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Abstract: Binary relations (BIRs) have many applications in computer science, graph theory, and rough set
theory. This study discusses the combination of BIRs, fuzzy substructures of quantale, and rough fuzzy sets.
Approximation of fuzzy subsets of quantale with the help of BIRs is introduced. In quantale, compatible and
complete relations in terms of aftersets and foresets with the help of BIRs are defined. Furthermore, we use
compatible and complete relations to approximate fuzzy substructures of quantale, and these approximations
are interpreted by aftersets and foresets. This concept generalizes the concept of rough fuzzy quantale. Finally,
using BIRs, quantale homomorphism is used to build a relationship between the approximations of fuzzy
substructures of quantale and the approximations of their homomorphic images.
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1 Introduction

The theory of quantale initiated by Mulvey [1] is a combination of algebraic structure and partially ordered
structure. The foundations of quantum mechanics and the spectrum of C*-algebras were studied using this
quantale theory [1]. Yetter [2] created a relationship between quantale theory and linear logic in 1990, resulting
in a comprehensive set of linear intuitionistic logic models.

Fuzzy set theory, first introduced by Zadeh [3], had many applications. Many authors linked fuzzy set
theory to algebraic structures such as quantales, rings, quantale modules, semigroups, and ordered semi-
groups. The concept of ideals and prime ideals (PId) of quantales was introduced by Wang and Zhao [4]. Luo
and Wang [5] introduced fuzzy ideals (Fid) and their type in quantales. Yang and Xu [6] investigated the
notions of (upper, lower) rough (prime, semi-prime, primary) ideals of quantales and verified the extended
notions of usual (prime, semi-prime, primary) ideals of quantales, respectively. They also examined the global
order properties of all lower (upper) rough ideals of a quantale.

The renowned rough set theory [7] was proposed by Pawlak, which deals knowledge recovery in relational
databases. Rough set approach can be used to discover structural relationship within imprecise and noisy data.
Dubois and Prade [8] introduced the rough fuzzy set. A rough fuzzy set is a pair of fuzzy sets resulting from the
approximation of a fuzzy set in a crisp approximation space. Qurashi and Shabir [9] presented generalized
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rough fuzzy substructures in quantales. Feng et al. [10] provided a framework to combine fuzzy sets, rough
sets, and soft sets altogether, which gives rise to several interesting new concepts such as rough soft sets, soft
rough sets, and soft rough fuzzy sets.

Kanwal et al. [11] introduced the rough sets within the context of algebraic structure quantale using soft
reflexive and soft compatible relations. Davvaz [12] used a ring as the universal set to investigate the ideas of
rough ideals and rough subrings with regard to an ideal of ring. The link between topological spaces, hyper-
rings (semi-hypergroups), and rough sets was studied by Abughazalah et al. [13]. Qurashi and Shabir [14]
investigated roughness in quantale modules.

Fuzzy subgroups were introduced by Rosenfeld [15]. Qurashi and Shabir [16] investigated the general-
ization of approximation of fuzzy substructures in quantales in the form of (€, €,V q,). Qurashi and Shabir
[9] investigated the relationship between generalized rough sets and quantale ideals using Fid. Farooq et al.
[17] presented some results regarding fuzzy hyperideals of hyperquantales. Some important properties related
to t-intuitionistic fuzzy subgroups and complex intuitionistic fuzzy subgroups were introduced by Gulzar
et al. [18].

Ma et al. [19] defined a type of generalized fuzzy filters in R, algebra and provided some features of this
concept. Qurashi et al. [20] introduced the notion of generalized roughness of fuzzy substructures in quantales
with respect to soft relations. Shabir et al. [21] introduced the prime, strongly prime, semiprime, and irredu-
cible fuzzy bi-ideals of a semi group. Yaqoob and Tang [22] used rough set theory to study quasi and interior
hyperfilters in ordered left almost semigroup-semihypergroups. Shabir and Shaheen [23] proposed a novel
framework for the fuzzification of rough sets.

A technique regarding set of parameters to handle data was proposed by Shabir et al. [24]. Kanwal and
Shabir [25] developed the idea of rough approximation of a fuzzy set in semigroups based on soft relations.
Shabir and Qureshi [26] investigated a generalized intuitionistic fuzzy interior ideal in a semigroup and
studied some of its features. Complex intuitionistic fuzzy algebraic structures in groups were introduced by
Gulzar et al. [27]. The multigranulation roughness of an intuitionistic fuzzy set based on two soft relations over
two universes with respect to the aftersets and foresets was presented by Anwar et al. [28]. Some properties
dependent on overlaps of successor under serial fuzzy relations were discussed by Qurashi et al. [29]. Fuzzy
soft substructures were characterized in different ways in quantales by Qurashi et al. [30]. Moreover, rough
ideals and soft rough ideals were characterized by soft relations by Qurashi et al. [31,32].

Furthermore, the following scheme is formulated for the remaining part of this article. After introduction,
some necessary portions of definitions of quantales, its substructures, and fuzzy substructures are focused.
Rough fuzzy subsets (FSSTs) and compatibility with respect to aftersets and foresets are introduced in Section
2. Roughness of FSSTs of quantale with the help of binary relations (BIRs) in terms of aftersets and foresets is
introduced in Section 3. Some examples are added to justify the results. In Section 3, rough fuzzy approxima-
tion space based on BIRs is introduced. In the last section, homomorphic images of generalized rough fuzzy
substructures and their structural properties are discussed.

2 Preliminaries

We review some fundamental concepts of substructures and fuzzy substructures of quantale as well as their
related results in this article. This will help us in our research work.

Definition 2.1. [1] A quantale Q is a complete lattice equipped with an associative binary operation ©
distributing over arbitrary joins. In other words, for any m, x € Q and {m;}, {x;} € Q (j € D), it holds

D mOWNVjerxy) = Vjer(mOXxy);

@) (Viemm)Ox = Vjer(mOx).

Let K, K3, K; € Q, where j € I. Then, the following are defined:
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KOK, = {xOx 1 x € K, X, € K}
If K, = @ or K, = G, then KOK, = .
KVEK ={xVx : x € K, % € K};
VielKj = {VjerX; 1 X € Kj}.

Throughout this article, for quantales, the symbols Q; and Q3 will be used. The top element and bottom
element will be expressed by 1 and 0, respectively.

