DE GRUYTER Demonstratio Mathematica 2023; 56: 20230108 a

Research Article

Mohamed Abdelwahed* and Nejmeddine Chorfi
On the problem of detecting source points
acting on a fluid

https://doi.org/10.1515/dema-2023-0108
received May 18, 2023; accepted August 31, 2023

Abstract: The detection problem of a finite number of source points acting on a steady incompressible fluid
flow from overdetermined boundary data was studied. The approach used in this study deals with the
topological sensitivity technique. An asymptotic analysis of a prescribed cost function with respect to
the domain perturbation was developed. Some numerical results to illustrate the efficiency and robustness
of the developed source point detection algorithm were presented.
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1 Introduction

Consider Q C R?, an open-bounded domain occupied by a stationary viscous incompressible fluid flow gov-
erned by the Stokes equations:

-VAu+Vp=F in Q
divu=0 in Q ()]
u=u*on T,

where u is the fluid velocity, p is the pressure, v is the kinematic viscosity, u* is a given boundary velocity on
the boundary I' = 2, and

N
F= Zﬁé‘xi
i=1
is a source term representing the total action of a finite number of particles, where &y, represents the Dirac
function at x; € Q and #; is a constant source point force. We suppose that a given other boundary condition
a(u, p)n = ¢ on the stress tensor, 0(u, p) = —pI + u(Vu + VuT) is given on T, where I denotes the 2 x 2 identity
matrix and n is the unit normal vector along the boundary I'.

The aim is to identify the unknown source points [1]. Such a problem can be motivated by the study of the
flow near colloidal particle phenomena [2,3]. This problem has been studied in [4] using a game strategy
approach.

Our purpose is to use the topological sensitivity analysis method [5-11] associated with Kohn-Vogelius
formulation [12-15] to solve this problem. We begin in Section 2 by the state of the detection point source
inverse problem. Section 3 is devoted to the asymptotic development analysis based on the topological
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sensitivity method. In Section 4, an iterative algorithm based on the developed approach is presented. Finally,
some two- and three-dimensional numerical tests are presented in Section 5 to illustrate the efficiency of the
presented algorithm.

2 Detection of source point problem

2.1 Direct problem

The direct problem consists in studying the action of source points on a viscous incompressible fluid described
by the Stokes equations (1).

Because of the divergence-free condition, we suppose that u* satisfies the following compatibility
condition:

Iu*. nds = 0. )
r

To discuss the well-posedness of the direct problem, we introduce the fundamental solution (E, P) of the
Stokes equations in the two-dimensional case

1
EQ) = 7= - (0g(I + e€]) and P(y) = ﬁ

with r = ||y|, & = y/r, and ¢ is the transposed vector of e;.
The solution (u, p) to (1) can be decomposed as:

Uu=us+u and p=p, +p,

where (u, p;) is a function with a finite number of singularities coinciding with the locations of the source
points. It is the solution to:

N
—VAug + Vp, = ) 6y, in R,
i=1 3)
div ug=0 in R2.

The second part (i, p,) is a regular function solution to:

—-VAu, + Vp. =0 in Q,
div u,=0 in Q, 4
ur=u*-vs; on I.

We have the following result ([16,17] for the proof).
Theorem 2.1. Suppose that the boundary T is of class C™, m = 1. Ifu* € H™ VX(T) verifying (2), then Problem (1)
admits a unique solution (u, p) satisfying

u=us+u and p=p,+p,,
with (us, p,) solution to (3), given by:

N N

us= Y UC-x)F and p,= ) P(-x). T3
i=1 i=1

and (uy, p,) € H™(Q) x H™Y(Q) solution to (4).
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2.2 Inverse problem

The inverse problem consists in finding the number N and detecting the source point locations x; using
measurement of the stress tensor a(u, p). n on the boundary I'. The following theorem gives an identifiability
result (see [12] for the proof).
Theorem 2.2. Let (uy, p;), k = 1, 2, be the solutions to:
Nk
—VAuy + Vp, = foaxik in Q,
i=1
div u, =0 in Q,
Uy = u* onT.

