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Abstract: The contribution of fractional calculus in the development of different areas of research is well
known. This article presents investigations involving fractional calculus in the study of analytic functions.
Riemann-Liouville fractional integral is known for its extensive applications in geometric function theory.
New contributions were previously obtained by applying the Riemann-Liouville fractional integral to the
convolution product of multiplier transformation and Ruscheweyh derivative. For the study presented in
this article, the resulting operator is used following the line of research that concerns the study of certain
new subclasses of analytic functions using fractional operators. Riemann-Liouville fractional integral of the
convolution product of multiplier transformation and Ruscheweyh derivative is applied here for introducing a
new class of analytic functions. Investigations regarding this newly introduced class concern the usual aspects
considered by researchers in geometric function theory targeting the conditions that a function must meet to
be part of this class and the properties that characterize the functions that fulfil these conditions. Theorems
and corollaries regarding neighborhoods and their inclusion relation involving the newly defined class are
stated, closure and distortion theorems are proved, and coefficient estimates are obtained involving the
functions belonging to this class. Geometrical properties such as radii of convexity, starlikeness, and close-
to-convexity are also obtained for this new class of functions.

Keywords: analytic functions, fractional integral, multiplier transformation, radii of convexity and starlike-
ness, neighborhood property
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1 Introduction

Riemann-Liouville fractional integral is a classical fractional calculus operator, which is intensely used in
theoretical studies, while certain operators defined involving this operator can be applied in numerous fields
of science and engineering. Scientific and real-world problems can be modeled and analyzed using such
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fractional integral operators. A comprehensive overview of the theory and applications of the fractional-
calculus operators is given in the very recent review papers [1,2].

Fractional calculus operators provided interesting applications in the theory of analytic functions, and
examples can be given as classical results, which are still inspiring for researchers nowadays. Riemann-
Liouville fractional integral was first used in [3], further investigations were conducted combining it with
the generalized hypergeometric function in [4], and a general class of fractional integral operators involving
the Gauss hypergeometric function is introduced in [5] and used for obtaining distortion results involving
certain subclasses of univalent functions analytic in the unit disk. After many more other published results, a
unified approach on special functions and fractional calculus operators is presented in [6], where a series of
articles are listed that can be read for following the development of the topic. The investigations continued
using the familiar Dziok-Srivastava convolution operator associated with fractional derivative for defining and
studying new classes of analytic functions [7] or for using the means of differential subordination and super-
ordinations theory on those newly defined classes as in [8]. Differintegral operators were also associated with
Riemann-Liouville fractional integral for studying starlikeness of certain classes of analytic functions in [9]
and for obtaining new differential subordinations and superordinations in [10]. Geometric properties of
classes of analytic functions were studied using a fractional integral operator in [11], and multi-index
Mittag-Leffler function was involved in defining a new fractional operator in [12]. Recent studies involve
fractional integral connected to Bessel functions [13], and important special cases connected with fractional
operators in fractional calculus are highlighted. Mittag-Leffler confluent hypergeometric function is used for
extending properties of fractional integral in [14] and for highlighting certain implementations in fractional
calculus in [15].

An important line of research in geometric function theory concerns finding methods of constructing
different operators that preserve classes of the univalent functions and using them to define certain relevant
subclasses. Very recent interesting results on this topic can be listed such as classes of functions introduced
and studied involving generalized differential operators [16,17], considering bi-univalent functions [18,19], or
using integral operators [20,21].

The classical definition of fractional calculus operators and generalizations involving such operators have
been applied for introducing and studying new classes of functions. In [22], a generalized fractional operator is
studied regarding its geometric properties and is used for defining classes of univalent functions.

This article follows the line of research concerned with introducing and studying new classes of functions
involving fractional calculus aspects. In this regard, Riemann-Liouville fractional integral applied to convolu-
tion product between multiplier transformation and Ruscheweyh derivative introduced in [23] is used for
defining a new subclass of analytic functions. The newly introduced class is interesting due to its geometrical
properties since aspects regarding convexity are known to be of interest for investigations using fractional
integral inequalities [24,25]. Radii of convexity, starlikeness, and close-to-convexity of order δ for ≤ <δ0 1 are
given for this new class. The characteristics of the class can be used in further studies concerning special
classes of functions, which have particular geometric properties. Other useful results are obtained such as
neighborhood, closure, and distortion theorems, and coefficient studies reveal interesting inequalities, which
can be used further for conducting studies with a focus on Fekete-Szego problem as seen for example in [26] or
estimates regarding Henkel determinants of certain order [27,28].

Some notations and special classes are needed for the investigation.
U�( ), denotes the class of analytic functions defined on the open unit disc = ∈ <U z z: 1�{ ∣ ∣ } of the

complex plane and a n,�( ) denotes the class that contains functions of the form = + +f z a a zn
n( )

++
+a z ….n

n
1

1 The subclass of the functions of the form = + ++
+f z z a z …n

n
1

1( ) is denoted by ,n� with
= 1� � .