Definition 2.2. [1] Let Q be a quantale and & # S € Q. Then, § is said to be the subquantale (SQ) of Q if
) VjerXj € S,
(2 xOy €S,Vx,y,X €S.

Definition 2.3. [4] Let Q be a quantale and & # S € Q. Then, S is said to be an ideal (Id) if the following hold
1) Va,b € SthenaVb e S;

2) YVa,beQand b € Ssuchthata<b=a € S;

B) VaeQandb e S=a®b € S and bOa € S.

If S is an Id of Q, then we will denote it as S = Q.
Let S = Q. Then,
(@) Sissaidto bethePld of Q ifaObEeS=>a€SorbeSVabeEQ.
(b) S is said to be the semi-prime ideal (SPId) of Q if a®a € S = a € S for each a € Q.

Definition 2.4. [7] Suppose a non-empty finite set Q and A be an equivalence relation on Q. Let[x]; denote the
equivalence class of the relation A containing x € Q. If a subset of Q can be expressed as a union of equiva-
lence classes of Q, then it is said to be definable set in Q. Let a subset S of Q cannot be expressed as a union of
equivalence classes of Q. Then, we say it undefinable set. However, we can approximate that undefinable set
by two definable sets in Q. The first one is called A-upper approximation of S and the second is called A-lower
approximation of S. They are defined as follows:

AS) ={x€Q:[x]y €S}
AS) ={xeQ: [x|)NS * T}

The A-upper approximation of S is the least definable in Q containing S. The A-lower approximation of S is
the greatest definable set in Q contained in S. For any @ # S € Q, A(S) = (A(S), A(S)) is called rough set w.r.t. A
or simply a A-rough subset of P(Q) x P(Q) if A(S) # A(S), where P(Q) denotes the set of all subsets of Q.

Definition 2.5. [3] Let Q be a quantale. Then, the function A : @ — [0, 1] is known as fuzzy subset (FSST) of Q.

Moreover,

¢ AFSST A: Q — [0,1] is non-empty if A is not a zero map. Let F(Q) be the collection of all FSSTs of Q.

* Let A and ¢ be two FSSTs of Q. Then, A C ¢ if and only if A(c) <¢(c) Vc€E€ Q. Clearly, A\=¢p © AC ¢
and ¢ C A

* Let A and ¢ be two FSSTs of Q Then, the union and intersection of A and ¢ are (AUg)(k) = max{A(k), p(k)}
and (AN)(k) = min{A(k), p(k)} Vk € Q, respectively.

Definition 2.6. [33] Let Q be a quantale and A # & be a FSST of Q and a € [0, 1]. Then,
A={c€EQ|Ac)za} and
A ={c€Q [ A) > a}

are called a-cut and strong a-cut of FSST A of Q, respectively.
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Definition 2.7. Let Q be a quantale and A # & be a FSST of Q. Then, A is a fuzzy subquantale (FSQ) of Q if the
following conditions hold

M AVjerxj) = minjeA(X));

(2) A(xQy) = min{fA(x), A(Y)} Vx,y € Q, {x;} € Q.

Definition 2.8. [5] Let Q be a quantale and A # & be a FSST of Q. Then, A is called fuzzy ideal (Fid) of Q, if the
following conditions hold

@D x<y=Ax) 2 AQy);

() min{A(), A} < AxVy);

(3) max{A(x), A\()} < A(xOy) Vx,y € Q.

From (1) and (2) in Definition 2.8, it is observed that A(x\Vy) = min{A(x), A(y)}Vx,y € Q.
Thus, a FSST A of Q is FId if and only if

D AxVy) = min{A(x), A)}

(2) A(x®y) = max{A(x), \()}Vx,y € Q.

Definition 2.9. [5] Let A be a non-constant FId of Q. Then, A is FPId of @ if A(xQ®y) = A(x) or
AxQy) = A(Y), Vx,y € Q.

Definition 2.10. [5] Let A be a non-constant FId Q. Then, A is FPId of Q if A(x®x) = A(x) for all x € Q.

Definition 2.11. [8] Fuzzy rough sets were introduced by Dubois and Prade [8]. Let Q be a non-empty finite set
called the universe set and A be an equivalence relation on Q. Then, (@, A) is called an approximation space.
Let n be a FSST. If x € Q such that

AMO) = A n(c) and A =V n(c).

cE[x], c€[x]x

If A(n) # A(n), then A(n) = (A(n)), A(n)) is called a rough fuzzy set w.r.t A.

Definition 2.12. Let Q be a quantale. An equivalence relation 7~ on Q is called a congruence on Q if we have
a7h, c7d = (a®O1b, cO,d) € T and a;7b; = Vie;a;T Viertbi Va,b,c,d, a;, b; € Q.

Let Q; and Q; be two quantales and 7 € Q; x Q,. Then, 7 is called the compatible relation (CPR)
M (g, 1), () €T =GOS, TOR) ET
(2 (apb) € T= (Viertj, Vieth)E T Vq,5 € Q,{aj} S Q1, 1, t € Qy,{b} S Qy and j € I.

Definition 2.13. Let R from Q; to Q; be a CPR. Then,

(1) R is called \V-complete w.r.t. aftersets if rRVSR = (rVs)RVr, s € Q.

(2) R is called O-complete w.r.t. aftersets if rROSR = (rOs)RV r, s € Q.

(3) R is called VV-complete w.r.t. foresets if RIVRm = RIVmM) V [, m € Q,.

(4) R is called ®-complete w.r.t. foresets if RIORm = RIOM)VI, m € Q,.

(5) A CPRR from Q; to Q; is called complete relation (CMR) w.r.t. aftersets/foresets if it is both \/-complete and
©-complete.

3 Approximation of fuzzy substructures by binary relations

In this section, we initiate the study of the notion of roughness of fuzzy substructures in quantale by BIRs and
establish many fundamental aspects of this phenomena.
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Definition 3.1. Let £ € Q; x Q,. Then, £ : Q; — Q, is a BIR. For a FSST A of Q,, the upper approximation (£,)
and the lower approximation (£ ;) of A w.r.t. aftersets are the two FSSTs over Q; and can be defined as:

i V Atk if xL#*0,
Ly(x) = jkexL
0, if x£=0,

A Ak), if xL =0,
'é:)t(x) = lkex”L
0, if x£=a,

and for a FSST ¢ of Q,, the upper approximation ((,,Z) and the lower approximation ( ¢1_Z)0f ¢ w.r.t. the foresets
are the two FSSTs over Q,, defined as follows:

V ok, if Ly=#*Q,

LY =
0, if Ly=0,

N ok), it Ly=#*@,
_ |xer
LO) = =2 _ i
0, if Ly=g,

where
* xL ={y €Q;: (x,y) € L} is called the afterset of Q.
* Ly ={x €Q1:(x,y) € L} is called the foreset of Q,. Furthermore, £; € Q;, £; € Q, and ,L € Q.