Then, if o(uy, p,)- nir = o(uy, p,)- nyr, we have
N'=N2=N, Fr=7% xt=x% and i=1,.,N.

We conclude that using Theorem 3.1, the number and locations of source points are uniquely determined
by a single measurement of the stress tensor o(u, p). n on the boundary I

3 Topological sensitivity approach

3.1 Variation of the cost function with respect to small topological perturbation
3.1.1 General results

For1<p <2, let
G:LP(Q? - R

6
rooe e ’
be a differentiable functional on LP(Q)2. We have
VG(N)6f = [RSF 0, Vf € LP(Q) ©)
Q

where R denotes the Riesz representative of the differential VG(f). We want to study the variation of the
functional G with respect to a finite topological perturbation of f on the form:

if x € @,

?
800 = [o if x € Q\a, ?

where & € R? is a constant vector and @; is a geometry perturbation of size £ > 0 small enough.
We make the following assumptions.
Hypothesis 3.1
* The function G is differentiable, and there exists constant y; > 0 such that
forall f€ LP(Q)?, |1G(f+ &) - G(f) = VG(NSf| < 1 16fpgp, VO € LP(Q)™ ®
* The function R is Lipschitz continuous, i.e., there exists a constant y, > 0 such that
IRC) = RO < plix =yll,  Vx,y € Q. (€)]

The following theorem gives the variation of G.
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Theorem 3.1. If Hypothesis 3.1 holds, we have
G(f+ 8f.) = G(f) = p()F - R(Xo)} + 0(p(e)), 10

where p(e) = meas(w;).

Proof. First, we have
IG(f+ &) - G(f) - p(e)F - RXo)| < IG(f + &) - G(f) - VG()Ef,| + ING(F)Sf, - p(e) F - R(Xo)l. 1
Thanks to (8), we derive
IG(f+ 8) = G(F) = VG(NSl < vy 16 Iy 0
Using (7) and the fact that p < 2, we obtain
16f, I35 gy < c(P(&)P)? = cp(e)*'? = o(p(e)).

Therefore,

IG(f + &f,) - G(f) = VG())éf.| = o(p(e)). 12)

For the second part in (11), we have

R f,00x - pe)F - R | = | [RE) - ROw) 8, 00dx |
Q Q

It follows from (9) that

[Rr008F.00dx - p@)F - RO < I = ol COlldx = 71 [ llx = xolldx < ylIFllepte).  A3)
Q Q @,

€

Finally, using (12) and (13), we deduce the desired result. O

3.1.2 Perturbation of the Stokes problem

Consider now the Stokes problem case:

-VAu +Vp=F in Q,
divu=0 in Q, (14)
u=u*onT.

For all F € I%(Q) and u* € HV(T), Problem (14) has one solution (u, p) € H{(Q) x L(Q). For more details and
proof, one may consult [18] or [17].

Using a weak formulation of the previous system, one can show that u is the solution to the following
variational problem:

uew,
A(u, w) = L(w), Yw € VY,
u=u*onl,
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with
VY ={w € H{(Q), div w = 0},
(VO = {W € (Vy er = 0}1

A, w) = VIVV Vwdx, Vv,we€ Y,
Q

L(w) = JFwdx, Yw e V.
Q

Obviously, A is a continuous bilinear form on V x <V and L is a continuous linear form on V.
For all f € LP(Q)%, we denote by Ly the following linear form:

Lf VvV —-R
w— Lp(w) = L(w) + If(x)w(x)dx.
Q

We have the following lemma.

Lemma 3.1. The map

LP(Q)* — L(V)

(15)
f—=Lf

is continuous for p > 1.