Definition 1.1. [23] The Riemann-Liouville fractional integral applied to the convolution product of multiplier
transformation and Ruscheweyh derivative is defined by:
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We remind that for two analytic functions = + ∑ ∈=
∞

f z z a zk k
k

2 �( ) and = + ∑ ∈=
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g z z b zk k
k
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convolution product of f and g , written as ∗f g , is defined by:
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The operators used in the convolution product are defined in the following.

Definition 1.2. [29] The multiplier transformation I m α l f z, ,( ) ( ) is defined by the following infinite series:
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We also remind the definition of Riemann-Liouville fractional integral.

Definition 1.5. [3,32] The fractional integral of order λ ( >λ 0) for an analytic function f is defined by:
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Inspired by the results obtained in [33], we define a new subclass of analytic functions using the operator
introduced in [23].

Definition 1.6. The class d β γ, ,λ α l
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with ∈m n, �, >λ 0, ≥α l, 0, ∈ −d 0� { }, < ≤β0 1, ≤ ≤γ0 1, and ∈z U .

Considering the definition of the newly introduced class, in Section 2, a necessary and sufficient condition
for a function ∈f � to belong to the class is stated. Coefficient-related studies establish relevant inequalities
in Section 2, and distortion properties for functions from class d β γ, ,λ α l

m n

, ,

,
�� ( ) and for their derivatives are

described in Section 3. Partial sums of functions belonging to the class d β γ, ,λ α l

m n

, ,

,
�� ( ) are presented in Section 4,

and the extreme points are obtained for the class. Certain inclusion properties are proved in Section 5 for the
class d β γ, ,λ α l

m n

, ,

,
�� ( ), and, as a closure of this study, the important aspects regarding convexity and starlikeness

properties of the class are discussed in Section 6 of this article.

2 Properties related to coefficient inequality
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Theorem 2.1. □
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( ∣ ∣ )( )
( )

( )

equivalently with

∑ ≤
+ − +

+ ⎛
⎝

⎞
⎠ + + + + +=

∞

+ +
+

a
λ β d λ γλ

n β d λ γ λ β d

2 1

2 1 1 1 1

.

k

k
α l

l

m

2 1

1

( )( ∣ ∣ )( )

( ) { ∣ ∣ ( )[ ( ∣ ∣ )]}
(4)

Using the properties of the modulus function for

∑= +
=

∞

f z z a z ,

k

k
k

2

( )

we obtain

∑ ∑ ∑ ∑ ∑ ∑− ≤ − ≤ − ≤ ≤ + ≤ + ≤ +
=

∞

=

∞

=

∞

=

∞

=

∞

=

∞

r r a r a r z a z f z z a z r a r r r a ,

k

k

k

k
k

k

k
k

k

k
k

k

k
k

k

k
2

2 2 2 2 2

2

2

∣ ∣ ∣ ∣ ∣ ( )∣ ∣ ∣ ∣ ∣

and applying Relation (4), we obtain

−
+ − +

+ ⎛
⎝

⎞
⎠ + + + + +

≤
+ +

+

r
λ β d λ γλ

n β d λ γ λ β d

r f z
2 1

2 1 1 1 1
α l

l

m
1

1

2
( )( ∣ ∣ )( )

( ) { ∣ ∣ ( )[ ( ∣ ∣ )]}

∣ ( )∣

≤ +
+ − +

+ ⎛
⎝

⎞
⎠ + + + + ++ +

+

r
λ β d λ γλ

n β d λ γ λ β d

r
2 1

2 1 1 1 1

,
α l

l

m
1

1

2
( )( ∣ ∣ )( )

( ) { ∣ ∣ ( )[ ( ∣ ∣ ) ]}

which completes the proof of Theorem 3.1. □

Theorem 3.2. The function ∈f d β γ, ,λ α l

m n

, ,

,
�� ( ) has the property

−
+ − +

+ ⎛
⎝

⎞
⎠ + + + + +

≤ ′
+ +

+

λ β d λ γλ

n β d λ β d γ λ

r f z
2 2 1

1 1 1 1
α l

l

m
1

1

( )( ∣ ∣ )( )

( ) { ∣ ∣ ( )[ ∣ ∣ ( )]}

∣ ( )∣
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≤
+ − +

+ ⎛
⎝

⎞
⎠ + + + + ++ +

+

λ β d λ γλ

n β d λ β d γ λ

r
2 2 1

1 1 1 1

,
α l

l

m
1

1

( )( ∣ ∣ )( )

( ) { ∣ ∣ ( )[ ∣ ∣ ( )]}

with = <z r 1.∣ ∣

The equality holds for

= +
+ − +

+ ⎛
⎝

⎞
⎠ + + + + +

∈
+ +

+

f z z
λ β d λ γλ

n β d λ β d γ λ

z z U
2 1

2 1 1 1 1

, .
α l

l

m
1

1

2( )
( )( ∣ ∣ )( )

( ) { ∣ ∣ ( )[ ∣ ∣ ( )]}

Proof. The following result is obtained by applying the properties of the modulus function for

∑′ = +
=

∞
−f z ka z1 ,

k

k
k

2

1( )

obtaining

∑ ∑ ∑ ∑− ≤ − ≤ ′ ≤ + ≤ +
=

∞

=

∞
−

=

∞
−

=

∞

ka z ka z f z ka z ka z1 1 1 1 .

