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Abstract: Due to the absence of a negative of three membership functions, there are drawbacks to the existing
definition of a picture fuzzy graph (PFG). In that definition of bipolar picture fuzzy graph (BPFG), membership
function, neutral membership function, nonmembership function, negative of membership function, negative
of neutral membership function, and negative of nonmembership function are involved. A BPFG is the
extension of PFG. In this manuscript, we present some properties of symmetric difference, and rejection
of BPFG.
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1 Introduction

Graph theory, a fascinating branch of applied mathematics, has a rich history characterized by multiple
independent discoveries. Notably, Euler, a prominent mathematician from 1707 to 1782, made a significant
breakthrough in 1736 by solving the famous Konigsberg bridge problem. Around a century later, in 1847,
Kirchhoff introduced the theory of trees, aiming to address the complex set of simultaneous linear equations
governing the flow of electric current within intricate networks of circuits and branches. Graphs, as funda-
mental components of graph theory, have proven to be an exceptionally versatile tool for modeling a wide
array of real-world processes. They are instrumental in representing the intricate relationships between
various entities within complex systems, ranging from ecosystems to electrical and computer networks,
and beyond. Euler’s groundbreaking solution to the Konigsberg bridges puzzle in 1735 laid the foundation
for the development of graph theory and led to some fundamental insights about graphs as mathematical
structures. Notably, the pursuit of solving diagram tracing puzzles also contributed to the discovery of con-
cepts that would later be recognized as defining features of specific types of graphs. It was not until the late
nineteenth century that Rouse Ball made the pivotal connection between diagram tracing puzzles and the
Konigsberg bridges problem, as documented in his work “Mathematical Recreations and Problems.” This
historical narrative underscores the iterative and collaborative nature of mathematical discovery, where
ideas and concepts are gradually linked, refined, and consolidated over time.

Graph theory has applications in social science, data analysis, topological space, video recognition, cluster
analysis, algebra, laser scanners, and communication. The majority of classical set for formal modelling and
reasoning are straightforward and predictable. Crisp is a yes or no person who cannot accept less or more. A
statement in classical dual logic is either true or false, with no in-between. In set theory, an element is either in
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or out of the set. Zadeh [1] introduced fuzzy set (FS) as an effective and acceptable extension of crisp set for

dealing with ambiguous and obscure data in unpredictable circumstances. It is defined as a true membership

function with ranges in [0,1]. These concepts play a key role in understanding situations involving approxima-
tion reasoning as well as illustrating complex occurrences that conventional mathematics finds difficult to
completely explain. Traditional FSs are expanded upon or extended by image FSs and bipolar picture FSs.

Atanassov [2] established intuitionistic FS involving two degrees.

Fuzzy graphs (FGs) have a wide range of applications due to their ability to deal with uncertainty and
imprecision in a structured mathematical framework. They are critical tools for simulating real-world systems
in which relationships are not strictly binary but exhibit degrees of ambiguity. FGs can be used to factor in
multiple criteria and preferences in fields such as decision-making, allowing for more informed decisions.
They play an important role in pattern recognition by accommodating fuzzy patterns that do not neatly fit into
predefined categories, thereby improving applications such as image processing and machine learning.
Furthermore, in complex systems modelling, they are critical for capturing the intricate, ever-changing rela-
tionships within transportation networks, social networks, and biological systems.

Unipolar intelligence is less fundamental than bipolar intelligence based on truth, and calmness is a
constraint for truth-based environments. When reality disappears in a black hole owing to Hawking radiation
or specified/anti-particular emissions, the most powerful phenomenon that endures is bipolarity. A bipolar
fuzzy graph (FG) is a mathematical model that extends the traditional FG concept by introducing bipolar
membership values. Unlike standard FGs, which typically represent the strength of connections between
nodes using positive values between 0 and 1, bipolar FGs allow for the inclusion of both positive and negative
membership values. This additional dimension of information allows for a more nuanced representation of
relationships, with positive values indicating positive influence or affinity and negative values indicating
repulsion or opposition. Bipolar FGs are used in decision-making, sentiment analysis, and modelling complex
systems where the direction and polarity of connections between elements are critical to understanding the
network’s dynamics. A bipolar picture FS is more fundamental than picture FS.

On the other hand, Rosenfeld [3] presented a new idea of one degree FG. After that, some researchers
studied about FG [4-6], bipolar FG [7-9], and fuzzy analysis or fuzzy algebra [10-18]. The concept Bondage
number in intuitionistic FG is discussed by Shao et al. [19]. Zuo et al. [20] initiated the concept of picture fuzzy
graph (PFG). Coung [21] worked on PFG. Shoaib et al. [22-25] worked on different classes of FGs. Shoaib et al.
[26] discussed the concept of upper and lower truncation of PFGs. Khan et al. [27] introduced a BPFG. We
present some properties, namely symmetric difference and rejection of bipolar picture fuzzy graph (BPFG).
Research objectives
(1) Develop a generalized model called the bipolar picture fuzzy model, which extends the existing picture

fuzzy model.

(2) Define the membership grades within the bipolar picture fuzzy model, which consist of six functions: the
membership function, the neutral function, the non-membership function, negative of the membership
function, negative of the neutral function, and negative of the non-membership function.

(3) Investigate the operations, namely rejection and symmetric difference, of BPFG with the help of examples
and theorems.

Some abbreviations in word form are shown in Table 1. PFG and BPFG are both important extensions of FG
that allow for the representation of uncertainty. PFGs represent relationships in three dimensions, whereas

Table 1: Abbreviations

Abbreviation Word

BPFG Bipolar picture fuzzy graph
PFG Picture fuzzy graph

FS Fuzzy set

FG Fuzzy graph
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BPFGs add another dimension by including positive and negative influences, resulting in a richer model for
certain applications.

2 Preliminaries

In this section, we lay the foundation with fundamental definitions, revisiting key concepts to pave the way for
a thorough exploration of vertex degree. Our objective is to foster a keen interest in understanding this notion
more deeply. We use the symbols v to denote maximum values and A to represent minimum values.

Definition 2.1. [27] The functions Y, ¢y, ¥y, aw, By, and y,,, are defined on the set E, which is a subset of VXV,
and they map to particular intervals: [0, 1] for y,,, ¢, and ¥, and [-1, 0] for aw, By, and y;,.. These operations
meet the following conditions:

X (PO = Ay (D), Xy (D}
ow (P < Ndy(p), ¢y(@)},
Yy (pq) 2 V{y(p), Yy(@)},
aw(pq) = Viay(p), ay(q)},
Bw(pq) = V{By(p), By(D},
Yw(P@) = AMyy(P), vu(©}

The sum of y,(p), ¢;(p), and Y, (p) lies between 0 and 1, expressed as 0 < y;(p) + ¢y(p) + Yy(p) <1, for all
p inV.The sum of ay(p), B;(p), and y,(p) is within the range of -1 to 0, denoted as-1 < ay(p) + By(p) + yy(p) <0
for all p in V. Similarly, the sum of y,, (pq), ¢,,(pq), and ¥,,(pq) is bounded between 0 and 1, expressed as

0 < (P + ¢y (pq) + ¥y, (pq) < 1 for all pq in E. The sum of aw(pq), B, (pq), and y,,(pq) falls within the
interval [-1,0], represented as -1 < aw(pq) + By, (pq) + vy (pq@) < 0, for all pq in E.