Proof. Thanks to [19] (Theorem IX.16), we know that HY(Q) C LI(Q) for 1 < q < +. It is well known that if

v € LP(Q) and w € LP:(Q), the product v - w € LP(Q) with% = pi + pl.
1 2
Consequently, the map f+~ Ly is continuous as soon as
1 1
—+—=1 (16)
p q

Then, combining equation (16) and the conditions on q for which we have H(Q) C LI(Q), we deduce that the
map is continuous for p > 1. O
In the following, we denote by uy € V the unique solution of the following variational problem:
Alur, w) = Liw) VYw € VO, @an
and we consider the cost function G defined by:

G: LP(QP? — R

o= G =), =

where | is a given functional defined on Q.
If J is differentiable, using the Lagrangian method, one can prove that the function G is differentiable and
we have

VG(Sf = - [6f (). yiodx,  Véf € Lr@), 19)
Q

where vy € V0 is the solution to the associated adjoint problem:

AW, vy) = -DJ(up)w, VYw € V0. (20)
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Relations (6) and (19) involve that
R = -vp. 21

We note that the regularity of R depends on that of the functional J.
Let us consider now the following particular case:

f=0, and & =df,.

Posing j(e) = J(u.), where u, is the solution uo.s;,. We deduce the following result using Theorem 3.1.
Proposition 3.1. The cost function j has the following asymptotic expansion:

J(&) = j(0) = p(e) {=F. vo}(Xo) + 0(p(e)). (22)
3.2 Cost function examples

We now discuss Hypothesis 3.1. We consider the standard example of a cost function that we will use in
numerical tests:

J) = _[Iu - UPdx, 23)
Q
where U € H(Q).

Proposition 3.2. The cost function (23) satisfies Hypothesis 3.1 with

VG () = [vy. 6fax, vsfe 1p(@p,

Q

with vy € V0 solution to the following adjoint problem:

Aw, vy) = —zj(uf - Wwdx, Ywe V.
Q

Proof. It is easy to show that ] is differentiable on V and we have

Dj(ww = Zj(u -U). wdx, VYwEeE V.
Q

Then, the adjoint solution vy is the solution to:

Vv € Vo,
Aw, vp) = =2 [y - 1ywdx,  Vw € VO, @24)
Q
Using (18), (19), and (23), we obtain
G(f+ ) = G() = VG (N)SF = [lugesy - UPAx - [luy - 1pdx - [vy - fdx
Q Q Q
25)

=2 [y = U). oy - up)dx + ltgeay - iR - [vy - fdx.
Q Q
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Recall that uy € V is the solution to:

[ﬂ(uf, w) = Li(w), Vw €YV,
u=u*onT.

Then, (us+sr — Us) € VO satisfies

Augprsr = Up, W) = I&f- wdx, VYw € VO
Q

Choosing w = us.sr — Uy in (24) and w = vy in (27), we deduce

ZJ’(llf - (L[) (uf+5f - uf)dx = I(Sf Vfd.X.
Q Q

Hence,
G(f+ ) - G(f) = VG(N)Sf = lupeer — wrllfo-
To estimate the term |[ug.s — ufllﬁyg, we need to suppose that the perturbation &f has the form:

F, if x € w,

FOO=1" it xeam,

where F € R? is a constant vector and € > 0 is small enough.
Posing wy = Us.sr - U and sy = py, 5 — Py, then (wy, sy) € Hy(Q) x L§(Q) is the solution to:

—VAW; + Vsp =6 in Q,
div wp=0 in Q,
wr=0 onTI.

Then, there exists a positive constant ¢, independent of f, such that

Iwelid g < cI&f. wydx.
Q

—_— 7

(26)

(27)

(28)

We choose p = 13/10 and g = 13/3. Using the Holder inequality and the Sobolev embedding theorem, we derive

I5f' WrdX < |[Sf ||psiogg,) [[Wellpsisg) = Cp(£)1°/13||wf||119,
Q

Hence,
lupesr = urllso = llwrlli o = o(p(e)).
Using (28) and (29), we deduce
G(f+8f) - G(f) - VG())éf = o(p(e)).

4 Numerical algorithm

(29)

As an application of the previous theoretical results, we use Formula (22) to detect locations, intensity, and

number of source points acting on fluid governed by the Stokes equations.
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Let Q be a two-dimensional domain occupied by the fluid containing some source points
S=1{si= (X, F1),1 < i< N}, where X; and #; denote, respectively, the position and intensity of the source
point i and N; the total source point number.