k

k

k

k
k

k

k
k

k

k

2 2

1

2

1

2

∣ ∣ ∣ ∣ ∣ ( )∣ ∣ ∣ ∣ ∣

Now, using Relation (4), we obtain

−
+ − +

+ ⎛
⎝

⎞
⎠ + + + + +

≤ ′
+ +

+

λ β d λ γλ

n β d λ γ λ β d

r f z1
2 2 1

1 1 1 1
α l

l

m
1

1

( )( ∣ ∣ )( )

( ) { ∣ ∣ ( )[ ( ∣ ∣ )]}

∣ ( )∣

≤ +
+ − +

+ ⎛
⎝

⎞
⎠ + + + + ++ +

+

λ β d λ γλ

n β d λ γ λ β d

r1
2 2 1

1 1 1 1

,
α l

l

m
1

1

( )( ∣ ∣ )( )

( ) { ∣ ∣ ( )[ ( ∣ ∣ )]}

which finalize the proof of Theorem 3.2. □

4 Properties related to closure

Theorem 4.1. Consider the functions f
p
, =p q1, 2,…, , given by:

∑= + ≥ ∈
=

∞

f z z a z a z U, 0, ,
p

k

k p
k

k p

2

, ,( ) (5)

from the class d β γ, ,λ α l

m n

, ,

,
�� ( ).

The function

∑= ∈ ≥
=

h z μ f z z U μ, , 0,

p

q

p p p

1

( ) ( )

is in the class d β γ, ,λ α l

m n

, ,

,
�� ( ), when

∑ =
=

μ 1.

p

q

p

1

Proof. For the function f , we can write

∑ ∑ ∑ ∑ ∑= + = +
= = =

∞

=

∞

=
h z μ z μ a z z μ a z ,

p

q

p

p

q

k

p k p
k

k p

q

p k p
k

1 1 2

,

2 1

,( )

Properties of a subclass of analytic functions  7



and since the functions f
p
, =p q1, 2,…, belong to the class d β γ, ,λ α l

m n

, ,

,
�� ( ), applying Corollary 2.2, we obtain

∑ + + + − + + − + − ⋅
+

+ +
⎛
⎝

+ − +
+

⎞
⎠

≤ − +
+
+

=

∞

k γk γ λ β d k γ λ λ β d
n k

k λ

α k l

l
a

β d λ γλ
n

λ

1 2 2 1 1 1
Γ

Γ 1

1 1

1

1
Γ 1

Γ 2
.

k

m

k

2

2{ [ ( ∣ ∣ )] [ ( )]( ∣ ∣ )}
( )

( )

( )

( ∣ ∣ )( )
( )

( )

In this condition, it is enough to demonstrate that

∑ ∑

∑ ∑

∑

+ + + − + + − + −
+

+ +
⎛
⎝

+ − +
+

⎞
⎠

⎛

⎝
⎜

⎞

⎠
⎟

= + + + − + + − + −

⋅
+

+ +
⎛
⎝

+ − +
+

⎞
⎠

≤ − +
+
+

= − +
+
+

=

∞

=

= =

∞

=

k γk γ λ β d k γ λ λ β d
n k

k λ

α k l

l
μ a

μ k γk γ λ β d k γ λ λ β d

n k

k λ

α k l

l
a

μ β d λ γλ
n

λ
β d λ γλ

n

λ

1 2 2 1 1 1
Γ

Γ 1

1 1

1

1 2 2 1 1 1

Γ

Γ 1

1 1

1

1
Γ 1

Γ 2
1

Γ 1

Γ 2
.

k

m

p

q

p k p

p

q

p

k

m

k p

p

q

p

2

2

1

,

1 2

2

,

1

{ [ ( ∣ ∣ )] [ ( )]( ∣ ∣ )}
( )

( )

( )

{ [ ( ∣ ∣ )] [ ( )]( ∣ ∣ )}

( )

( )

( )

( ∣ ∣ )( )
( )

( )
( ∣ ∣ )( )

( )

( )

Hence, the proof is finalized. □

Corollary 4.2. Considering the functions f
p
, =p 1, 2, given by (5) from the class d β γ, ,λ α l

m n

, ,

,
�� ( ), the function

= − + ≤ ≤ ∈h z ξ f z ξf z ξ z U1 , 0 1, ,
1 2

( ) ( ) ( ) ( )

belongs to the class d β γ, , .λ α l

m n

, ,

,
�� ( )

Theorem 4.3. Let

=f z z,
1
( )

and

= +
− +

+ + + − + + − + − ⎛
⎝

⎞
⎠

≥ ∈

+
+

+
+ +

+ − +
+

f z z

β d λ γλ

k γk γ λ β d k γ λ λ β d

z

k z U

1

1 2 2 1 1 1

,

2, .

k

n

λ

n k

k λ

α k l

l

m
k

Γ 1

Γ 2

2
Γ

Γ 1

1 1

1

( )
( ∣ ∣ )( )

{ [ ( ∣ ∣ )] [ ( )]( ∣ ∣ )}

( )