Example 2.2. Consider a graph comprising three vertices, denoted as p, ¢, and r, along with three edges: pq, qr,
and rp, configured in the following manner (Figure 1):

p(0.4,0.2,0.1,—0.3,—0.2, —0.1)
S 0
AR

(0.1,0.2,0.1,—0.1, 0.1, —0.2)
¢(0.1,0.3,0.1,-0.2, —0.1, —0.1) r(0.2,0.4,0.1,—0.1, 0.1, —0.2)

Figure 1: BPFG.

3 BPFG

Definition 3.1. [22] Consider a crisp graph denoted as G* = (V, E). When we have a non-empty universal set X,
we introduce the concept of a picture FS, which can be denoted as U = <p : y,(p), ¢,(p), Y,(p)>, p € X. The
constraint applies within this context: 0 < y,(p) + ¢,(p) + Yy(p) < 1. Specifically, y, : V — [0, 1] signifies the
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degree of the true membership function, ¢, : V — [0, 1] represents the degree of the neutral membership
function, and ¥, : V - [0, 1] characterizes the degree of the falsity membership function. In addition, we
establish the concept of the refusal membership degree as my(p) =1 - x;(p) + ¢y(p) + Yy(p).
Definition 3.2. A BPFG G = (U, W) on a graph G* = (V, E) is said to be strong if

Yw (PD) = Ay (D) X (D},

w(pg) = AMoy(P), du(@)},

Uy (@) = V(P Yy(D}

aw(pq) = Viay(p), av(q)},

Bw(pq) = ViBy(P), By(@)},

Yw(P@) = Ayy(P), Vy(@)}

Vpq in E.

Definition 3.3. A BPFG G is said to be complete if
Yw (P@) = ANy (D), Xy (@}
P (pg) = A{dy(P), y(@},
by (@) = V{Yy(P), Yy(D}
aw(pq) = Viay(p), av(Q},
Bw(pa) = ViBy(p), By(@)},
Yw(PD) = Ayy(P), Yy(@)}

Vp,qinV.

4 Operations on BPFG

Definition 4.1. The rejection G|G; = (U1|U;, Wi|W;) of two BPFGs G, = (U, W;) and G, = (U;, W;) on crisp
graphs G{(W,, E;) and G,(V4, E») is defined as follows:
®
O, U ) (ke ko)) = Ay, (K, X, (Ko}
(Bl b)) = A {6y, (KD, Gy, (F)}
Wi 0K, F)) = VAW, (), i, (R}
(ay|ap) (R, ko)) = Viay(k), av,(k)}
(Bu|Bu,)((k, ko)) = v {By,(k), By,(Ka)}
Vv (s k) = ALy (), Y ()}
V(k, k) € (h x W),



DE GRUYTER Rejection and symmetric difference of bipolar picture fuzzy graph == 5

(i)
o W )M, KD, 1)) = At (M), X, (R, X, (1)}
(B9, (M, 1)) = ALy, (M), By (), By (M)}
W Y )M, (M, 12)) = V{8, (), Yy (), Yy ()}
(awlaw,)((M, kp)(m, n2)) = viay,(m), ay,(ky), ay,(nz)}
(Bu B )M, )M, 15)) = V(B (), By (o), By (o)}
V) (M, )M, 1)) = Afyy (), vy (o), Vi (M)}
Vm e V; and kny & E,
(iii)
Oty o, (R, 2)(ma, 2)) = Ay, (R, X, (), Xy, (2)}
(Dus O ) (K, 2)(1a, 2)) = APy, (K, Gy, (), Py, (2)}
Wy [y, ) (R, 2)(1a, 2)) =V {Yhy, (K, Yy, (M), Yy (2)}
(awlaw,)((k, 2)(ny, 2)) = Viay,(k), ay,(n), ay,(2)}
(Bl By, (ke 2)(ny, 2)) = VB, (k). By, (M), By, (2)}
VsV ) (R, 2)(ny, 2)) = Ay, (R, Yy, (M), vy, (2)}

Vz€eV, and kn, € E;,
(iv)

Ot D (R ko) (e, ) = Ay, (Ko, X, (M), X, (K2, Xy, (2)}
(Dl D) (K, k) (Mg, 13)) = Ay, (K), Dy, (M), By, (Ka), Py, (M)}
Wy [y, ) (R, k) (Mg, n2)) = v {y, (k) Y, (), Yy, (Ke), Yy, (M2)}
(amlaw,)((k, ka)(m, n2)) = Viay,(k), ay,(m), au,(Ky), au,(nz)}
By |By, (K, Ko)(1a, n2)) = v 4By, (k) B, (M), By, (Ka), By, (n2)}
Vv, (R, k) (1, 12)) = Adyy, (K, Yy, (n), Yy, (K), Yy, (n2)}
Vin, € E; and kon, € E,.

Example 4.2. Suppose G; and G, are two BPFGs as in Figures 2 and 3. Figure 4 presents the rejection of two
BPFGs G; and Gy, that is G1|G, in Figure 4.

a(0.1,0.2,0.3, —0.1, —0.2, —0.3)

o
o
|
o
o
|
IS
|
3
[=}
o
o
=
S
°
(0.1,0.2,0.3, —0.1, —0.2, —0.3)
b(0.2,0.3,0.2, —0.2, —0.3, —0.2) ¢(0.1,0.2,0.3, —0.1, —0.2, —0.3)

Figure 2: G;.



e(0.1,0.3,0.2, —0.1, —0.3, —0.2)

(0.1,0.2,0.3, —0.1, —0.2, —0.3)

£(0.1,0.2,0.3, —=0.1, —0.2, —0.3)

Figure 3: G,.

(e.a) (d.b) (d.c)

(e,b

(f.a)

(f.b) (g:2)

Figure 4: G1|G,.

(0.1,0.2,0.3, —=0.1, —0.2, —0.3)

(d,b)=(0.1,0.3,0.2,-0.1,-0.3,-0.2)
(h,b)=(0.2,0.3,0.3,-0.2,-0.3,-0.3)
(9,¢)=(0.1,0.2,0.3,-0.1,-0.2,-0.3)
(h,c)=(0.1,0.2,0.3,-0.1,-0.2,-0.3)
(d,¢)=(0.1,0.2,0.3,-0.1,-0.2,-0.3)
(€,¢)=(0.1,0.2,0.3,-0.1,-0.2,-0.3)
(f,2)=(0.1,0.2,0.3,-0.1,-0.2,-0.3)
(fb)=(0.1,0.2,0.3,-0.1,-0.2,-0.3)
(9,a)(@,¢)=(0.1,0.2,0.3,-0.1,-0.2,-0.3)
(9,a)(€,a)=(0.1,0.2,0.3,-0.1,-0.2,-0.3)
9,0)(d,a)=(0.1,0.2,0.3,-0.1,-0.2,-0.3)
c)(e,0)=(0.1,0.2,0.3,-0.1,-0.2,-0.3)
b)(e,b)=(0.1,0.3,0.2,-0.1,-0.3,-0.2)
a)(e,c)=(0.1,0.2,0.3,-0.1,-0.2,-0.3)
(h,c)(f,c)=(0.1,0.2,0.3,-0.1,-0.2,-0.3)
(h,b)(f,b)=(0.1,0.2,0.3,-0.1,-0.2,-0.3)
(d,a)(f,c)=(0.1,0.2,0.3,-0.1,-0.2,-0.3)

