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Abstract: Dedekind sums and their generalizations are defined in terms of Bernoulli functions and their
generalizations. As a new generalization of the Dedekind sums, the degenerate poly-Dedekind sums, which
are obtained from the Dedekind sums by replacing Bernoulli functions by degenerate poly-Bernoulli functions
of arbitrary indices are introduced in this article and are shown to satisfy a reciprocity relation.
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1 Introduction and preliminaries

As is well known, the Euler polynomials and Bernoulli polynomials are given by

t
i 1e " ZEn( ) o1 " ZBn(x) (see [12]), M
when x = 0, E, = E;(0) are the Euler numbers; B, = B,(0) are the Bernoulli numbers.
Apostol considered generalized Dedekind sums by replacing the first Bernoulli function appearing in
Dedekind sums by any Bernoulli functions and derived a reciprocity relation for them

m-1

Sy(h,m) = El %Ep[%“] (see [3-9]), ©
where By(x) = By(x - [x]) are the Bernoulli functions, where [x] denotes the greatest integer function not
exceeding x.

As one generalization of the Apostol’s generalized Dedekind sums, the poly-Dedekind sums associated
with the type 2 poly-Bernoulli functions were introduced (see [10,11] ). The poly-Dedekind sums associated with
the poly-Bernoulli functions were recently introduced,

m-
SO, my =y =7 [—“] (see [12]), ®)
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when k = 1, we have B{"(x) = B,(x), where Flgk)(x) = B{(x - [x]) are the poly-Bernoulli functions, B§(x) are
the poly-Bernoulli polynomials given by

Lix(1 - e™) _ i

tP
1ot B,S’O(x)ﬁ (see[12]), @

p=0
when x = 0, B = B{¥)(0) are the poly-Bernoulli numbers.
Kim first introduced the Dedekind-type DC sums

m-1 U h[l
T(h,m)=2) (—1)#—Ep[—], (h, meN) (see[1314]), (5)
=0 m (m
where E,(x) = E,(x - [x]) are the Euler functions (see [3,13,14,19]).

Simsek (see [14]) found trigonometric representations of the Dedekind-type DC sums and their relations to
Clausen functions, polylogarithm function, Hurwitz zeta function, generalized Lambert series (G-series), and
Hardy-Berndt sums.

The poly-Dedekind-type DC sums, which are obtained by replacing the Euler functions appearing in
Dedekind-type DC sums by any poly-Euler functions of arbitrary indices, were given by

m-1
TR, m) = zgl(—nu%E;’“[% (see [15]), (6)

where h,m,p €N, Egk)(x) are the poly-Euler functions, F!Ek)(x) = E,Sk)(x - [xD, E,Sk)(x) are the poly-Euler
polynomials given by

Liv(1 - e 2 i tP
{5754“1£$w516%nmm, 7

when x = 0, E{¥' = E{)(0) are the poly-Euler numbers.

In this article, as another generalization, we consider degenerate poly-Dedekind sums, which are obtained
by replacing the first Bernoulli function appearing in Dedekind sums by degenerate poly-Bernoulli functions
of arbitrary indices. We derive a reciprocity relation for them.

For the rest of this section, we recall some necessary facts that are needed throughout this article. For any
A € R, the degenerate exponential function is defined by

e(t) = Z(x)nj%, e(t) = e}(t) (see[1,11,16-18]), ®)
n=0 :

where (X)o2 =1, 0Opa = x(X = A)(x - (n - DA), (n = 1).
In [19], the degenerate Bernoulli polynomials are defined by

t
e -1

ﬁm=2n¢m;, ©
n=0 :

when x =0, B, , = B, ;(0) are the degenerate Bernoulli numbers.
We observe that

n-1

Iy = t neey
A PR ACE
= % 2 Bjan) - Bj,/\)t_-], (10)
Jj=0 J:

_ i Bjs1.4(n) = Bjsa t/

p j+1 Jil

On the other hand,
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n-1 o n-1
Zea(t) = ZeA/l(lt) =) 211(1)1/1/1— 1n
j=01=0
By (10) and (11), we have
n-1
. Bjiya(n) j+1,1
lzzol](l)j,/l/z = —] i1 ALy 12)

The type 2 degenerate Stirling numbers are defined by (see [20,21])
1 P t
@® - Dk =3 Sk, (=0 (13)
k! ek n!