( )

( )

( )

( )

The function f is contained in the class d β γ, ,λ α l

m n

, ,

,
�� ( ) if and only if it has the following form:

∑= + ∈
=

∞

f z μ f z μ f z z U, ,

k

k k1 1

2

( ) ( ) ( )

with ≥μ 0
k

, ≥k 1, and ∑ ==
∞

μ 1.k k1

Proof. Considering the function

∑

∑

= +

= +
− +

+ + + − + + − + − ⎛
⎝

⎞
⎠

=

∞

=

∞ +
+

+
+ +

+ − +
+

f z μ f z μ f z

z

β d λ γλ

k γk γ λ β d k γ λ λ β d

μ z

1

1 2 2 1 1 1

,

k

k k

k

n

λ

n k

k λ

α k l

l

m k
k

1 1

2

2

Γ 1

Γ 2

2
Γ

Γ 1

1 1

1

( ) ( ) ( )

( ∣ ∣ )( )

{ [ ( ∣ ∣ )] [ ( )]( ∣ ∣ )}

( )

( )

( )

( )

( )

we obtain
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∑

∑

+ + + − + + − + − ⎛
⎝

⎞
⎠

− +

⋅
− +

+ + + − + + − + − ⎛
⎝

⎞
⎠

= = − ≤

=

∞
+

+ +
+ − +

+

+
+

+
+

+
+ +

+ − +
+

=

∞

k γk γ λ β d k γ λ λ β d

β d λ γλ

β d λ γλ

k γk γ λ β d k γ λ λ β d

μ

μ μ

1 2 2 1 1 1

1

1

1 2 2 1 1 1

1 1.

k

n k

k λ

α k l

l

m

n

λ

n

λ

n k

k λ

α k l

l

m k

k

k

2

2
Γ

Γ 1

1 1

1

Γ 1

Γ 2

Γ 1

Γ 2

2
Γ

Γ 1

1 1

1

2

1

{ [ ( ∣ ∣ )] [ ( )]( ∣ ∣ )}

( ∣ ∣ )( )

( ∣ ∣ )( )

{ [ ( ∣ ∣ )] [ ( )]( ∣ ∣ )}

( )

( )

( )

( )

( )

( )

( )

( )

( )

( )

Hence, ∈f d β γ, ,λ α l

m n

, ,

,
�� ( ).

Conversely, we assume that ∈f d β γ, ,λ α l

m n

, ,

,
�� ( ).

Putting

=
+ + + − + + − + − ⎛

⎝
⎞
⎠

− +

+
+ +

+ − +
+

+
+

μ

k γk γ λ β d k γ λ λ β d

β d λ γλ

a

1 2 2 1 1 1

1

,
k

n k

k λ

α k l

l

m

n

λ

k

2
Γ

Γ 1

1 1

1

Γ 1

Γ 2

{ [ ( ∣ ∣ )] [ ( )]( ∣ ∣ )}

( ∣ ∣ )( )

( )

( )

( )

( )

( )

since

∑= −
=

∞

μ μ1 .

k

k1

2

Thus,

∑= +
=

∞

f z μ f z μ f z .

k

k k1 1

2

( ) ( ) ( )

Hence, the proof is finalized. □

Corollary 4.4. The functions

=f z z
1
( )

and

= +
+ −

+ + − + + + − − + ⎛
⎝

⎞
⎠

+
+

+ − +
+

+
+ +

f z z

γλ β d λ

k γk γ λ β d k γ λ λ β d

z

1

1 2 2 1 1 1

,
k

n

λ

α k l

l

m
n k

k λ

k

Γ 1

Γ 2

2
1 1

1

Γ

Γ 1

( )
( )( ∣ ∣ )

{ [ ( ∣ ∣)] [ ( )]( ∣ ∣)}

( )

( )

( ) ( )

( )

≥k 2 and ∈z U are the extreme points for the class d β γ, ,λ α l

m n

, ,

,
�� ( ).

5 Properties related to inclusion and neighborhood

We define the δ-neighborhood of a function ∈f � by:

∑ ∑= ∈ = + − ≤
=

∞

=

∞

N f g g z z b z k a b δ: and ,δ

k

k
k

k

k k

2 2

�( ) { ( ) ∣ ∣ } (6)

and for a particular function =e z z( ) , we obtain

∑ ∑=
⎧
⎨
⎩

∈ = + ≤
⎫
⎬
⎭=

∞

=

∞

N e g g z z b z k b δ: and .δ

k

k
k

k

k

2 2

�( ) ( ) ∣ ∣ (7)

Properties of a subclass of analytic functions  9



A function ∈f � is contained in the class d β γ ζ, , ,λ α l

m n

, ,

,
�� ( ) if there exists a function ∈h d β γ, ,λ α l

m n

, ,

,
�� ( )

such that

− < − ≤ < ∈
f z

h z
ζ ζ z U1 1 , 0 1, .