Our aim is to identify S using a boundary measurement ¢ of the stress tensor.

4.1 The inverse problem

The inverse problem that we consider can be formulated as follows:
Given u* a velocity on the boundary I, satisfying the compatibility Condition (2), find the set of source
points S such that the solution (u*, p*) to

N

—VAUS + Vps = ) FiSx, in Q,
i=1

div us=0 in Q,

us = u* onT

satisfies a(u®, p¥)nr = ¢.

4.2 The cost function

Since the boundary condition is overspecified, we use the Kohn-Vogelius criterion:
J(S) = Jup, uf) = [lup - ugfdx,
Q

where (up, p;) is the solution to the Stokes equations with the Dirichlet condition on T

Ny

—VAu + VpS = ) Fidy, in Q,
i=1

div up=0 in Q,

up = u* on T,

and (uy, py) is solution to the Stokes equations with Neumann condition on T:

N,
-vAuy + Vpy, = Y FiSx, in L,
i=1

div uy; =0 in Q,
uy =0 on I3,
a(uy, pyn=¢ on T.

We note thatT'=T; UL, with; N I, = & and u* is equal to u; on I} and 0 on L.

4.3 Topological gradient

To compute the topological gradient, we need to solve the following problems:
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* The two direct problems

—VAup + Vp, =0 in Q,
div up=0 in Q,
up=u* on T,

-vAuy + Vpy =0 in Q, (30)
div uy =0 in Q,
uy=0 on Ij,
o(uy,py)n=¢ on I.

* The two adjoint problems

—-VAvp + Vg, = -2(up - uy) in Q,

div vp =0 in Q,
vp=0 on T,
(3D
—VAvy + Vqy = 2(up - uy) in Q,
div vy =0 in Q,
a(vy,vy) n=0 on I.
Using Proposition 3.1, the topological gradient is given by:
§j(x) = -F {vp(x) + vy(x)}, Vx € Q. (32)

4.4 Algorithm

Our identification problem can be formulated as a topological optimization problem: find the optimal location
of the disks s; = B(X;, r;) of center X; and radius 73, 1 < i < N, inside the domain Q minimizing the considered
objective function. We propose, in this case, a multi-iteration process in the following sense:

At the first iteration, we keep only one force location corresponding to the “most negative” topological
gradient. The next iteration repeats the same procedure in the new domain obtained after inserting the force
detected during the previous iteration.

We use the following numerical algorithm:
¢ Initialization: choose Q¢ = Q, and set k = 0.

* Repeat until target is reached:
- solve (30) and (31) in @,
- compute the topological sensitivity &j, given by (32),
—set Qi1 = {X € Q, i (X) > Crs1} Where ¢4 is the chosen constant,
-k<k+1.

We propose an adaptation of the previous algorithm to our context. We consider the set:
X €Qu;  Gp(X) < kel

Each connected component of this set is a neighborhood of a point source detected by the algorithm. In
numerical computations, we have used ¢x+1 = 0.8k, where k is the most negative minimum of &j, (x).

In the aforementioned algorithm, Systems (30) and (31) are discretized by a finite element method. The
numerical simulations are carried out using a developed 2D numerical software.

In practice, certain stopping criteria can be implemented successfully, such as the volume of material to
remove [6], the number of the holes to insert [5], or the number of obstacles to detect [7]. In our case, we have
imposed that the value of §j must be positive as a stopping criterion.
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Figure 1: Isovalues of & at each iteration showing the position of the detected source point (black dots) corresponding to the minimum
found: (a) Iteration 1, (b) Iteration 2, (c) Iteration 3, (d) Iteration 4, (e) Iteration 5, and (f) Iteration 6.
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5 Numerical tests

The numerical test concerns the detection of the optimal location of the well-separated source points in a two-
dimensional case.