Theorem 3.2. Let £ : Q1 — Q; and I : Q; — Q3 be the two BIRs and A, and A; be the two non-empty FSSTs of
Q. Then, we have
W hsh=>LysLy,
@ hskh=>L,<L,,
) L1xNLy2 Lini
@ LN Ly, = Lynx
(6) LyUZLy=Liyurn
©) L£,,UL;, < Lua
(7 LCI>L;C1I,,
® LCT=>L,2L,

Proof. Proofs are simple and can be seen from [24]. O

Theorem 3.3. Let £ : Q1 — Qy and I : Q — Q; be the two BIRs and A and A, be the two non-empty FSSTs of
Q;. Then, we have
M o <p,=,L<,1,
2 9, <0,= %4 < (024,
® pZNyZ2,0,L
@ <p14 n %4 T ong,=
(5) (pl‘g U (024 ;) (Plu(ﬂz
6 %L U %L = 9,U0,Ls
(N LECI=>,LC,

8) £§I=>¢11_:2¢1

1S

bl

bl

NN

Proof. Proofs are similar to the proofs of Theorem 3.2. O
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Theorem 3.4. Let £ : Q; — Q; and I : Q; — Q3 be two BIRs. If A is a FSST of Q,, then:
D) (L NI C LN,
@ (LUDn,=2LUL,

Proof. The proof is simple and obtained by parts (4) and (5) of Theorem 3.2. O
Now, we consider an example for our better understanding that equality does not hold.

Example 3.5. Let Q; = {0, x, 1} and Q; = {0’, ¢, d, 1'} be two complete lattices shown in Figures 1 and 2 with the
binary operations shown in Tables 1 and 2, respectively. Then, Q; and @, are two quantales. Let £ € Q; x Q,
and 7 € Q; x Q, defined as:

0,00, x,0), 1, d), (x, 1)
", 1), 0,ad), (x,d),(0,c)

Ie (0,07, (x, ¢), (1, ¢), (x, 0", (1, 1)
- 0,d), (0,0, (x,¢), x,1) |

(0,07, (x,d), (x, ¢)
x,1),(0,d), (0,¢)

L

3

LNI =

The aftersets w.r.t. £ and 7 are as follows:

0L ={0,c,d, 1}, xL ={c,d 1} and 1L = {d};

07 ={0,c,d}, xI={0,c,d 1}and 17 = {c, 1'};

oLNI) =40, c,d}, x(LNI) ={c,d, 1} and 1(LNT) = .
Define A : Q; — [0,1] by:

06 04 01 03

+ .
0 c d T

/11=

Then, A is a FSST of Q,.

This shows that, £,N7; # (£ N 1);. Now, define 4 : Q; — [0,1] by:

1
o
o
®
0

Figure 1: Complete lattice Q4 in Example 3.5.
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1!
c d
0!
Figure 2: Complete lattice Q; in Example 3.5.
Table 1: Operation ®; on Q
®1 0 X 1
0 0 0 0
0 X
1 0 X 1
Table 2: Operation ©®, on Q,
o)} 0 c d 1
0 0 c d 1
c 0 c d T
d 0 c d 1
1 0 c d T
3 = 0.2 N 0.7 N 1 N 0
Y c d 1
Then, A, is a FSST of Q,:
02 0 07
=— + —+ —
L, 0o x 1’
0 0 1
I ==+ —+ -
=R 70 T x 1
02 0 0
=— + — + —,
(L0D), 0 x 1
This shows that £, UL, # (LN]) %
Theorem 3.6. Let £ : Q1 — Qz and I : Q; — Q; be two BIRs. If ¢ is a FSST of Q,, then we have
D L(LND) C ,LN,T,
2
2 ¢(£QD = ¢£U¢Z .
Proof. The proof is straightforward. O

Example 3.7. Consider the quantales in Example 3.5. Let £ € Q; x Q; and 7 € Q; x Q; be the BIRs defined by:
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0,0, (x,0), @1, d), (x, 1)
", 1), (0, d), (x,d), (0, ¢)

0,00, (c,¢), @, 0), (x, 0,1, 1)
T 0,d), (0,¢), (x,0), x,1) |

0,0, (x,d), (x,¢)
x,1),(0,d), (0,¢c)

L

(LNI) = [

The foresets w.r.t. £ and 7 are as follows:

L0 ={0}, Lc ={0,x}, £d ={0,x,1} and LT = {0, x};

0" = {0, x}, Ic = {0, x, 1}, 7d = {0, x} and 71" = {x, 1}; (LN1)0" = {0}, (LNT)c = {0, x}, (LN1)d = {0, x} and
(LNDOT = {x}. Define ¢, : @, — [0,1] by,

0.5 02 1
nET YT
Then, ¢, is a FSST of @4, but
.05 05 1 05
= + — + =+
ol 0’ c d 1°
2! 0’ c d 1’
_ 05 05 05 0.2
= +—+ — + )
¢1(£ﬂl) 0’ c d 1
This shows that %Zﬂq,lf * (pl(LﬁD. Now, define ¢, : Q; — [0,1] by, ¢, = % + % + %

Then, ¢, is a FSST of @, but
05 05 06 05
+ +

0’ c d T’
05 06 05 06
= + + + —

05 05 05 04
= + + + )
P 0 c d T

So,
%z_zuq,zz # %(LQJ).

4 Approximation of fuzzy substructures in quantale

In this section, we are considering compatible relations (CPRs) by taking two different quantales. The lower
and upper approximation of fuzzy substructure of Q, w.r.t. aftersets results in the fuzzy substructure of Q;.
Moreover, the lower and upper approximation of fuzzy substructure of Q; w.r.t. foresets results in the fuzzy
substructure of Q,.