The degenerate polylogarithmic function of index k is defined by Kim and Kim to be (see [20])

& (AP,
Lo = 3 OV Dnan

n € . 14
2y X K€D, W<t (14)

When k =1,
© n-1 1
Lip;(x) = ~log,(1 - X) = Z ) ( i (15)
where log;(x) is the inverse to e;(x).
In [16], the degenerate poly-Bernoulli polynomials of index k are defined by
Lix,(1 - ex(=0) (k)
————¢{(t) = ) B,{ 16
o1 40= Z (16)
Note that B(l)(x) B, 1(x), when x = 0, B(k) = (k)(O) are the degenerate poly-Bernoulli numbers.
From (16), we note that
<(n
5500 = 310 = 3} @z an

=0 =0

2 Reciprocity relations for the degenerate poly-Dedekind sums

By replacing poly-Bernoulli functions by degenerate poly-Bernoulli functions of arbitrary indices from the
poly-Dedekind sums, the degenerate poly-Dedekind sums are given in the following,

m-
—ao|h
s&h, m) Z @ “ (18)
where h, m,p €N, B(k)(x) are the degenerate poly-Bernoulli functions, B(k)(x) Blgﬁ)(x - [xD).
Note that
hu) "' (hu
1
(h m) — Z B( )[ m] Elaﬁpyl H . (19)
From (16), we note that
Liga1-e(-0) < got"
——————== ) B —. 20
et) -1 ,ZO " n 20

So we have
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Lik’,‘l(l -e(-t)= (e)L(t) -1

ZBZ/I T

ot
ZBI(A) I

me ] @1

- Y BY - #%
On the other hand, we also have

Zﬁé—%%ﬁ(—mow

o (O™ YD (- 1)
k1

Lip (1 - ex(-1) =

1
M s

@ ="
m=1

© ()T DD
1( ) Enl_,lm( ) nzmS“(n my(- 1)n_
< Am_l(l)m,l//\(‘l)”_lsu(n m) "
'y ) n'

(22)

Mzs 3 M

k-1
1\m=1 m

=
1

Therefore, by (21) and (22), we obtain the following theorem.

Theorem 1. For n € N, we have

i A D) 12D

k k
B - BYY = =

Sy.(n, m).
m=1

Note that, for k = 1, we have the following corollary.

Corollary 1. For n € N, we have

n

2 A D) j2 (-1 180(n, M) = Sy,

where &, x is the Kronecker’s symbol.

For d € N, we observe that

0x t" _ L@ — e=0)

Z Br T e -1
CLiggd-ea-0) <,
'(w@ﬂﬁ)%““)
_ Lk - ex(=)) o ox de

e L (dt)————
dt ZO rja ( )e,l/d(dt)—l

e (t)

©

. x+ 11 < DD
Z Z Braid 4 es5 Ik - 1)l
o -1 N -1 (23)
- x+i)tV 1 « (DA D1
=2 d! Bia ﬁt1=1 k-1 (ﬂ( £ - 1f

j=0 i=0
o -1 . ~1yi-1
g x+ilt/1 ¢ ¢ D™ AT Dy1aSaam, D tm
= de ! Biasa d |7 Z Z k-1 m

(1 - -t

Q

_ idj_l x+ i)t/ L +1( 1)m/11 1(1)“//18“("1 +1, l) tm
=0 d )jtmoia (m + 1) m

+ ) CD I WpSaan - j + LD |0
d | 1(n - j + 1) n’
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Therefore, by (23), we obtain the following theorem.