(9,
(9,
(9,
(h,

(d,a)(d,c)=(0.1,0.2,0.3,-0.1,-0.2,-0.3)
(d,b)(f,b)=(0.1,0.2,0.3,-0.1,-0.2,-0.3)

(f.a)(f,c)=(0.1,0.2,0.3,-0.1,-0.2,-0.3)
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d(0.1,0.3,0.2, —0.1, —0.3, —0.2)
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9(0.2,0.3,0.1, —0.2, —0.3, —0.1)

(9,b)=(0.2,0.3,0.2,-0.2,-0.3,-0.2)
(9,2)=(0.1,0.2,0.3,-0.1,-0.2,-0.3)
(h,a)=(0.1,0.2,0.3,-0.1,-0.2,-0.3)
(d,a)=(0.1,0.2,0.3,-0.1,-0.2,-0.3)
(e,2)=(0.1,0.3,0.2,-0.1,-0.3,-0.2)
(e,b)=(0.1,0.2,0.3,-0.1,-0.2,-0.3)
(f,¢)=(0.1,0.2,0.3,-0.1,-0.2,-0.3)
(d,b)(g,b)=(0.1,0.3,0.2,-0.1,-0.3,-0.2)
(9,a)(€,¢)=(0.1,0.2,0.3,-0.1,-0.2,-0.3)
(9.a)(d,a)=(0.1,0.2,0.3,-0.1,-0.2,-0.3)
(9,¢)(d,c)=(0.1,0.2,0.3,-0.1,-0.2,-0.3)
(h,a)(f,c)=(0.1,0.2,0.3,-0.1,-0.2,-0.3)
(h,a)(f,a)=(0.1,0.2,0.3,-0.1,-0.2,-0.3)
(h,a)(e,a)=(0.1,0.2,0.3,-0.1,-0.2,-0.3)
(h,c)(e,c)=(0.1,0.2,0.3,-0.1,-0.2,-0.3)
(h,b)(e,b)=(0.1,0.3,0.3,-0.1,-0.3,-0.3)
(d,a)(f,a)=(0.1,0.2,0.3,-0.1,-0.2,-0.3)
(d,c)(f,c)=(0.1,0.2,0.3,-0.1,-0.2,-0.3)

(e,a)(e,c)=(0.1,0.2,0.3,-0.1,-0.2,-0.3)

(h,a)(h,c)=(0.1,0.2,0.3,-0.1,-0.2,-0.3)
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For node (e, a),

O, X, (@, ) = Ay (@), xy, ()} = A{0.1,0.1} = 0.1,
(Dy,19p,)((a, ©)) = AM{py.(a), ¢y, (e)} = A{0.3,0.2} = 0.2,
(W 1¥p)((a, ) = Vi, (a), Yy, (e)} = v{0.2,03} = 0.3,
(aplay,)((a, €)) = Viay,(a), ay(e)} = v{-0.1,-0.1} = -0.1,
(BuBy,)((a, €)) = V{By (@), By,(e)} = v{-02,-0.3} = 0.2,
W lvp)((a, €)) = Ayy (@), yy,(e)} = A{-0.3,-0.2} = -0.3

fora€ V;ande € 1.
Proposition 4.3. The rejection of two BPFGs G; and G; is a BPFG.

Proof. Suppose G; = (U, W;) and G, = (U,, W;) are two BPFGs on crisp graphs G; = (W, E;) and G, = (V,, Ey),
respectively, and ((k;, k;)(ny, ng)) € E; x Ej.
D) If kg = my, kony & Ey,
Oton Dl ) (i, R, 12)) = A, (), X, (o). g (M)}
< AAY (R X by A Dt (1), g, (M)
= MO, ) (ks ko), O, D, ) (e, o)},

(Pl P, )((ka, ko) (M, 1)) = Ay (), by (o), by, (n2)}
< MA@y (R), Oy, (ko) A {@y, (), @y, (n2)}}
= M9y |0y,)(K, k), (D | Dy, ) (1, )},

|y ) (s k)(My, 2)) = vy, (K, Wy, (k) hy,(n2)}
2 Vi{viyy,(k), Yy, ()}, v {Yy, (), Py, (n2)}}
= Vi 1Yy, (K, k), (P [y, )(ma, o)},

(aws ) aw,)(ka, k) (M, n2)) = Viay,(k), ag,(k), ay,(no)}
2 viviay,(k), ap,(k)}, v {ag,(m), ag,(n2)}}
= V{(aylay,)(k, k), (ay|ay,)(ny, ny)},

Byl B, ) (K, ko)(ra, n2)) = ViBy, (k). By,(Ka), By, (n2)}
2 V{V{By, (k) By,(ko)}, v {By, (), By, (n2)}}
= V(B |By,) (K, k), (By,| By, ) (M1, n2)},

YY) (R, k) (1, 1)) = Ay, (K, Yy, (K, Yy (M)}
< MY (), vy, (k)b A g, (n), Yy, (n2)}
= My lVe) (K, ko), (Y, |Vy,) (1, n2)3-

(ii) If kz = Ny, k1n1 & El,
Qs D, (ke Ka)(ra, n2)) = Ay, (o), X, (), xy, (R2)}
= /\{A{XUl(kl)’ XUZ(kZ)}’ A {XUl(nl)) XUZ(nZ)}}
= /\{(Xul |XUZ)(k1) ky), (XUl |XUZ)(n1y )},
(Dl U, k) 1) = Al (K, G (1), D (K}

< MMy, (k), Oy, (k)b A {@y, (), oy, (M3}
= A{(¢U1|¢UZ)(klﬁ kZ)) (¢U1|¢U2)(n1’ nZ)}:
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Gy [y ) (ki ko) (ra, n2)) = Vit (k), Y, (), Yy, (ka)}
2 Viv{yy,(k), Yy, (k)b V {Wy, (), Yy, (no)}}
= Vi, Yy, (K, ko), (W, [, (ra, no)},
(amlaw,)(k, ko)(ny, ny)) = Viay,(ky), ag,(m), ay,(k2)}
2 viviay,(k), ap,(k)}, V {ay,(m), ag,(no)}}
= V{(aylay,)(k, k), (ay|ay,)(m, ny)},
By | B, (K1, ko)(na, na)) = VB (K1), By, (n), By, (Ka)}
2 V{V{By, (k), By,(k2)}, V {By, (), By, (na)}}
= V{(By,|By) (K1, k2), (By| By, )(u, n2)},

V) (K, ko) (e, 1)) = Ay, (KD, Yy, (na), vy, (k2)}
< MMy, (k). vy, (k)b A vy, (n), v, (na)}
= Nylve) (K, k), (Vg [y, n2)}.
(iii) If k1n1 ¢ E, and kznz & Ey,

Ot X (K, ko) (M1, 1)) = Ay, (K, Xy, (M), X, (K2), X, (M)}
< AN, (R, X, (R)b, A ot (na), X, ()}
= MO, )k, ko), Oty X, ), n2)},

(Gl b)) (U, o)1, 1)) = Ay (R, By (o), Dy (R, X (M)}
< Ay (), B, ()b, A (B, (), By ()}
= A{(95,100,) K, K, (D1, (s, mo)},

W [Yw,) (K1, ko) (1, ) = V{Yy (k) Yy, (n), Yy, (Ka), Yy, ()}
2 V{v{yy,(k), Yy, (ka)}, v {thy, (), Yy, (no)}}
= Vi [ k), (B, )},
(awslaw)(ka, k2)(ny, n2)) = Viay,(k), ay, (M), ay,(ky), ay,(ny)}
= viviay,(k), ag,(k)}, V {ay,(m), ag,(no)}}
= V{(ay|ay,)(k, k), (ag|ay,)(ny, n)},
(BB, ) (K, k2)(na, n2)) = By, (k). By, (), By,(k2), By,(n2)}
2 V{V{By, (k), By,(k)}, Vv {By, (), By, (n2)}}
= V{(By B (R o), (BB (1, o)},
YY) (R, ko) (ra, n2)) = Ay, (K, Yy, (M), Vg, (Ko, Yy, (n2)}
< AMA Yy (KD, vy, (R} A {yy (n), vy, ()t
= My ve) ks ko), (g |V, (a, )}
Therefore, G1|G, = (Uy|U,, Wy|W,) is a BPFG.
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Remark 4.4. The rejection of two complete BPFGs G; = (U3, Wy) and G; = (U, W) is a complete BPFG.