Definition 4.1. Let £ be a BIR from Q; to Q; and & # A be a FSST of Q;. Then, A is called generalized upper
(lower) rough fuzzy substructure of Q; w.r.t. aftersets, if the upper (lower) approximation [£;(£ )] is a fuzzy
substructure of Q;. Similarly, let @ # ¢ be a FSST of Q; and £ be a BIR. Then, ¢ is called generalized upper
(lower) rough fuzzy substructure of Q; w.r.t. foresets, if the upper (lower) approximation [«)Z( g01_3)] is a fuzzy

substructure of Q,.
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Theorem 4.2. Let L be CPR and & # A be a FSQ of Q.. Then, A is a generalized upper rough fuzzy subquantale
(GULRFSQ) of Q w.r.t. to aftersets.

Proof. Let £ be CPR and @ # A is a FSQ of Q». Then, A will satisfy the following properties:
M AVjerx) =z minje/A(x),
VA A(XQZY) 2 min{)l(x)s A(Y)} VX,)’,X]' € QZ-

Since £ be CPR, s0 x LV LV. . VXL C (Viex)L VX € Q(j € D).
Now, let b; € Q1 for some j € I. Then,

I}EPZ)L(Xj) = min{L;(%), L0%), ..Li(x)}

V' Ax)
bi€ExR L

V' A0o)
bEX L

= min

bl

, ‘ V' AX)

b]EX}_C

= V min[/‘{(xl): A(XZ)’ )A()(])]

b€ L,byEx0L,b3EX3L,...biEX L

min A(x;)
jeI

S vV

< min A(x;)
Vierbi€(a V xp.... V X)L

jeI

= V

min A(x;)
Vier bj€Vjer 5L

jeI

< V A
Vier b€ Vjer 5L

= VvV Ak

k€VjerxL

Vg

JEI

=L VX

jer

Hence, L(Vjerxj) 2 minje,L(x)Vx; € Qy. Since A is a CPR, then xLOyL C (xQy)L for all x,y € Q.
Consider x,y € @

min{£;(x), L,(y)} = min

V AKk), VA
kexL leyL

=V minfAKk), A}

kexLleyL

= v min{A(k), A(D}
kO2lexLOy L
kOulEXLOyL

< V Ak®ql)
kOle(xO)L
ZEXOW)L

Hence, £)(x®y) = min{L(x), L;y)}VX,y € Q. Thus, L, is a FSQ of Q;. Thus, A is a GU,RFSQ of Q;.
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Remark 4.3. Let £ be CPR and & # A be a FSQ of Q,. Then, A is a GU.RFSQ of Q; w.r.t. to foresets.
Proof. Its proof is similar to Theorem 4.2 but for foresets. O

Now, we consider an example for our better understanding to show that converse of Theorem 4.2 and
Remark 4.3 is not true.

Example 4.4.LetQ; = {0, ¢, d, 1} and Q, = {0, e, f, g, 1} be two complete lattice shown in Figures 3 and 4 w.r.t.
the binary operations shown in Tables 3 and 4, respectively. Thus, Q; and Q; are quantales. Let £ C Q; x Q;
be a BIR and is defined as:

_ (0,07, (c, ©), (d, /), (0, ), (0, ), (0,8)
A1), (0, 1),(d D), (c,D),10),(d0), (0]

Then, £ is a CPR. Aftersets wr.t £ are 0L = {0",e,f, 8,1}, cL ={0",e,f},dL = {0,q,1},and 1.L = {0, c}.
Foresets wrt L are L0 ={cd,1}, Le={0,c},Lf={0,c,d},Lg=1{0}, and L1 =1{0,d,1}.
Consider A : Q; — [0,1] be defined by:

1 5 04 2
A=—+—+—+—+—
0 f g
Then, A is not a FSQ of Q,. Furthermore,
s 1l,1,1,1
A0 e d 1

= [,is FSQ of @, but A is not a FSQ of Q,. Hence, A is GU,RFSQ of Q; w.r.t. aftersets.
Let ¢ : Q; — [0,1] be defined by:

07 1 1 1 1

+ =+ =+ =+ —,
0 e f g ¥
This implies that ¢Z is FSQ of Q;. Hence, ¢ is GU;RFSQ of Q, w.r.t. foresets.

Theorem 4.5. Let £ be a CMR and A be a FSQ of Q,. Then, A is a generalized lower rough fuzzy subquantale
(GL,RFSQ) of Q; w.r.t. aftersets.

Proof. Let £ be a CMR and A be a FSQ of Q,. Then,

Figure 3: Complete lattice @ in Example 4.4.
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1/

-_ 1"

0’
Figure 4: Complete lattice @Q; in Example 4.4.
Table 3: Operation ©; on @
o 0 c d 1
0 0 0 0 0
c 0 c 0 c
d 0 0 d d
1 0 c d 1
Table 4: Operation ©; on Q;
O} 0 e f g T
0 o e f g T
e 0 e f g T
f 0 e f g 1
8 o e f g T
T 0 e f g !

D AVjerky) = mineA(k)),
(2) AxGyy) = min{A(x), AWM}VX, y, ki € Q,,
) XLV LV, ..V X5.L = (Viej) LY X; € Q1.

Consider

L,NVery) = N AK)
ke(Vjer )L

= AN A(k).
kexx LV LAV, ...,V 5L

Since k € xLVXLV. VXL, then3 kg € L,k € L, ...,kj € x;.L be such that k = Vje/k;

=>L,(Vjerx) = A AV kj]
Vier ki€ LV LV ..V 5L |jEI
2 A min A(k;)

Vierki€a LV LV ..V 5L JEI

= vV L min[A(ky), A(ky), ..., A(kj)]
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=minj)| V Alk)

kEexL

V )l(kj)]

ki€xi L

) [ vV /\(kz)],

ko€xpy L

=min{L ,0a), £,(), ...,41()(]')}
= I}g}" L)

Hence, £;,(VjerXj) 2 minje;.L,(X)Vx; € Q.

Since £ be a CMR, s0 X LOy L = (xO)L VX,y € Q;. Consider

LixOy) = A A=A k).
keE(xOW)L kEXLOyL

Since k € xLO,yL, s0l € xLandm € y L such that k = [®,m. So, we have

L,xOy) = N A(lO;m)
(IOm)EXLOy L

> A min{A(1), A(m)}
(IOm)EXLOYL

= A minfA(), A(m)}
lexL,meyL

=minj A A(D), A A(m)

lexL mey.L ]
=min{L,(x), £}
Hence, £,xOp) 2 min{L,(x), L)} YX,y € Q. Thus, £, is a FSQ of Q.