Theorem 2. Fork € Z,d € N, n = 0, we have

X+ i](_1)n_j/ll_1(1)l,1/132,,1(n -j+ 10D

j-1
d ﬁ/\/d d J lk‘l(n—j+1)

For m, h € N, by (18) and Theorem 2, we obtain

m-

u ' my
hmPS,5)(h, m) + mhpS,5(m, h) = hm? Z;; [ ]+nmpzh3“1h]

I p h-1p-j+1
= Z—Zh” Z ZﬁM/h[ _]
p=om v=0 I=1
(G 1(1)1,1/)L82,A(p -j+ 10D
=D
m-1p-j+1 V]

+th me 1[ ]Z ZBJMm

u=0 I=1
-n? ’A’ 1(1)1,1/ASZ,A(p -j*1D
Flp-j+1

ml‘up ) h-1p-j+1
EEZPWM%]ZZ@M[ %
Dl

u=0 v=0 [=1
-

I D1/aS22(p —j + 1, 1)
ip-j+1)

1y ) m-1p-j+1
52 S!S 2

u=0 I=1

FDPIAY D)y 1/2822(p —j + 1, D)
i p-j+1)

-1p—j+1

m-1ph
E >3 2 (yh)(mh>-1mp-f(mh>f[’}?]BW[% )
.

=0v=0 [=1
DPIA Y DaS20(p - + L, D
i(p-j+1
m-1 p h-1p-j+1
% i of - 2

u= / 0v=0 [=1

CDPIA D1 pSan(p -+ 1,1

i p-j+1)
b i h_lp_j+1[p](mh)i-1 CDPIAT DapSealp —j + 1D
4=0 j=ov=0 1=1 \J ip-j+1)

ool 3

x (!lh)mp_jﬁj,x/h % +

Therefore, by (24), we obtain the following reciprocity theorem for the degenerate poly-Dedekind sums
associated with degenerate poly-Bernoulli functions with index k.

Theorem 3. Form, h,p €N, k € Z, we have
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m-1 p h-1p-j+1

FDPIAY D) 1/2822(p = j + 1L, D)

hmPSSS(h, m) + mresSdm, =Y ¥ ¥ Y [ ]( h)/~

u=0j=0v=0 I=1

x [(;Uh)mp_jﬁj,/l/h[% + %] + (mv)hP-iﬁ].)Mm[% + %] .

i p-j+1)

When k = 1,4 — 0, by Corollary 1, we obtain the following reciprocity relation for the generalized Dede-

kind sums defined by Apostol.

Corollary 2. For m, h, p € N, we have

m-1h-1
Sy, m) + mhvS,(m B) = 33 (mhyr-i(uh + m) Bl £+ %]
u=0v=0
By (12) and (17), let h = 1, we note that
m-1
= m m
Sy i[P]Ba;)[ﬁ]
u=1m v=0 v " m p-v,A
p m-1 p-v+1
_ P, u
= B I 1 _om
Zo v v,A et m ( )p v,
p m-1 - v+1
_ Pl,m u [ m
=Y|1TBR Y | @Wpevea + (0 = VAW
p m-1 p-v+1 p m-1 p-v
= B — 1)y-_yermy + A - V)B — 1)y-ym
vgo v B Zlm (Dp-v+r,ma + ZO v (p - V)B,; Zlm Dp-v,m2
p
p 1
= Z v B\E,Ijl) +o- V(Bp+2 vx\(m) Bp+2—v,)t)

<
1]
o

p 1
) [5]@ = VB Bretovam) = Bpaoyy)

By (17), we have

p+2-v _ p+1-v _
p+2-v p+2-v
Bpiz-vp(M) = Bpuzoyp = D [ i ]Bi,/l(m)p+2—v—i,/l - Bpizvi= D . Bi 2(M)p+2-v-i2-
i=0 i=0
In the same way as (26), we have
Kp+1-v
Bp+1—v,/1(m) = Byr1-yp = Z [p i ]Bi,)t(m)pﬂ—v—i,)t-
i=0

By (25), (26), and (27), we obtain

L 1
5,5{51)(1, m)y=y [5]3 (k)m(Bmz—v,A(m) = Byia-v)
v=0

1
+ A Z[ J(P V)B(k)ﬁ(Bpﬂ—v,/l(m) = Bpi1-v,2)