Definition 4.5. Suppose G; = (U, W;) and G, = (U, Wy) are two BPEGs on crisp graphs. For any node
(k, k) € V; x V,, we have

(d)oye,(ki, k) = > Ot D, ) (1, Koy, 1))

(K1, kz)(ny,nz) EE1 X Ey.

= Y A (k) X (k) Xy, ()}

ki=ny,kony & E;

Y A (R, x (), Xy, (R}

k2= ny, k1n1 eE1

+ 2 A g, (k) X, (M), Y, (o), X (M)}

kni€E, and konp€E;

(dp)cyic,(k, ko) = > (B | ) (K, ka)(, n2))

(K1, k2)(n1,nz) EE1% Ey.

= Y Aok, ¢y k), P ()}

ki=ny, kona @ Ey

Y Ay k), ¢y (), by (k)

ky=ny, ka1 €Eq

+ 2 Ay, (k), By, (), By, (k) Gy (o)},

k1n1 $El and kznzeEz

(dy)cic,(ki, ko) = > W [¥w,) (K1, ko) (g, n2))

(k1,kz)(ny,n2) EE % Ey.

= Y V), vy k), Y ()}

ki=ny,kony&E,

YV k), Yy (), Yy (R}

ko=ng,kiny € Eq

+ 2 V (g, (K, Yy, (), Yy (k). Y (o)},

kﬂll €E1 and kznzeEz

(do)gyic,(k, k) = Z (awlaw,) (K, k2)(ny, nz))

(Fa, ky)(n1,n2) EE1X Ey.

= Y Viagth), agky), ag(n)}

ki=ny,kony € E;

+ Y Vagk), ag(m), ag(ke)}

k2= ny, k1n1 eEl

+ > v {ag, (), ay (), ap,(ky), ap,(n2)},

kﬂh&fl and szlzéEz

(dp)ayic,(Ki, kz) = > By | B, (K1, ko)(ny, na))

(Fa, kz)(ny,ny) EE X Ey.

= Y ViBuk), By k), B ()}

k1= ny, kznzeEz

+ Y VB k), By (), Byk)}

kz= ny, klnleEl

+ 2 V {By, (K0, By, (1), By (k). By (na)},

k1n1 $E1 and kznngz

(dy)cyic,(ki, k) = > Ol v )(Ra, ko) (ra, nz))

(K1, kz)(ny,nz) EE1 < Ey.

= Y Ak vk, vy ()}

k1= ny, kznzefz

Y A k), v (), v (R}

ko=ny,kjn &€ Eq

+ > A (KD, V() vy, (o), vy, (o)}
k1n1 $E1 and kznzeEz
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Definition 4.6. Suppose G, = (U, W;) and G, = (U,, W) are two BPFGs on crisp graphs. Then V (ki k;) € V; x V5.

(tdy)c,ic,(ka, k) = > Ot W, ) (R, Ka)(na, o) + Ok, W, ) (K K2)

(K1, k2)(n1,n2) EE1% Ey.

= Y A () (R, X, ()}

ki=ny,kon, € E

Y ARy (no), xy, (R}

k2=nz,k1nléEl

+ 2 A (R, X (), X (R, X (o)}
k1n1$E1 and kznzeEz

A {XUl(kl))XUZ(kz)}’

(tdy)c,ic,(ka, ko) = > (B | O, ) (K1, ko )(, 1)) + (P | Dy, ) (K, K2)

(k1,kz)(n1,n2) EE1 % Ey.

= Y Aok, oy k), dy(m)}

ka=ny,kynp&E

Y AR, dy (), ¢y (K}

k2=n2,k1n1el;"1
+ Y A {0,(k), 6y, (1), By, (), Gy, (m)}
kn&€E; and kono&E,

+ A {¢U1(k1)’ ¢Uz(k2)}:
(tdy)e,ic,(ka, ko) = Z W [y ) (K, k2)(a, n2) + (P, Wy, ) (K, ko)

(K1, kz)(n1,n2) EE1XE3.

= YV Yk, Yy k), Yy ()}

ki=nq,kana € Ez

Y VYR, (), Yy (k)

k2=n2,k1n1eE1
+ 2 v {W5,(k0), Y, (n0), Wy, (ko). Y (1)}
k1n1€E1 and kz?lz&fz

+ Vv {wm(kl): wUz(kZ)};

(td)g,i6,(ke, ko) = > (awlaw,) (K, k2)(ny, np)) + (aylag,)(k, k)

(K1, k2)(n1,n2) EE1% Ey.

= Y Viagtk), ap(k), ag(n)}

ki=ny,kon, € Ep

Y Vagtk), ag(n), agk)}

ky=ny,kyny € Ey

+ > v {ay,(k), ag,(m), ay,(ky), au,(ny)}
k1n1$E1 and kznzeEz

+ V{ayi(k), ay(k)},

(tdp)cyic,(ki, k2) = > (B Bu )((a, ko)(ra, n2)) + (B |By,) (K, k)

(K1, k2)(n1,n2) EE1 % Ey.

= Y VB, By(k), By ()}

ki=ny, kona € E

YV {Byk), By (), By (k)}

ky=ny, kyny € Eq

+ 2 V {By,(k), By, (M), By, (k) By,(n2)}

k1n1¢E1 and kznzeEz

+ V {By(k), By (ko)
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(tdy)cyic,(ki, ko) = Z YV, (R, Ko)(a, ) + (Y [V, ) (ke Kz)

(K1, k2)(n1,n2) EE1% E5.

= 2 At ) b+ Y A (), vy (), vy (e}

k1=n1,k2nz€£E2 k2=nz,k1n1€£E1

v > A 0, Y (), Vg (R, Vi (M)} + A 151k, iR
klnleEl and kznzefz

Example 4.7. We calculate the degree and the total degree of node (a, d), for two functions.

(d)eyic,(a, d) = Ay, (@), Xy, (@), Xy, (€} + A i, (D), X, (@), X, (), Xy, (O}
+ A (@D, Xy, (@), Xy, (8)s Xy, (€)}
=A{0.1,01,01} + A {0.1,0.1,02, 0.1} + A {0.1,0.1, 0.1, 0.1}

=01+01+01
=0.3,

(da)GﬂGz(a’ d) = /\{aUz(d)J aUl(a): aUl(C)} A {aUz(d)) aU1(a): aUz(f): aU1(c)}
+ A Hag(d), ay (), av,(8), av,(c)}
= A{~01,-0.1, 0.1} + A {01, 0.1, 0.1, =0.1} + A {-0.1, -0.1, 0.2, 0.1}

=-01-01-01
=-0.3.