Proposition 4.6. Let £ be a CMR and A be a FSQ of Q;. Then, A is a GL; RFSQ of Q, w.r.t. foresets.
Proof. Its proof is similar to Theorem 4.5 but foresets. O
Now, we consider an example for our better understanding to show that converse of Theorem 4.4 is not true.

Example 4.7. Consider the quantales in Example 4.4. Let £ C (Q; * Q) be defined as:

_1(0,07),(0, ), (0,1, (0, &), (¢, 0), (¢, e), (¢, f), (¢, &)
(d,0),(d, e),(df),(dg),10),1e, 11, 1LY

Now, aftersets w.r.t. £ are0L = {0, e,f, g}, cL ={0",¢,f, 8}, dL ={0",¢e,f,gtand 1L = {0’,¢,f,g}. S0 L
is a CMR w.r.t. aftersets. Suppose A : Q; — [0,1] defined by:
1 05 04 02 08
+— + — + — +

o e f g 1
Then, A is not a FSQ of Q,. Moreover,

L

A

Li 0 < d 1°
This shows that £, are FSQ of Q;. Hence, A is GL,RFSQ of Q; w.r.t. aftersets. Now, define £. Then,
_ (0,0, (0, €),(0,1), (0,8, (0, 1)
(c,0),(c,e),(c,f),(c,8),(c,1) ]

Now, foresets w.r.t. £ are £0" = {0, c}, Le = {0, ¢}, Lf = {0, ¢}, Lg = {0, ¢}, and L1 = {0, c}. Then, £ is a
CMR w.r.t. foresets. Define ¢ : Q; — [0,1] by:

02 02 02 02
+

L



DE GRUYTER Binary relations applied to the fuzzy substructures of quantales = 13

Then, ¢ is not a FSQ of Q. Then,
06 06 06 06 06
b — + — +

0’ e f g 1
Thus, (pg is FSQ of Q;. Hence, ¢ is GL,RFSQ of Q; w.r.t. foresets.

ok =

Proposition 4.8. Let L be CPR and A be a FSST of Q,. Then, for a € [0,1], the following hold
)] (-Z:/\)a = -Z/\m

2 £ x)a = 4,\,1,

3 (-g/l)a" = 4%*’

@ (L) = Lo

Proof.

(D) Let x € (Le=LaX) 2 aVikexsAK) 2 a = A(k) 2 a for some k € xLEXLNA, # DX E L),
Thus, (.Z,\)a =7 At

(2) Let XxE(L)aS= LX) 2 a=N\kexcAk) 2a = Ak)2a for all keExLlexLCAl, e xE€L,.
Thus, (£L)a = £,

(3) and (4) are similar to the proof of (1) and (2).
Remark 4.9. Proposition 4.8 also holds for foresets.

Theorem 4.10. Let £ be a CMR and A be a FSQ of Q2. Then, £,[.L,] is a FSQ of Q w.r.t. aftersets if and only if V
a€e€0l], L AQ[Z 20 is a SQ of Qy, where A, is non-empty.

Proof. Let £, be a FSQ of Q; and x; € £, for some j€I.So L,(x;)2aVj€I Since £, is a FSQ so
L,(Vjerxy) = minje{L,;(x;)} 2 a. Hence, Vjerx; €L, . Now, let x,y € £, so we have L£;(x)2a and
£;(y) 2 a. Since £; be a FSQ, then £,(x®qy) =2 min{L,(x), £L,(} 2 a. So, we have xOy € £, . Hence,
£, is a SQ of Q;. Conversely, let that £, be a SQ of Q; and x; € £, . Consider
L,Vierx) = N AK)
ke(Vjer )L
= A Ak).
k€LY %LV, V XL

Since £ beaCMRand k € LV LV, ..V XL, thenIk € L,k € %L, ...k € X; L such thatk = \jerk;. Thus,

L,Vjerxy) = AN AV k,]
Vierki€x LV xLV,...V 5L |jEI
> A min{A(k;)}
Vier K€LY XL N,..,.\V 5L JEI
= V min[A(ky), A(kp), ...A(K})]

k€xi L koExe L,.. . kiEX; L

=min{( A A(), ( A A(g)), . N A(k))}
L ko€xo L kiexi L

kEx
=min{L;0a), £,00), ..L ()}

=min £,0x).
JEI

Hence, £;,(VjerX)) 2 minje;L,(X)Vx; € Q1.
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Letx,y € £, Vx,y € Q. Then, xOry € £, so L,(xOr) 2 a . If either £,(x) 2 a or £L,(y) 2 a, in both
cases, min{ L ;(x), £,(»)} = a. Let min{L ,(x), £;(y)} = a, then £,;(xO1y) 2 min{L,(x), L,;(y)}. Hence, L,is a
FSQ of Q.

Theorem 4.11. Let £ be a CPR and A be a FId of Q,. Then, A is a GU,RFId of Q; w.r.t. aftersets.

Proof. Let £ be a CPR. So x£LVy L € (xXVVy)L Va,b € Q. Consider

min{L;(x), £1(y)} = min VLA(kl), vV Aky)

kEX kEXL

=V  minfA(k), A(k)}
keExL,kexL

= VvV o AMkaVk)
laV ko €X LV y L

= VvV Ak
kEXLV YL

< VvV Ak)
kE(xVy)L

= Ly(aVDb)
Hence,
L;(a\Vb) 2 min{L;(x), L;(y)}Va, b € Q. @
Also, £ is a CPR; hence, x LOyyL € (xOy)L ¥V a, b € Q. Thus, we have

max{L;(x), L)} = maX‘ V Ak), V Ak)
kEXL kyExL

=V  maxfA(k), A(k)}
kEXLkEYL

- Vi max{A(ky), A(ky)}
Ok EXLOY L

< \% Ak ©O2kz)
k1®2k2€x,£®zy£

= VvV Ak
kEXLOyL

< VvV Ak
keE(xOY)L

= L;,(xOw).