( )

( )
(8)

Theorem 5.1. If

=
+ − +

+ + + + + + ⎛
⎝

⎞
⎠

+ +
+

δ
λ β d λ γλ

n β d λ γ λ β d

2 2 1

1 1 1 1

,
α l

l

m
1

1

( )( ∣ ∣ )( )

( ){ ∣ ∣ ( )[ ( ∣ ∣ )]}

then

⊂d β γ N e, , .λ α l

m n
δ, ,

,
�� ( ) ( )

Proof. Consider ∈f d β γ, ,λ α l

m n

, ,

,
�� ( ). By applying Corollary 2.2, taking into account that

+ + + − + + − + − ⋅
+

+ +
⎛
⎝

+ − +
+

⎞
⎠

≥ + + + + +
+
+

⎛
⎝

+ +
+

⎞
⎠

k γk γ λ β d k γ λ λ β d
n k

k λ

α k l

l

β d λ γ λ β d
n

λ

α l

l

1 2 2 1 1 1
Γ

Γ 1

1 1

1

1 1 1
Γ 2

4Γ 3

1

1
,

m

m

2{ [ ( ∣ ∣ )] [ ( )]( ∣ ∣ )}
( )

( )

( )

{ ∣ ∣ ( )[ ( ∣ ∣ )]}
( )

( )

for ≥k 2, we obtain

∑

∑

+ + + + +
+
+

⎛
⎝

+ +
+

⎞
⎠

≤ + + + − + + − + −

⋅
+

+ +
⎛
⎝

+ − +
+

⎞
⎠

≤ − +
+
+

=

∞

=

∞

β d λ γ λ β d
n

λ

α l

l
a

k γk γ λ β d k γ λ λ β d

n k

k λ

α k l

l
a

β d λ γλ
n

λ

1 1 1
Γ 2

4Γ 3

1

1

1 2 2 1 1 1

Γ

Γ 1

1 1

1

1
Γ 1

Γ 2
,

m

k

k

k

m

k

2

2

2

{ ∣ ∣ ( )[ ( ∣ ∣ )]}
( )

( )

{ [ ( ∣ ∣ )] [ ( )]( ∣ ∣ )}

( )

( )

( )

( ∣ ∣ )( )
( )

( )

therefore

∑ ≤
+ − +

+ + + + + + ⎛
⎝

⎞
⎠

=

∞

+ +
+

a
λ β d λ γλ

n β d λ γ λ β d

2 1

2 1 1 1 1

.

k

k
α l

l

m

2 1

1

( )( ∣ ∣ )( )

( ){ ∣ ∣ ( )[ ( ∣ ∣ )]}
(9)

Applying Corollary 2.2 and Relation (9), we obtain

∑ ≤
+ − +

+ + + + + + ⎛
⎝

⎞
⎠

=
=

∞

+ +
+

ka
λ β d λ γλ

n β d λ γ λ β d

δ
2 2 1

1 1 1 1
k

k
α l

l

m

2 1

1

( )( ∣ ∣ )( )

( ){ ∣ ∣ ( )[ ( ∣ ∣ )]}

By virtue of (6), we obtain ∈f N eδ( ), which finalizes the proof of Theorem 5.1. □

Theorem 5.2. If ∈h d β γ, ,λ α l

m n

, ,

,
�� ( ) and

= +
+ − +

+ + + + + + ⎛
⎝

⎞
⎠

+ +
+

ζ
δ λ β d λ γλ

n β d λ γ λ β d

1
2

2 1

2 1 1 1 1

,
α l

l

m
1

1

( )( ∣ ∣ )( )

( ){ ∣ ∣ ( )[ ( ∣ ∣ )]}
(10)

then
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⊂N h d β γ ζ, , , .δ λ α l

m n

, ,

,
��( ) ( )

Proof. Considering ∈f N hδ( ), from Relation (6), we deduce that

∑ − ≤
=

∞

k a b δ,

k

k k

2

∣ ∣

which gives the coefficient inequality

∑ − ≤
=

∞

a b
δ

2
.

k

k k

2

∣ ∣ (11)

Using Relation (9) and taking into account that ∈h d β γ, ,λ α l

m n

, ,

,
�� ( ), we obtain

∑ ≤
+ − +

+ + + + + + ⎛
⎝

⎞
⎠

=

∞

+ +
+

b
λ β d λ γλ

n β d λ γ λ β d

2 1

2 1 1 1 1

.

k

k
α l

l

m

2 1

1

( )( ∣ ∣ )( )

( ){ ∣ ∣ ( )[ ( ∣ ∣ )]}
(12)

Using (11) and (12), we have

− ≤
∑ −

− ∑ ≤
⎛

⎝
⎜
⎜ −

⎞

⎠
⎟
⎟

= −=
∞

=
∞

+ − +

+ + + + + + ⎛
⎝

⎞
⎠

+ +
+

f z

h z

a b

b

δ
ζ1

1

2 1

1 .
k k k

k k

λ β d λ γλ

n β d λ γ λ β d

2

2

2 1

2 1 1 1 1
α l

l

m
1

1

( )

( )

∣ ∣

( )( ∣ ∣ )( )