For total vertex degree,

(tdy)6y16,(a, d) = My, (D), Yy, (@), Xy, (O} + A {, (@), Xy, (@ Yy, (), X, (O}
+ A (D) X, (@), X, (8), Xy, (O} + A ), (D), Yy, (@}
=A{0.1,0.1,0.1} + A {0.1,0.1, 0.2, 0.1} + A {0.1,0.1, 0.1, 0.1} + A {0.1, 0.1}
=01+01+01+0.1
=04,
(tdo)cyi6,(a, d) = May,(d), ay,(a), ay, ()} + A {Yy,(d), Yy, (@), au,(f), aw, ()}
+ Adag(d), ay(a), ay,(g), ay,(0)} + A {ay,(d), ay,(a)}
= A{-0.1,-01,-0.1} + A {-0.1, 0.1, 0.2, -0.1} + A {-0.1, -0.1, -0.1, -0.1}

+ A{-01,-0.1}
=-01-02-01-01
=-0.5.

Definition 4.8. The symmetric difference Gy ® G, = (U; @ U, W; @ W,) of two BPFGs G; = (U;, W;) and
G, = (U, W,) on crisp graphs is defined as follows:
®
W, @ X)) (ki ko)) = Ay, (ko) Xy, (Ko}
By, ® 03, ko)) = ALy, (D), By o)}
(Yy, ® Yy,) (K, k) = V{thy, (k), Yy, (e}
(ay, & ay)((k, k) = Viay(k), ay,(kp)}
By, ® By, ko)) = ViBy, (), By (o)}

Wy, ® vy (K, ko)) = Ay, (K, vy, (Ko)}
V(k, k) € (Vh x ).



12 — Maha Mohammed Almousa and Fairouz Tchier DE GRUYTER

(i)
U, ® X, (M, K2)(m, ) = Ay, (M), o, (Kan)}
(P, ® By, ) (M, ko), n2)) = A{y, (M), Dy, (Koma)}
(Y, ® Yy, )(M, ko), n2)) = v {ihy;, (M), Wy, (Kama)}
(aw, ® aw,)(M, k)(m, ny)) = Viay,(m), aw,(konz)}
By, ® By,)(m, kp)(m, o)) = V{By,(m), By, (kanz)}
G, ® Y )((M, ko)(m, n2)) = Adyy, (M), vy, (Kano)}

Vm €V, and kn, € E,.
(iii)

U, @ Xuy)((ka, 2)(1, 2)) = Ay, (ki) x, (2)}
(D, ® D) ((ks, 2)(m, 2)) = Ny, (Kin), Py, (2)}
(U, @ Yy )((ki, 2)(, 2)) = V {Yhy, (kam), Yy (2)}
(aw, ® aw,)(k, 2)(n, 2)) = Viaw,(ki), ay,(2)}
(Bu, ® Bu) (K, 2)(ny, 2)) = V{By, (ki) By, (2)}
Vwy, ® Y (K, 2)(ny, 2)) = Ay (Kamy), vy, (2)}

Vz € V, and kn; € E;.
(iv)
U, © X)) ((a, k2)(m, m2)) = Ay, (k) xy, (), Xy, (ken)}  forall kany € Ey and  kony € Ey

or
= A, (k) Xy, (n2), xw,(kiny)} ~ forall kiny € Ey and  kon, & E

(Ow, ® ) (K, ko), 1)) = Ay, (k). @y, (), dy,(ken)}  forall kg € E; and  kenp € E,

or
= Moy, (k), ¢y, (n2), ¢y (kiny)t - forall kg € E; and  kony & E;

Wy ® Dy )R, ), 1)) = Vi, (), Wy (o), Yy (o)} forall ey @ By and  kyny € E

or
= V{l/)Uz(kz), lpUZ(nz), l/)WZ(k1n1)} for all k1n1 (S El and kznz & Ez.

(aw; ® aw,)((k, k), ny)) = Viay,(k), ay,(m), aw,(konp)}  forall kiny € E;  and  kony € E»

or
= V{(IUZ(kz), (IUZ(nz), (IWZ(kﬂh)} for all k1n1 S E1 and kznz & Ez.

B, @ Bu)((ki, k)(u, n2)) = VB (k), By, (M), By, (karp)} - forall kg € E;  and  kon € Ey

or
= V{By,(k), By, (n2), By, (kiny)}  forall kiny € E;  and  kony € E,.

Wy @ V) (K, k2)(y, n2)) = Ay, (K, v, (n), vy, (kenp)} - forall kiny € E;  and  kenp € Ey

or
= NMyy(k), Yy, (n2), vy (kiy)} - forall kg € E;  and  konp € E,.

Example 4.9. Suppose G; and G, are two BPFGs as in Figures 5 and 6. Figure 7 shows the symmetric difference
of two BPFGs G; and Gy, that is G; @ G, in Figure 7.

Proposition 4.10. The symmetric difference of two BPFGs G, and G, is a BPFG.
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a(0.2,0.3,0.4, —0.2, —0.3, —0.4

Figure 5: G;.

¢(0.1,0.2,0.3, —0.1

) (0.2,0.4,0.4, —0.2, —0.4, —0.4)

,—0.2, —0.3)

b(0.3,0.4,0.4, —0.3, —0.4, —0.4)

d(0.2,0.3,0.1, —0.2, —0.3, —0.1)

(0.1,0.3,0.3, —0.1, —0.3,

(0.3,0.2,0.1,

—0.3,-0.2, —0.1)

—0.3)

(1'0—‘€'0— ‘20— ‘T°0‘€°0°‘C'0)

£(0.4,0.2,0.1, —0.4, —0.2, —0.1)

€(0.3,0.2,0.1, —0.3,

L

—0.2, —0.1)

Figure 6: G,.
d af
(a,c) u; (a.d) ug (ae) Ug (af)
® ® (af) = (0.2,0.2,0.4,-0.2,-0.2,-0.4)
(a,d)=(0.2,0.3,0.4,-0.2,-0.3,-0.4)
Uy
Uo
Ug u (a,€) =(0.2,0.2,0.4,-0.2,-0.2,-0.4)
(b,d) = (0.2,0.3,0.4,-0.2,-0.3,-0.4)
b,e) = (0.3,0.2,0.4,-0.3,-0.2,-0.4
(b,c) ©= o ™ (bey=( )
(b,d) (b,e) (b,f)
Ve~ (020304°02-0.3-04) (a,c) =(0.1,0.2,0.4,-0.1,-0.2,-0.4)
ug = (0.2,0.30.4,0.2,-0.3-0.4) uy = (03,02,04,-03,-0.2-04)
° (b,c) =(0.1,0.2,0.4,-0.1,-0.2,-0.4)
u;= (0.1,0.3,0.4,-0.1,-0.3,-0.4) u,= (0.2,0.3,0.4,-0.2,-0.3,-0.4)
(b,f) = (0.3,0.2,0.4,-0.3,-0.2,-0.4)
Us= (0.2,0.2,0.2,-0.2,-0.2,-0.4) us= (0:20.2,0.4,-0.2-0.2,-0.4)
up,= (0.1,0.2,0.4,-0.1,-0.2,-0.4)
u,= (0.1,03,0.4-0.1-0.3,-0.4) Ug= (0.1,0.2,0.4,-0.1,-0.2,-0.4)
upy= (02.02,04,-02,-0.2,-0.4)
Usp= (0.2,0.2,0.4,-0.2,-0.2,-0.4) uy= (0.1,0.2,0.4,-0.1,-0.2,-0.4)