Hence,
L;(xOqy) 2 max{L(x), L;y)} Vx,y € Q. )

So from (1) and (2), we have £, that is a FId of Q;.
Theorem 4.12. Let £ be a CMR and A be a FId of Q,. Then, A is a GL,RFId of Q; w.r.t. aftersets.
Proof. Let £ be a CMR and A be a FId of Q;. Then, the following hold

Consider
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L,(aVb) N Ak)

ke(aVhb)L

N Ak).
k€aL\VbL

Since k € aL\V/bL,s03 kg € aLand k, € b.L such that k = k\Vk,. Hence,

L,(aVb) = AN AkVk)
laV ks€aL V bL

= A minfA(k), A(k)}
k€al,kyEbL

=min{ A\ Atk), N Ak}
L kEbL

kea
=min{L,(a), L;(b)}.

So, £;(aVb) = min{L,(a), L;(b)} Va,b € Q..
Since £ is a CMR, then (a®b)L = aLObL Va, b € Q;. Therefore,

Lyaob) = A k)
kE@@1h)L

= AN AKk).
k€aLObL

Now, since k € aL(O,bL, Ik € aL and k, € b.L such that k = kKO,k,. Thus,

L,(a®1b) = N Ak O2k,)
kO2k€aLObL

> A max{A(k), A(ky)}
kO kealLObL

= A maxiA(k), A(k)}
k€aL k,ebL

= max[ A Ak), A A(kz)]
kE€arL ky€bL
=max{L,(a), L,(b)}
=£,(a®1b) = max{L,(a), £L,(b)}Va,b € Q;.

Hence, £,is a FId of Q;.

Example 4.13. Consider the quantales in Example 3.5. Let £ C (Q; x Q2) be defined by:

_100,09,(0,0), (x,d), (x,1), (1, 1)

£ 0,d),(0,1)

Then, £ is a CPR, and the aftersets in terms of £ are as follows: 0L = {0, ¢, d, 1}, x£L = {d, 1}, and
1L = {1}. Define 4 : Q; — [0,1] by:

0’ c d 1

05 07 03 04
M= + +

A1 is not a FId of Q,. Upper approximation of 4 is £, = 07 404,04

0 X 1°
It is easy to verify that £, is a FId of Q; and lower approximation of } is
;. 03,03 04
=h 0 x 17

We can check that £, is not a FId of Q. Hence, 4 is GU;RFId of Q; w.r.t. aftersets and 4, is not a GL,RFId of
Q; w.rt. aftersets Define 4, : Q; — [0,1] by:
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05 04 07 03
= +

/‘{ = - i
T0 ¢ d ot
A is not a FId of Q,. But
- 07 05 04
T T T
03 04 04
=— + — +
L2 0 b'e 1

We have £, thatisaFId Q;. But £, is not a FId of ;. Hence, 4, is a GU;RFId of Q; w.r.t. aftersets and 4, is
not a GL,RFId of Q; w.r.t. aftersets.

Theorem 4.14. Let A be a FId of Q; and £ be a CMR. Then, £;[£;] is a F1d of Q w.r.t. aftersets if and only if for
eacha € [0,1], £, [Z,,] is anId of Q, where A, * Q.

Proof. Let £, be a FId of Q; and let x,y € £, . Then, £,(x) 2 a and £L,;(y) = a. Since £;is a FId, so
L,(xVy) = min{L,(x), £L;()} = a. Thus, x\Vy€ £, . Let x € £, and y € Q; such that x <y. So, £,(x) 2
L,(y)za.Thus,y € £, .Letx € £, andV a € Q. Then, we have, £;,(xO1a) = L,(x)VL (@) = L,(x) = a.
So x©qa € £, . Similarly, we have xOsa € £, . Hence, £, is an Id of Q;. Conversely, let £, be an Id of @
and let @ = min{L,(x), £,(y)} € rang(£L,) for any x,y € Q; so L,(x) =2 a and L,(y) = a. Thus, x € £, and
y€ L, .S xVy€L,.Consider

AN Ak)
keE(xVy)L

A AK).
keExLVyL

L ,\(X \/)I)

Since £ be a CMR and k € x£LVy.L, then there exist iy € x£L and k, € yL such that k = k5\VVk;. Hence,
we have

L,xVy) = N AxVy)
xVYEXLV YL

= A min{A(ky), A(kz)}
kVkeExLVYL

= A minfA(k), A(k)}
KEXLkEYL

=min{ A A(k), N A(k)}
kexL ke€y L

=min{L,;(x), £;(}

So, £;(xVy) = min{L,(x), L)} Vx,y € Q. Letx € £, anda € Q. Then, x®1a € £, andaO:x € L,
S0 L;(x®1a) =2 a and L (x) 2 a. If either £,(y) 2 a or L,(y) < a, in both cases, max{L,(x), £,y)} = a. Let
max{L,(x), £,(y)} = a. Then, £,(x®1a) 2 max{L ,(x), L,(y)}. Hence, L, is a FId of Q.

Theorem 4.15. Let A be a FPId of Q, and L be a CMR. Then, A is a GL,RFPId of Q; w.r.t. aftersets.

Proof. Let A be a FPId of Q,. Then, A(x©gy) = A(x) or A(x©Ozy) = A(y) VX, y € Q,. Since A be a FPId of Q; so it is

FId of Q,. By Theorem 4.12, £,is a FId of Q;. Consider O
Laoib) = A Ak)
k€(a®1b)L
= A Ak).

keaLObL
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As £ be a CMR so for k € aLO,b L, there exist | € aL and m € a£L such that k = [©,m. Thus,
L,(a®1b) = 1o,mearopr@; AIOM)

= A AMOm)
l€ealL,mebL

= A {AD or A(m)}

lealL,mebL

=AADor A A(m)
leal mebL

= L;(a) or L,(b)}.
So, L,(a®1b) = L (a) or L;(a®1b) = L,(b) VYa,b € @,
Hence, £,is a FPId of Q;.
Proposition 4.16. Let A be a FPId of Q; and £ be a CMR. Then, A is a GU.RFPId of Q; w.r.t. aftersets.

Proof. Its proof is similar to the proof of Theorem 4.15. O

Theorem 4.17. Let A be a FPId of Q; and £ be a CMR. Then, £, [L,] is a FPId of Q, w.r.t. aftersets if and only if
£,[L3,]is a PId of Q,, where A, is non-empty for each a € [0,1].