( ){ ∣ ∣ ( )[ ( ∣ ∣ )]}

Thus, by Condition (8), ∈f d β γ ζ, , ,λ α l

m n

, ,

,
�� ( ), and ζ is given by (10). □

6 Properties related to radii of convexity, starlikeness, and close-
to-convexity

Theorem 6.1. The function ∈f d β γ, ,λ α l

m n

, ,

,
�� ( ) is analytic starlike of order δ, with <z r1∣ ∣ , for ≤ <δ0 1 and

=

⎧

⎨
⎪

⎩
⎪

+ + + − + + − + − − ⎛
⎝

⎞
⎠

− + −

⎫

⎬
⎪

⎭
⎪

+
+ +

+ − +
+

+
+

−

r

k γk γ λ β d k γ λ λ β d δ

β d λ γλ k δ

inf

1 2 2 1 1 1 1

1

.
k

n k

k λ

α k l

l

m

n

λ

1

2 2
Γ

Γ 1

1 1

1

Γ 1

Γ 2

2

k

1

2 1

{ [ ( ∣ ∣ )] [ ( )]( ∣ ∣ )}( )

( ∣ ∣ )( ) ( )

( )

( )

( )

( )

( )

( )

The function

)(= +
− +

+ + + − + + − + −
≥

+
+

+
+ +

+ − +
+

f z z

β d λ γλ

k γk γ λ β d k γ λ λ β d

z k

1

1 2 2 1 1 1

, 2,
k

n

λ

n k

k λ

α k l

l

m
k

Γ 1

Γ 2

2
Γ

Γ 1

1 1

1

( )
( ∣ ∣ )( )

{ [ ( ∣ ∣ )] [ ( )]( ∣ ∣ )}

( )

( )

( )

( )

( )

gives the sharp result.

Proof. We have to show that

′
− ≤ − <

zf z

f z
δ z r1 1 , for .1

( )

( )
∣ ∣

Taking into account that

′
− =

∑ −
+ ∑ ≤

∑ −
− ∑

=
∞ −

=
∞ −

=
∞ −

=
∞ −

zf z

f z

k a z

a z

k a z

a z
1

1

1

1

1
,

k k
k

k k
k

k k
k

k k
k

2
1

2
1

2
1

2
1

( )

( )

( )
∣

( ) ∣ ∣

∣ ∣

we will demonstrate that
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∑ −
− ∑ ≤ −=

∞ −

=
∞ −

k a z

a z
δ

1

1
1 ,

k k
k

k k
k

2
1

2
1

( ) ∣ ∣

∣ ∣

equivalently to

∑ − ≤ −
=

∞
−k δ a z δ1 .

k

k
k

2

1( ) ∣ ∣

Using Theorem 2.1, we obtain

≤

⎧

⎨
⎪

⎩
⎪

+ + + − + + − + − − ⎛
⎝

⎞
⎠

− + −

⎫

⎬
⎪

⎭
⎪

+
+ +

+ − +
+

+
+

−

z

k γk γ λ β d k γ λ λ β d δ

β d λ γλ k δ

1 2 2 1 1 1 1

1

,

n k

k λ

α k l

l

m

n

λ

2 2
Γ

Γ 1

1 1

1
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( )
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and the proof is finalized. □

Theorem 6.2. The function ∈f d β γ, ,λ α l

m n

, ,

,
�� ( ) is analytic convex of order δ, with <z r2∣ ∣ , for ≤ ≤δ0 1 and

=

⎧

⎨
⎪

⎩
⎪

+ + + − + + − + − − ⎛
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⎞
⎠
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⎫
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λ
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1
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2

k

1
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⎞
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+
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f z z
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gives the sharp result.

Proof. It is enough to demonstrate that

″
′ ≤ − <

zf z

f z
δ z r1 , .2

( )

( )
∣ ∣

Taking into account that

″
′ =

∑ −
+ ∑ ≤

∑ −
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=
∞ −

=
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we have to show that
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=
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δ

1
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k

2
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2
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k

k
k

2
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and using Theorem 2.1, we have the following result:
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written as:
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and the proof is finalized. □

Theorem 6.3. The function ∈f d β γ, ,λ α l

m n

, ,

,
�� ( ) is analytic close-to-convex of order δ, with <z r3∣ ∣ , for ≤ <δ0 1

and
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For the function f defined by (13), the result is sharp.

Proof. It is enough to demonstrate that
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Then,
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∣ ∣ . Using Theorem 2.1, the aforementioned

inequality gives the result:
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≤
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which finalizes the proof. □

7 Conclusion

The topic of introducing and studying new classes of univalent functions by applying fractional calculus
operators is further developed with the results presented in this article. A new class of analytic functions

d β γ, ,λ α l

m n

, ,

,
�� ( ) given in Definition 1.6 is introduced by using the Riemann-Liouville fractional integral for the
convolution product of multiplier transformation and Ruscheweyh operator shown in Definition 1.1. This
operator was previously introduced in [31], and the research exhibited in this article comes as a complement
to those previous studies and to the ones presented in [34] where a new class is introduced and studied using
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the fractional integral associated with the convolution product of generalized Sălăgean operator and Rusche-
weyh derivative. Just as in [31] and [34], comprehensive investigations are done on the newly introduced class

d β γ, ,λ α l

m n

, ,

,
�� ( ). The first theorem proved here in Section 2 gives the necessary conditions for a function ∈f �

to belong to the class d β γ, ,λ α l

m n

, ,

,
�� ( ), and a coefficient inequality for such functions follows as a corollary.