Figure 7: G; @ G,.
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Proof. Suppose G, = (U, Wy) and G, = (U, W;) are two BPFGs on two crisp graphs and ((k, k;)(ny, ny)) € Ey x Ej.
0]
If kl =nm=m
U, ® X )M, K)(M, 1)) = Ay, (M), Ko, (Ko}
< Ay, (M), A g, (k). X, ()3
= AAL (M), X, (kD% A 1, (M), g, (M)}
=AMy, ® X)) k), Oy, ® Xg)(m, na)},

Dy, & Py, )((M, Kr)(M, nz)) = A{@y, (M), Py, (Kanz)}
< Moy, (m), A {dy,(ke), ¢y, ()3}
= MA@y, (M), 9y, (k)}, A H{y, (M), @y, (N2)}
=M@y, @ dy)(m, k), (Py, & ¢y)(m, ny)},

(Yy, & Yy (M, Ky)(m, 1)) = V{thy, (M), Yy, (kenz)}
2 V{Yhy,(m), v {y,(Ke), Yy, (n2)}}
= V{Vi{thy,(m), Yy, (k)3 v {{thy, (M), Yy, (n2)}}
=V{ty, & Y )(M, k), Py, & Wy)(m, ny)},

(aw, ® aw,)(m, k)(m, n2)) = V{ay,(m), aw,(kany)}
2 Viag,(m), Vv {ay,(k), ay,(n2)}}
= vivi{ay,(m), ay,(k)}, v {{ap,(m), ay,(n2)}}
=V{(ay, ® ay)(m, k), (ay, & ay,)(m, my)},
By, ® B )((m, k)(m, nz)) = V{By, (m), By, (kenz)}
2 V{By,(m), Vv {By,(k2), B, (n2)}}
= V{V{{By,(m), By, (ka)}, Vv {{By,(m), By, (n2)}}
=V{By, @ By)m, k), (By, & By,)(m, ny)},

Vs @ Y )((M, k2)(m, n2)) = Ay (M), yy, (Kana)}
< Ay, (m), AAyy,(ka), vy, (N2}
= AMAHYy, (M), yy, (k)Y Ay, (m), vy, (n2)}}
=My, @ V)M, k), (Vy, ® yy,)(M, np)}.

(ii) If kz =Ny =12,

Ow, @ X, )(Ra, 2)(ny, 2)) = Ay, (ki) Xy, (2)}
< NN, (R, X, (N}, X, (2D}
= MA I (KD, X, (2} A i, (), X, (23
= MOy, @ Xp)ki, 2), Oy, ® X)), 2)},

By, ® Ow,) (ki 2)(ny, 2)) = AN{@y, (Kinw), ¢y, (2)}
2 Aoy, (k), oy, (M)}, D, (2}
= ANAH{oy,(k), ¢y, (2)} A oy, (), ¢, (21}
=Ny, ® Ok, 2), (P, ® Py, 2)},
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Wy, ® Yy (K, 2)(ny, 2)) = Vi, (kin), Yy, (2)}
2 ViV{y, (k), Yy, (n)}, Xy, (2D}
= Vivi{y,(k), ¥y, (2D} Vv {iy, (), Yy, (21
=iy, ® Yy)(ki, 2), Py, & Yy)(m, 2)},

(am, @ aw,)((k, 2)(m, 2)) = Viaw,(kiny), ay,(2)}
2 viviay,(k), av,(m)}, xy, (2)}
= Vivi{ay(k), av,(2)}, Vv {{ay,(m), ay,(2)}}
=Vi(ay, ® ay)(ky, 2), (ay, & ay,)(m, 2)},
B, @ Buy)((ki, 2)(ny, 2)) = V{By, (ki) By, (2)}
2 V{V{By, (k), By, ()}, Xy, (2)}
= V{V{{By,(k), By,(2)}, v {By, (), By, (2)}
=V{(By, ® By )k, 2), By, ® By)(m, 2)},

O, @ V) ((k, 2)(m, 2)) = MAv(k), Ave, (M}, Yy, (2)}
< ANAYw (KD, Yy, (n)}, vy, (2)}
= Ny k), vy, (2% A vy, (n), v, (23
=My, © V)k, 2), (v, ® Yy, 2)},
(iii) If k1n1 & Eq and kznz € E,,

Ow, ® X)) (K, k) (1, 1) = Ay, (K, X, (M), Yoy, (Kan2)}
< ANy, (k) X, (na), A g, (R, ()}
= MA Xy, (KD, X, (k)b A X, (M), Xy, (o)}
= MO, © Xy k), Oy, ® Xy ), N2},

(Ow, ® Oy, (K, ko)(My, M) = Ay, (Ka), by, (M), By, (Ko}
< Moy, (k) oy, (), A {dy,(k2)py, (no)}
= Ay, (k), ¢y, (KD}, A {dy, (), @y, ()}
=Ny, @ 9p)(k, ko), (P, & Pp)(u, no)},

Ww, @ Yy )(ki, ko) (ra, n2)) = Viyy, (k). Yy, (n), Yy, (keno)}
2 V{Yy (k). Yy, (), Vv {Py, (k) thy, (no)}}
= Viv{yy, (k), Yy, (k)b v { (), Y, (n2)}
=V{lYy, ® Yp)(k k), Wy, & Yy, o)},

(aw; ® aw,)((ky, k)(y, 1)) = Viay,(ky), ay,(ny), aw,(konz)}
2 Viay,(k), ay,(m), Vv {ay,(ky)ay,(n2)}}
= ViViay,(k), ay,(ky)}, V {ay,(ny), ag,(n2)}
=V{(ay, ® ay)(ky, k), (ay, & aw,)(my, n2)},
B, @ Buy)((ki, ko)(ru, n2)) = V{By, (K1), Bry,(n), By, (Kanz)}
2 V{By, (K1), By,(n1), V {By,(k)By,(na)}}
= V{V{By, (K1), By,(k)}, Vv {By, (), By, (n2)}
=V{(By, ® By )k ko), (By, & By,)(m, mo)},
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Ow, © Y )((ka, k2)(Ma, n2)) = A{yy, (K, Y, (M), Yy, (Ka2)}
< Ay, (k) vy, (o), A {yy,(k2)yy,(na)}
= ANy, (k). vy, (k)b A {yg, (M), vy, (no)}
= A{(yUl @ VUZ)(kb kZ): (VUl ® VUZ)(nl’ nZ)}-
(iv) If k1n1 €L and kznz & Ey,

U, @ X)) (K, k) (M, 1) = Ay, (Ka), Xy, (o), s, (Ra)}
< M, (ko) X, (2), A g, (R, (na)3
= MA Xy, (), Yo, (ko) A D, (M), X, ()}
=My, © X))k k), Oy, © X, o)},

Ow, ® Oy, (K, ko)(Ma, 1)) = M@y, (K2), By, (N2), By ()}
< Moy, (ka), ¢y, (n2), A {¢y,(k)dy, (N}
= MA@y, (k). ¢y, (k)b A {dy, (M), ¢y, (M)}
=Ny, @ 9p)(ki, ko), (g, ® Py, ) (M, M)},

