn(D)dT, 5 =T,
0

Then, (wy, ...,wy) verifies (21), consequently (wy, ...,wy,) is the solution of (1). O
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