Bounds for the modulus of the functions belonging to class d β γ, ,λ α l

m n

, ,

,
�� ( ) and for the modulus of the deriva-

tive of the functions belonging to class d β γ, ,λ α l

m n

, ,

,
�� ( ) are obtained in the distortion results presented in

Section 3. Closure theorems are proved in Section 4 for the functions of the class d β γ, ,λ α l

m n

, ,

,
�� ( ), and extreme

points of the class are obtained as a corollary. In Section 5, neighborhood results are obtained and the
inclusion relations involving class d β γ, ,λ α l

m n

, ,

,
�� ( ) are proved. Section 6 concerns geometric properties of the

class d β γ, ,λ α l

m n

, ,

,
�� ( ), radii of starlikeness, convexity, and close-to-convexity being provided for this class.
The results obtained in this article could inspire future investigations including quantum calculus, which

is another topic of interest at the moment proved by recent results contained in [35]. Fractional integral was
also associated with quantum calculus aspects in [36] and [37]. Differential subordinations and superordina-
tions could be obtained using the newly introduced class, and also, fuzzyfication of the results could be
considered as seen in [38]. Differential subordination theory can also be applied to the Riemann-Liouville
fractional integral for the convolution product of multiplier transformation and Ruscheweyh operator shown
in Definition 1.1 as nice results have been obtained recently involving fractional integral and Libera integral
operator [39].

Acknowledgments: The authors wish to thank the referees for useful comments and suggestions.

Funding information: The publication of this research was supported by University of Oradea.

Author contributions: All authors contributed equally and significantly in writing this article. All authors read
and approved the final manuscript.

Conflict of interest: The authors declare that they have no competing interest.

Ethical approval: The conducted research is not related to either human or animal use.

Data availability statement: Data sharing is not applicable to this article as no datasets were generated or
analyzed during this study.

References

[1] D. Baleanu and R. P. Agarwal, Fractional calculus in the sky, Adv. Differential Equations 2021 (2021), 117, DOI: https://doi.org/10.1186/
s13662-021-03270-7.

[2] H. M. Srivastava, An introductory overview of fractional-calculus operators based upon the fox-wright and related higher transcendental
functions, J. Adv. Eng. Comput. 5 (2021), 135–166.

[3] S. Owa, On the distortion theorems I, Kyungpook Math. J. 18 (1978), 53–59.
[4] S. Owa and H. M. Srivastava, Univalent and starlike generalized hypergeometric functions, Can. J. Math. 39 (1987), 1057–1077.
[5] H. M. Srivastava, M. Saigo, and S. Owa, A class of distortion theorems involving certain operators of fractional calculus, J. Math. Anal.

Appl. 131 (1988), 412–420.
[6] V. Kiryakova, The special functions of fractional calculus as generalized fractional calculus operators of some basic functions, Comput.

Math. Appl. 9 (2010), no. 3, 1128–1141.
[7] R. W. Ibrahim and M. Darus, On analytic functions associated with the Dziok-Srivastava linear operator and Srivastava-Owa fractional

integral operator, Arab. J. Sci. Eng. 36 (2011), 441–450, DOI: https://doi.org/10.1007/s13369-011-0043-y.

14  Alina Alb Lupaş and Mugur Acu

https://doi.org/10.1186/s13662-021-03270-7
https://doi.org/10.1186/s13662-021-03270-7
https://doi.org/10.1007/s13369-011-0043-y


[8] H. M. Srivastava, M. Darus, and R. W. Ibrahim, Classes of analytic functions with fractional powers defined by means of a certain linear
operator, Integral Transforms Spec. Funct. 22 (2011), no. 1, 17–28, DOI: https://doi.org/10.1080/10652469.2010.489796.

[9] J. K. Prajapat and R. K. Raina, New sufficient conditions for starlikeness of analytic functions involving a fractional differintegral operator,
Demonstr. Math. 43 (2010), no. 4, 805–814, DOI: https://doi.org/10.1515/dema-2010-0408.

[10] M. K. Aouf, A. O. Mostafa, and H. M. Zayed, Subordination and superordination properties of p-valent functions defined by a generalized
fractional differintegral operator, Quaest. Math. 39 (2016), no. 4, 545–560, DOI: https://doi.org/10.2989/16073606.2015.1113212.

[11] P. Sharma, R. K. Raina, and G. S. Sălăgean, Some geometric properties of analytic functions involving a new fractional operator,
Mediterr. J. Math. 13 (2016), 4591–4605. DOI: https://doi.org/10.1007/s00009-016-0764-y.

[12] H. M. Srivastava, M. Bansal, and P. Harjule, A study of fractional integral operators involving a certain generalized multi-index Mittag-
Leffler function, Math. Meth. Appl. Sci. 41 (2018), 6108–6121.