Wy, @ Yu) (ks Ko)(u, 1)) = V{Yy, (Ko, Yy, (N2), Yy, (Kana )}
2 V{Yy,(k2), Yy, (M), Vv {Py, (k) ()}
= V{V{yy,(k), Yy, (K}, v {thy,(n2), ¥, (1)}
=iy, & Yy )k, ko), Py, & Py,) (M, M)},

(aw, ® aw,)((k, k)(ny, np)) = Viay,(k2), av,(nz), aw,(kiny)}
2 Viay,(ky), ay,(ny), v {ay,(k)ay,(n)}}
= viViay,(k), ay,(k)}, vV {ay,(ny), ay,(n)}
=Vi(ay, ® ay)(k, k), (ay, ® ay)(my, ny)},

By, © Bu,) (K, k2)(M, 1)) = VABy,(K2), By, (N2), By (Karu)}
2 V{By,(ka), By, (n2), V {By,(kBy, ()}
= V{V{By,(k2), By, (k}, V {By,(n2), By, (n1)}
=V{(By, ® By )k, ko), (By, ® By, mo)},

Vw, @ V) ((ka, ko)(a, 1)) = Ay, (k2), Yy, (M2), Yy, (Kinw)}
< ANy, (k) Vy,(n2), A {yy, (K)yy, ()}
= Ny, (k) vy, (k)3 A {yy, (), Yy, (n2)}
=My, @ Vy)tk k), (Vy, ® Vy,) (e, np)}.
Hence, G; @ G, is a BPFG. O

Definition 4.11. Let G; = (U}, Wy) and G, = (U,, W,) be two BPFGs on crisp graphs. For any vertex (k, ky) € V; x Vs,
we have

(tdy)c,00,(ki, ko) = > Oy, © X, (R, Ko)(ng, m2)) + Oy, © X, )(Ka, o)

(k1,kz)(n1,n2) EE1% Ey.

= Y AR G+ Y A (R, Xy, (Ko}

ki=ny,konyEE; kiny€Eq,ky=ny

+ 2 At (k) X, (M), X, (a2}

km€E; and kyny€E,

+ 2 A Yt (ko). X, (k) X, (M)} + A L, (k). X, (R},

kni€E, and kony€E;
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(tdy)e,00,(ki, ko) = > By, ® Oy ) (K, k2)(a, n2)) + (P, ® Py, )k, K2)

(ka, kz)(ny,n2) EE1 X Ey.

= 2 AU len)t + Y Ay an), ¢y, (ko))

ki=n1,kon2€E, kini€Eq,ky=ny

+ 2 Ay, (k), Gy (1), By (karo)}

km&E; and kyna€E,

+ > A (P (ka), oy, (Re), B, (n)} + A {6y, (k), b, (Ko},

kni€E, and kony€E;

(tdy)e,00,(k, ko) = ) Wy, © Yy ) (K, ko)(ny, ) + (Y, @ Yy, ) (K, kz)

(K1, kz)(n1,n2) EE1 % Es.

= Y V) Gl YV ), Y ()}

ky=ny,kony EEy kiny€Eq,kp=ny

+ > V (k). Py (), Yy (Koo)'}

lkqni€E, and kynp€E;

* > V (Y (kin), Yy, (ko) (o)}

kini€E, and kony&E,

+ V{1, (k), Y0},

(td)g,ec,(k, ko) = z (aw, ® aw,)((ky, k), ) + (ay, & ay,)(ky, ky)

(K1, k2)(ny,np) EE1 % Ey.

= Y Vi), apem)l+ Y Viaw(an), an(k)}

ki=ny,kony€EE; ki €Eq,ky=ny
+ Z Vv {ay (k), ay,(n), aw,(kony)}
kin1€E, and kony€E,
+ > Vv {aw (kiny), ay,(kz), ay,(np)} + v {ay,(k), ay,(ka)},

kim€E; and kono&E,

(tdp)c,ec,(ki, k) = 2 Bw, @ By,)((k, Ko)(my, n2)) + (By, @ By, )(ki, ko)

(K1, k2)(na,n2) EE1% Ey.

= 2 Vi) Byt + )V {By(kam), By, (ko))

k=n1,kon,€E, kini€Ey, ky=ny

* 2 v {By,(kK0), By, (1), By, (Kom)}

kin€E; and kony€E,

+ 2 V {By,(kin), By, (ka), By,(n)} + v {By, (k). By, (Ka)3,

kini€E; and kyny€E;

(tdy)c,ec,(k, ko) = > Vw, @ Y )k, k)(ny, mg)) + (Y, © Yy, )k, K2)

(k1,kz)(n1,n2) EE1 X Es.

= Y At Y A i), v (k)

ki=ny,kony€E; kini€Ey,ky=ny

+ 2 A 5, (KD, Vi (M), Yy (Rt}

kn€E; and kyny€E,

+ 2 A Yw (k) Yy, (k) Yy, (2} + A {yy, (K, Yy, (K23

kini€E, and kony&Ey

Theorem 4.12. Suppose G, = (U;, W1) and G; = (U, Y2) are two BPFGs on crisp graphs. If y; 2 xy, and
Xu, Z X then ¥V (ki, ky) € V; x Vy,

(tdy)e,06,(Ki, k2) = q(tdy)c, (k) + s(tdy)c,(ka) = (@ = Dxg, (k) = V {¥g,(k0), Xg, (KD
if oy, < Oy, and ¢y, < oy, then V(ky, ky) € V1 x 1,

(tdg)e,00,(K, ko) = q(td)e,(k) + s(tdg)o, (k) = (q =~ Dog, (k) = V {§g,(k), b6, (KD}
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if y, < Yy, and Py, 2 Py, then ¥ (ky, ky) € V1 x W,

DE GRUYTER

(tdy)c,00,(ki, k) = q(tdy)c,(k) + s(tdy)e,(k) = (q = Dipg, (k) = A {Yg, (k). Y, (K}

if ay, < aw, and ay, = ay,, then Y (k;, k) € Vy x 1y,

(tdo)e,ec,(k, k) = qtd ), (k) + s(tdy)g,(k2) — (q — Dag,(k) — A {ag,(k), ag,(k)};

if By, < By, and By, = By, then ¥ (k, ky) € Vi x 1,

(tdp)c,ec,(ki, ko) = q(tdp)c,(ki) + s(tdp)c,(ka) = (q = DBg, (k) = A {Bg,(k), Bg, (k)

if Yy, 2 Yw, and yy, 2 Yy, then ¥V (k, k) € V1 x 1,

(td))g,e0,(k, ko) = q(tdy)e,(k) + s(tdy)e,(k2) = (q = Dy, (k) = V {yg,(k), Vg, (KD}

where s = |Vi| = (d)¢,(k) and q = |V3| = (d)¢,(k2).

Proof. V(k;, k;) € V; x V5, we have

(tdy)c,06,(Ki, ko) = > Ow, @ X, (R, Ko)(n, ) + Oy, @ ) (Ka, ko)

(k1,kz)(n1,ng) EE1 X Ey.