Proof. The proof is straightforward. O
Theorem 4.18. Let A be a FSPId of Q; and L be a CMR. Then, A is GL,RFSPId of Q w.r.t. aftersets.

Proof. Let A be a FSPId of Q. Then, A(x?) = A(x)Vx € Q.. Thus, A is a FId of Q,. By Theorem 4.12, £, is a FId of
Q;. Consider O

N A(k)
kearl

N Ak?)
k€aLl

= A A(k?)
kOrk€aLOraLl

= A AKH
kOzke(@O10)L

= A Ak
k2€a’L

=L ,\(‘12)‘

L)

Hence, £,(a?) = £,(a), Ya € Q1. So, £, is a FSPId of Q.
Proposition 4.19. Let A be a FSPId of Q, and L be a CMR. Then, A is a GU,RFSPId of Q, w.r.t. aftersets.
Proof. The proof is straightforward. O

Theorem 4.20. Let A be a FSPId of Q, and £ be a CMR- Then, £ ,[L,] is a FSPId of Q; w.r.t. aftersets if and only if
for each a € [0,1], £, [L;,] is SPId of Q,, where A, # @.

Proof. The proof is obvious. O]
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5 Homomorphic images of generalized rough fuzzy substructures

In this section, we will discuss the relationship between the upper (lower) generalized rough fuzzy substruc-
tures of quantales and the upper and lower approximations of their images under weak quantale homo-
morphism. First, several concepts linked to obtain such results are described.

Definition 5.1. [34] Assume that (Q1, ©;) and (Q3, ®,) be two quantales. A mapping n from Q; to Q; is called
a weak quantale homomorphism (WQH) if

D n(@®1b) = n(a)O2n(b),

(2 n(aVb) = n(@)\Vnb) V¥ a,b € Q..

A WQH n from Q; to Q; is called an epimorphism if 5 is onto and 7 is called a monomorphism if 17 is one-
one. A bijective WQH 1 is called an isomorphism. If a < b, then n(a) < n(b). Thus, n is an order-preserving.

Lemma 5.2. Suppose that n from Q; to Q; be an epimorphism and L: Q;—Q; be a BIR. Set
R=1{@a,b) € Q x Q;: (n(a), n(b)) € L}. Then, the following statements are true:

(1) R is CPRif £ is CPR.

@ nRy) = Lyw) forU < Q.

(3) Ifn is one-one, then n(a) € n(Ry) if and only ifa € (Ry).

Proof.

(1) Let (a, by), (azby) €R. Then, (@), (b)), (N(az),nby)) € L. Since L is CPR, so
(N(a)Oqn(az), n(by)®2n(hy)) € L. And (N(aO1az), N(b1©O1by)) € L (since n is WQH). This implies that
(1®1az, b1O1b,) € R. Similarly, we have (a;VV ay, b1\VVb;) € R. Hence, it is proved that R is CPR.

(2) Let x € n(Ry) for some x € Q,. Since n is surjective so for all x € n(R), there exist s € Q; such that
s E [_{U and n(s) = x. Thus, we have sRNU # &. Let t € sR such that t € U. So (s,t) € R, and hence,
(n(s), n®)) € L. So, n(t) € n(s)Land n(t) € n(U) (since t€ U). Thus, ns)LNnU)+* 3 and
x = n(s) € Lyw). Hence, n(Ry) € Lyw). Conversely, let y € L,q). Then, we have yLNnU) # @. So
3 s € y.L such that s € n(U). Since ) is surjective, so 3t € U and l € Q; such that n(l) =y and n(¢t) = s.
Then, n(0),n®)) =(,s)€ L and (Lt)ER. So, t€IR and [RNU=* . Thus, [ € RU implies
y = 1) € n(Ry)- S0 Lyw) € n(Ry). Hence, n(Ry) = Lyw) for U € Q..

(3) Let x € Ry, then n(x) € n(Ry). Conversely, let n(x) € n(Ry). Then, there exist x’ € R, such that
n(x) = n(x’). Since n is one-one, so we have x = x’ € Ry O

Theorem 5.3. Let n be an epimorphism and L be a CPR w.r.t. aftersets on Q;. Set
R={(a,b) € Q xQ1: (n(a), n(b)) € L}.
Then, for all @ # U € Q,, the following hold
(1 Ry isanldof @ © Lyw)is an Id of Q,.
(2 Ry isaPld of Q& Ly is a PId of Q,.
() Ry isa SPId of Q& L) is a SPId of Q,.
(@) Ry isasSQofQ; e Ly isaSQ of Q.

Proof: (1). Let R, Dbe an Id of Q;. Using Lemma 5.2(2), we have n (R;) = L) for U € Q;.

(@) Let a, b € n(Ry). Then, 3s,t € Ry such that n(s) = a, n(t) = b. Since Ry is an Id of Q; and n is WQH:
Thus, a\VVb = n(s)Vn(t) = n(s\Vt) € n(Ry).

(b) Leta < b € n(Ry). Then, there exist x € Q, and y € R, such thata = n(x) and b = n(y). Since, n(x) < n(y),
so we have n(x\Vy) = nC)VnQy) = n(y) € n(Ry)- By Lemma 5.2(3), we have, x\Vy € Ry;. Since Ry is an ideal
and x < x\Vy, so we have x € R, and a = n(x) € n(Ry).
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(c) Letx =n(s) € Q,and y = n(t) € n(Ry). Then, by Lemma 5.2(2), we have t € Ry, Since R, is an ideal, so
we have sO;t € Ry. Then, x©Oyy = n(s)Oan(t) = n(sO1t) € N(Ry). Similarly, we can show y©O,x € n(Ry).
Thus, N(Ry) = Lyw) is an 1d of Q, that follows from (a)-(c). O

Conversely, let n(Ry) = Lyw) be an 1d of Q.

(@) Let a,b € Ry. Then, n(a), n(b) € n(Ry). Since n(Ry) is an Id son(a\Vb) = n(a)\Vn(b) € n(Ry).Then, by
Lemma 5.2(3), we have aVVb € Ry.

(b) Leta < b € Ry. Then, n(a) < n(b) € n(Ry). Since n(Ry) is an ideal, so we have n(a) € n(R,) impliesa € R,
(by Lemma 5.2(3))

(c) Leta € Q; and x € Ry, then n(a) € Q, and n(x) € n(Ry). Since N(Ry) is an Id of Q;, then

=1(a®:x) = n(@)n(x) € nRy)
=a®x € Ry (by Lemma 5.2(3)).