Consider Q =[0,1] x [0,1] a two-dimensional domain discretized by a non-uniform triangular mesh
consisting of 441 vertices and 800 triangles. The goal is to detect some source points X; = (x;, ;) in Q having
forces F; = ( fl.l, fiZ ),1 <1< N.Ateach iteration, a new force is localized on the detected point and its support is
represented by a disk of center X; and radius 0.01. We impose the velocity boundary conditions u* = 0 and
¢ = (0;-2) on the boundary of the domain.

We consider two test cases. The first corresponds to the detection of a certain number of source points
having forces of the same intensity. The second corresponds to the case of forces of different intensities.
Finally, we studied the effect of the distance between two source points on the detection algorithm.

5.1 Source points with the same force

We consider as an example the case of five source points with the same force #; = (1,1), 1 < i < 5. Using
Algorithm 4.4, we show in Figure 1 the obtained isovalues of §j at each iteration. The obtained exact source
point location, corresponding to the minimums found, is given in Figure 2. They represent the exact force point
location sought.

= 0216 SELETeA = 0palg 9029 0 00326 O-00ITe 1 41599

Figure 2: Exact location of the source points (black dots) corresponding to the minimums found after five iterations.

Table 1: Source points location X;, 1 < i < 5 and their associated forces

Point source Location (X;) Force (%)

1 x=08,y=02 Fx=10,F,=10

2 x=03,y=025 Fx =10, F, =00

3 x=0.75, y = 045 Fx =-10,F, =-2.0
4 x =025,y =0.65 Fx = 0.0, Fy=-10
5 x=0.7,y=0.75 Fx=-10,F,=10
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Figure 3: Isovalues of §j showing the exact location corresponding to each global minimum found (black dots): (a) Iteration 1, (b)
iteration 2, (c) iteration 3, (d) iteration 4, (e) iteration 5, and (f) iteration 6.
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Figure 4: Isovalues of &j showing the exact locations (black dots) and the local minimums (obtained locations) for different values of d.
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We remark in Figure 1(f) that the value of & is positive, which corresponds to the convergence of the
algorithm, and confirm that the algorithm determines the exact number of points, taken equal to 5 in the
numerical test. In Figure 2, we present all the five source points detected.

Note in this test case that the algorithm used can determine all the source point locations in a single
iteration (Figure 1(a)). This was made possible in this case because the forces are equal.

5.2 Source points with different forces

We consider as an example the case of five random source points with different forces #;,1 < i < 5 defined in
Table 1. Using Algorithm 4.4, we show in Figure 3 the obtained isovalues of §j at each iteration. The obtained
global minimum at each iteration corresponds to one of the exact source point locations.

We remark in Figure 3(f) that the value of §j is positive, which corresponds to the convergence of the
algorithm, and confirm that the algorithm determines the exact number of points, taken equal to 5 in the
numerical test.

5.3 Effect of the distance between two source points

We study the effect of the distance d, separating two source points, on the identification result.

We consider two source points s; = B(X;, r) and s, = B(Xp, r) having the same size r = 0.02 and separated
by a variable distance d.

For each value of d, we have used Algorithm 4.4 for detecting the corresponding optimal source points
location. We present in Figure 4 the isovalues of the obtained &j for different values of d. We show that the
exact location, corresponding to the most negative value of §j, can be found when the distance between the
two source points decreases until a weak distance between the source points corresponding to the mesh size
(d 2 0.05 in this test case). Less than this distance, the algorithm detects only the region containing the two
source points, which can be seen as a single “equivalent” one.

6 Comments and conclusion

In this work, a new procedure for the detection of source point location from overspecified boundary data
based on minimizing a Kohn-Vogelius-type function is presented. This detection procedure has two main
characteristics that make it an interesting method.

The first is its simplicity to be extended to practical situations involving other applications using other
partial differential equations such as tumor localization and the detection of wild wells in hydrology.

The second interesting characteristic is the speed and accuracy of the presented algorithm.

This work focuses on the topological sensitivity analysis and its numerical application. Another mathe-
matical question of great interest could be discussed. It corresponds to the detection of source points with
incomplete boundary conditions, because several causes can lead to such a situation, in particular when parts
of the boundary are not accessible to measurements, or when the boundary conditions cannot be precisely
given on them.
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