= 2 Atomai+ Y A (), g, (e}

ki=ny,kona€E, kini€Eq,ky=ny

+ 2 A Dt (K. g, (o), o, (o)}

kini€Ey and kony€E)

+ 2 A Yt (Ka), Xy, (K2, X, (M)} + Vg, (K, i, (Ra)}

kini€E, and kyny€E,

= 2 X)) + Y (k) + > xwkm)

kony€E, kni€EEy km&E; and kona€E,

+ ) Xon (ki) + A g (k). xy, (ko)

kini€E, and kyny€E;

= Y dwbem) + Y xy (k) + Y Yo, (k)

kony€EE, kmEE; km&E; and kynp€E,

+ S ) * g 0a) + xp (k) — A (k). g, ()}

km€EE; and kono&E,

= q(tdy)g, (k) + s(tdy)e,(kz) = (q = Dy, (k) = V X6, (k). Xg, (KD},

(tdy)c,00,(Ki, ko) = > By, © Ou) (K1, ko)(y, ) + (P, & P )k, Kz)

(K1, k2)(na,n2) EE1%E;

= 2 Mgt by len)t + Y A By am), ¢y, (ko))

ki=ny,kony€EE; ki €Eq,ky=ny

+ 2 A Ay, (k). Gy (1), By (Rar)}

kn€E, and  kony€E,

+ > A (D (kiny), @y, (Ko), By, ()} + A {6y, (k). By, (K}

kn€E; and  kony&E,

= Y o)+ Y oy (k) + Y P, (komo)}

kony€Ey knE€E; km€E; and kony€E;

* > Sy (kany) + A {By, k), ¢y, (o)}

km€E; and kny&E;

= Y dplm)+ Y k)

kony€Ey kini€Ey
+ > dw,(kano)}
km&E; and knyE€E;
+ 2 Sy (ki) + @y, (k) + by (k) = A 1y, (o), @y (k)3

kni€E, and  kony&E,

= q(tdg)e, (k) + $(tdp)a,(kr) — (@ = D, (&) = V {Bg, (), B, ()},
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Woectal)= Y Wy ® P k) m) + Wy, © ¥)(k, k)

(K1, k2)(n1,n2) EE1% E3.

= 2 Vg etk + YV Yy (an), Yy, (k)

ki=ny,kony,€E, ki €Eq,ky=ny
+ > V {9y, (k). Yy, (), Yy, (kar)}
kn€E; and kony€E;
+ > V {Uy (ka), Yy, (Ka), Y, (n)} + A {y, (k). Wy (o)}

kn€E; and  kony&E,

= Y Yplem) + Y Wk + > Yy, (kar)}

kony€E, kn1€E, kni€E, and  kony€E,

+ > Yy (k) + v {y, (ko). Py, (ko)

km€E; and  kony&E;

= ) Uplm)+ Y Py(kng) + > Yy, (Kama)}

kony€E, kn€EEy km&E; and knyEE;
+ > Yy (k) + Yy (k) + Yy, (ko) = v {Yy,(k), Yy, (Ka)}
kni€E; and  kony€E,

= q(tdy)g,(k) + s(tdy)c,(ko) = (q = D, (k) = A {ihg,(k), P, (K},

(tdo)g,ec,(ki, k) = z (aw, ® aw,)((ky, k), ) + (ay, © ay,)(ky, ky)
(k1,k2)(n1,n2) EE1XEy

= Y Vi), apn)l+ Y Viag(an), a(k)}

ki=ny,kony€EE, ki €Eq,ky=ny

+ Y V {ay,(k), ap,(ny), aw,(kna)}

km&E; and kyny€E,

+ > V A{aw,(kim), ag,(ky), ag,(n2)} + A {ay,(k), ay,(ky)}

kn€E, and kyny€E;

= Y amk)+ Y aw(am) + Y aw,(Konp)}

kony€E, kn€EE, kin1€E, and kony€E,

+ > aw(kany) + v {ag,(k), ap,(ko)}

kn€E, and kynp&E;

= Z aw,(konp) + Z ay;(kng) + Z s, (Konp)}

kon,€Ey ki €EEy kni€E, and kony€E;
+ > aw, (ki) + ay,(ky) + ag,(ky) = V {ag,(k), ag,(ko)}
kini€E, and kyony&E;

= q(tda)g (k) + s(tda)e,(k2) = (q = Dag,(k) = A {ag,(k), ag, (K},

(tdp)c,ec,(k, ko) = > B, ® Bu,)((ki, ko)(ma, ng)) + (By, & By, )k, kz)
(ki,ka)(n1,n2) €E1%Ep

= 2 Vi), Bylen)t + YV {By (k) By, (ko))

ki=n1,kony€E, kini€Eq,ky=ny

+ > V {By, (k). By, (), By, (Kama)}

kni€Ey and kony€E;

+ 2 V By, (kanw), By, (ke), By, (o)} + A {By, (k) By, (ko)

kini€E, and kony&E;

= ) Bulkm) + Y By,(kam) + 2 Bulem)

kony€E, kini€Ey kin€E; and kony€E,

+ ) By (ki) + V {8y (k), By, (k)}

kni€E, and kony€E;

= Y Bulkm)+ Y By(kiny) + > By, (Kana)}

kony€EEy kin1€Eq kin1€E; and kony€E,
Y Buam) + Byta) + Bul) - v (B (), Bk}
kni€E, and kynp€E;

= q(tdp)c, (k1) + s(tdp)e,(kz) = (q = DPg, (k) = A {Bg, (k) Bg, (K},
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(tdy)c,e0,(ki, k2) = > Vw @ V) (R, ko)(ny, m)) + (yy, @ Yy, ) (K, K2)

(ki kz)(ny,ny) EE X Ey.

= 2 Al e+ Y A ytan), (e}

ki=ny,kony€EE; ki €Eq,ky=ny

* 2 A (k) Yy, (M), YKo}

kn&E; and kona€E,

+ > A (k) v (k). vy, ()} + v (ko). vy, (ko)

kni€E, and konp€E;

= Y wtem) + Y yulkm) + Y Vi (Kana)}

kony€EE, kin1€Eq kini€E, and kony€E)

+ 2 Y (ki) + A {yy (K, vy (ko)

km€EE; and konp&E,

= Y vt + Y yplkm) + Y Vi, (Kama)}

kony€E, kin1€EEy km&E; and  kn,€E,

+ 2 Y + yy, (k) + vy, (ko) = A vy, (K, vy, (ko)}

kini€E, and kony€E)

= q(td))e,(k) + s(tdy)e,(ke) = (q = Dyg, (k) = v {¥g,(k), Vg, (K}

So, s = |Vi| = (d)g,(k) and q = [V3| = (d)g, (k). i

Example 4.13. We calculate the total degree of nodes as follows:
(d)e,26,(a, €) = q(dy)c,(@) + s(dy)c,(€)
s =W - (g(a)=2-1=1

Now,

q=1Vol - (d)g,(&)=4-2=2

(td))6106,(@ €) = q(tdy)e,(@) + 5(td))c,() = (5 = DY, (€) = (@ = Dyg, (@)
=V @), Yo, (0}
=-11

(tdy)c,ec,(a, €) = q(tdy)c,(a) + s(tdy)c,(e) = (s = Dxg,(e) = (q — Dyg, (@)

-V {Xﬁl(a)!XGz(e)}
=11

5 Conclusion

BPFG represents a broader conceptual framework that encompasses both FG and PFG. Within this context,
BPFG exhibits significantly greater levels of flexibility and comparability when compared to intuitionistic
fuzzy graph and PFG. In this research article, we delve into the intricate aspects of BPFG, particularly focusing
on its symmetric differences and the concept of rejection. In addition, we engage in a comprehensive discus-
sion surrounding the degree and total degree of nodes within the BPFG structure. This exploration aims to
shed light on the enhanced capabilities and analytical potential by using BPFG as opposed to its counterparts,
FG and PFG. In future work, we will apply different results on BPFG.
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