4 p+l-v —
14 k) 1 [p + 2 V]
= B, i —(—— B; 2(M)p+o-v—i
VZO[ ] v,A p+ 2 -y izo i l,/\( )p+2 v=i,A

gl

p+1—v
s

] iA(M)p+1-v-ia-
i=0

p+1—v

(25)

(26)

@7

(28)
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Now we assume that p = 3 is an odd positive integer, so that B, ; = 0. Then we have

1-v
Pl 1 'SY(p+2-v
mPS(k)(l m) = ]B b . B; AmP(M)y40-v-ia
vzo v’p"'z_vi:Zo l ’ P

Vv pv +1-v
+ 2 Z[ ] (k)pT Z [p i ]Bilxmp(m)pﬂ—v—i,/l

i=0

1 1 Plvp+2-v
_ ) . B 5. o
z ] p +2- m P(M)p+2-v.a VZO[ ] p +2- le . ] i AP (M) pa-v-i.2

%
+ A Z[ ] (k)Tmp(m)pﬂ—v,/l

p _ p v _
Pl P~V ‘s|p+1 ) '
* Avgo ]B p+tl-v i 1 Mm (m)p+1—v—l,/l
(P01 PAipp+2-v) BY
= ZO[V]BV,A p+2- Vmp(m)p+2—w1 Z z [ ][ i ]7[} " 2’ — VBi,/lmp(m)pﬂ—v—i,A
v= i=1 v=0
L -V
+A) [p]B(k)pi)- (M-,
V=0
p i _ _
pfp+1l-v)| p-v 0B, mP
* /1i=zlv=0[v][ i ]p +1- B Bl Am (m)p+1 v=i,A (29)
(k) p-1p+1-i _ (k)
plp+2-v] By
= — > B.mP .
Z ]p n 2 m P(M)p+z-va + 121 VZO [ ][ i ]p T VBMm (M)p+2-v-ia
(k)
p+2 p+1,A plp+1-v BV,A
P —_— p
p+1lp+2 (m )M+V g J[ ]p+2—va’Am (M)2-v,2

»r—

iy

b p-v
[V ]B\S,ljl)p_'_Tmp(m)pﬂ—v,/\

v=0

+ A!;lv:o[fj] p+ 3 - v]ppr(k)BMmP(m)pﬂ v-in ¥ ){[P; 1]pi’- 1]3[]!/1”117(,,1)1!/1
) éo \Ij]pf#mp(m)wz vat szo ] (k)p?_%mp(m)pﬂ—v,A

1 G

i Agg 5][17 ’ 3 - pZ%B(k)BMm (M)ps1-v-ia + Bperam?*L.

So, by (29), we obtain the following theorem.

Theorem 4. Let p = 3 be an odd positive integer. Then we have

(k)

14 (k) - o (k)p;v D,
m S (1 m) z ]p + 2 m (m)p+2 va ¥t /IVZO[ ] p +1- m (m)p+1—v,A
p-1p+1-i _ (k)
p\p+2-v] By

M"‘T‘

'8 +1-v -
+ A z 5][1) ]piBU()Bl Amp(m)pﬂ v-ia t Bp+lAmp !

i=1v=0 l p+1
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3 Conclusion

As a further generalization of Dedekind sums, we further study the reciprocity relations of degenerate poly-
Dedekind sums. In this article, we introduced the degenerate poly-Dedekind sums, which are obtained from
the Dedekind sums by replacing Bernoulli polynomials by degenerate poly-Bernoulli functions. We derived
several explicit expressions and identities for the poly-Bernoulli polynomials and numbers in terms of the
degenerate Stirling numbers of the second kind. We also investigated the poly-Bernoulli polynomials in terms
of the degenerate Bernoulli polynomials and the degenerate Stirling numbers of the second kind. Meanwhile,
we obtained the reciprocity relations for the degenerate poly-Dedekind sums associated with degenerate poly-
Bernoulli functions. It can be further explored in connection with modular forms, ¢ function, and trigono-
metric sums, just as in the cases of Apostol-Dedekind sums.
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