Similarly, we can show that x®sa € Ry.

Thus, R, is an Id of @, that follows from (a)-(c).

(2) First, we will show R, # Q=n(Ry) # Qu, ie., Ry = Q1 < n(Ry) = Q.. For this let R, = Q; since n is
onto, so we have 1Ry =n(@Qi) = Q.. Conversely, let n(R,) =Q; ThenV x€ Q;, we have
n(x) € n(Q1) = Q2 = n(Ry). Then, by Lemma 5.2(3), we have x € Ry, This implies that R; = Q. Let R, be a
PId of Q;. This implies that R, is anId of Q; and Ry, # Q1. Then, by (1), L) is also an Id of Q, and we know
that n(Ry) = Lyw) # Q2. Now, let x,y € Q; and xOzy € L. Since n is onto then 3 a, b € Q such that
n(a) = x, n(b) =y, so N(a®1b) = N(@)On(b) = XxOzy € Lyw). By Lemma 5.2(3), we have a®;b € Ry, Since
Ry is a PId of Q, so we have a € R;; or b € Ry This shows that x € L, = n(Ry) or y € Lyw) = n(Ry).
Hence, L, is a PId of Q. Conversely, let £, be a PId of Q,. Then, L, = n(Ry) # Q2, so we have R, # Q.
Since L,y is an Id of Qz, so by (1), Ry is an Id of Q. Let a,b € Q; and a, b € R;. Then, this implies
N(@)®2n(b) = n(a®1b) € n(Ry)- Since L,y =nRy) 1is Pld, do n(a) € n(Ry) or n(b) € n(Ry). By Lemma
5.2(3), we have x € R, or y € R,. Hence, Ry, is a PId of Q;. (3) and (4) proofs are similar to (1) and (2).

Proposition 5.4. Let n be an epimorphism and £ be a CPR on Q. Set
R={(a,b) € Q1 x Q,: (n(a), (b)) € L}

Then, V @ # U € Q, and the following hold
@M R, isanld of @ © L,y is an Id of Q.
(@ RyisaPldof Qi€ L,y is a Pld of Q,.
() R, isaSPld of Q1 © L, is a SPId of Q.
@ R,yisasSQofQ; e L,y isasQ of Q.

Proof. The proof is similar to Theorem 5.3 proof but for lower approximation. O
Remark 5.5. Theorem 5.3 and Proposition 5.4 hold also for foresets.

Theorem 5.6. Let 17 from Q1 to Q, be an epimorphism WQH and L be a CPR w.r.t. aftersets on Q; and A be a FSST
of Qy. Set
R={(a,b) € Q1 x Q1 : (n(a), (b)) € L}.
Then, the following hold:
(M R, isaFldof Q © L,y is a Fld of Q,.
(2 R, isaFPId of Qi © L,y is a FPId of Q,.
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() R, isaFSPId of Q; © L, is a FSPId of Q,.
(4) R, isaFSQof Qe L,y is aFSQ of Qy,

VieriawAk), if na) # @Va € Q,,

where n(A)(a) = 0 otherwise

Proof.
(1) Note that (n(A))q* = n(A,*) for each a € [0,1]. Also, (R)a* * @ €Ly, * D R, is a FId of Qy. Then,

Loy, * D if Rﬂw % @ for all a € [0,1]. Theorem 4.14 shows that R 2,18 an Id of Q. Also by using
Proposition 4.8, we obtain (R,)¢*, Which  is an Id of Q;. Theorem 5.3 (1) and Proposition 4.8 imply that
Laay, = Lyaa” = Lya, is an 1d of Q,. So, by Theorem 4.14, we obtain L), which is a FId of Q,.
Conversely, let L, be a FId of Q, Using Theorem 4.14 and Proposition 4.8, we have
Loy, = Lywat = Ly, which is an Id of Q. Theorem 5.3 (1) implies that R 2.+ is an Id of Q,. Hence,
Theorem 4.14 shows that R, is a FId of Q.

(2) LetR; beaFPIdofQ.If Ly, * @, thenR, , # @foreacha € [0,1]. SinceR; is aFPId of Qy, then by
Theorem 4.18 and Proposition 4.8, we have (R)q* = R A which is a FId Q1. Thus, Theorem 5.3(2) shows
that £ a),= (Lyaa* = Ly, which is an FId of Q,. Now, using theorem 4.18, we have £, , which is a
FPId of Q,. Conversely, let £, be a FPId of Q; Thus, using theorem 4.18, we have Ly, .=
(Ly)a = .Z:q(/\ag, which is a PId of Q,. Thus, using Theorem 5.2(2), we have R A which is a PId Q.

This impies that R, is a FPId of Q; by Theorem 4.18. The similar proof of (3) and (4) can be obtained
from Theorem 5.3. O

Proposition 5.7. Let 1 be an epimorphism and L be a CPR on Q; and A be a FSST of Q. Set
R={(a,b) € Q1 xQ1: (n(a), n(b)) € L}

Then, the following hold
(M) R, isaFId of @ © L, is a FId of Q.

(2) R, isan FPId of Q; © Ly is a FPId of Q,.
3 R, is an FSPId of Q; © Lo is a FSPId of Q,.
(4) R, isanFSQ of Q1 © L, is a FSQ of Q,.

Proof. The proof of Proposition 5.7 is similar to the proof of Theorem 5.6. O

6 Conclusion

This study is dedicated to introducing new relation of BIRs, rough fuzzy sets, and fuzzy substructures of
quantale. This combination produces more general results that are more inclusive.

This type of study is formulated with respect to BIRs. We investigated the compatible and complete
relations in terms of aftersets and foresets with the help of BIRs between two different quantales. We
investigated the compatible and complete relations in terms of aftersets and foresets with the help of BIRs
between two different quantales. We also studied how the results developed behave under rough fuzzy
environment. Further roughness of fuzzy substructures in different algebraic structures can be studied as:
1. Roughness of fuzzy substructures of rings based on BIRs.

2. Rough fuzzy substructures in quantale module with respect to BIRs.
3. BIRs applied to fuzzy substructures in module under rough environment.
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