[13] I. Nayab, S. Mubeen, R. S. Ali, G. Rahman, A-H. Abdel-Aty, E. E. Mahmoud, et al., Estimation of generalized fractional integral operators
with nonsingular function as a kernel, AIMS Math. 6 (2021), no. 5, 4492–4506, DOI: https://doi.org/10.3934/math.2021266.

[14] F. Ghanim, H. F. Al-Janaby, and O. Bazighifan, Some new extensions on fractional differential and integral properties for Mittag-Leffler
confluent hypergeometric function, Fractal Fract. 5 (2021), 143.

[15] F. Ghanim, S. Bendak, and A. Al Hawarneh, Certain implementations in fractional calculus operators involving Mittag-Leffler-confluent
hypergeometric functions, Proc. R. Soc. A 478 (2022), 20210839.

[16] M. O. Oluwayemi, K. Vijaya, and A. Cătaş, Certain properties of a class of functions defined by means of a generalized differential
operator, Mathematics 10 (2022), 174, DOI: https://doi.org/10.3390/math10020174.

[17] A. Cătaş, R. Şendruţiu, and L. F. Iambor, Certain subclass of harmonic multivalent functions defined by derivative operator, J. Comput.
Anal. Appl. 29 (2021), 775–785.

[18] W. G. Atshan, I. A. R. Rahman, and A. AlbLupaş, Some results of new subclasses for bi-univalent functions using quasi-subordination,
Symmetry 13 (2021), 1653, DOI: https://doi.org/10.3390/sym13091653.

[19] Á. O. Páll-Szabó and G. I. Oros, Coefficient related studies for new classes of bi-univalent functions, Mathematics 8 (2020), 110‘,
DOI: https://doi.org/10.3390/math8071110.

[20] S. Owa and H. Ö. Güney, New applications of the Bernardi integral operator, Mathematics 8 (2020), 1180, DOI: https://doi.org/10.3390/
math8071180.

[21] S. G. Sălăgean and Á. O. Páll-Szabó, On a certain class of harmonic functions and the generalized Bernardi-Libera-Livingston integral
operator, Stud. Univ. Babeş-Bolyai Math. 65 (2020), no. 3, 365–371, DOI: https://doi.org/10.24193/subbmath.2020.3.05.

[22] R. W. Ibrahim and D. Baleanu, On a combination of fractional differential and integral operators associated with a class of normalized
functions, AIMS Math. 6 (2021), no. 4, 4211–4226, DOI: https://doi.org/10.3934/math.2021249.

[23] A. AlbLupaş, New applications of fractional integral for introducing subclasses of analytic functions, Symmetry 14 (2022), 419,
DOI: https://doi.org/10.3390/sym14020419.

[24] S. Rashid, A. Khalid, O. Bazighifan, and G. I. Oros, New modifications of integral inequalities via γ-convexity pertaining to fractional
calculus and their applications, Mathematics 9 (2021), 1753.

[25] S. K. Sahoo, M. Tariq, H. Ahmad, B. Kodamasingh, A. A. Shaikh, T. Botmart, et al., Some novel fractional integral inequalities over a new
class of generalized convex function, Fractal Fract. 6 (2022), 42.

[26] G. I. Oros and L. I. Cotîrlă, Coefficient estimates and the Fekete-Szegö problem for new classes of m-fold symmetric bi-univalent functions,
Mathematics 10 (2022), 129.

[27] V. D. Breaz, A. Cătaş, and L. Cotîrlă, On the upper bound of the third Hankel determinant for certain class of analytic functions related with
exponential function, An. Şt. Univ. Ovidius Constanţa 30 (2022), 75–89.

[28] I. A. R. Rahman, W. G. Atshan, and G. I. Oros, New concept on fourth Hankel determinant of a certain subclass of analytic functions, Afr.
Mat. 33 (2022), 7.

[29] A. Cătaş, On certain class of p-valent functions defined by a new multiplier transformations, In: Proceedings Book of the International
Symposium GFTA; Istanbul Kultur University, Istanbul, Turkey, 2007, pp. 241–250.

[30] St. Ruscheweyh, New criteria for univalent functions, Proc. Amer. Math. Soc., 49 (1975), 109–115.
[31] A. AlbLupaş, About some differential sandwich theorems using a multiplier transformation and Ruscheweyh derivative, J. Comput. Anal.

Appl., 21 (2016), no. 7, 1218–1224.
[32] S. G. Samko, A. A. Kilbas, and O. I. Marichev, Fractional Integrals and Derivatives: Theory and Applications, Taylor & Francis, London,

2002. Orig. ed. in Russian: Minsk; Nauka i Tekhnika; 1987.
[33] A. AlbLupaş and G. I. Oros, Fractional integral of a confluent hypergeometric function applied to defining a new class of analytic functions,

Symmetry, 14 (2022), 427, DOI: https://doi.org/10.3390/sym14020427.
[34] A. AlbLupaş, Inequalities for analytic functions defined by a fractional integral operator, In: G. Anastassiou and J. Rassias, (Eds.),

Frontiers in Functional Equations and Analytic Inequalities, Springer, Berlin/Heidelberg, Germany, 2020. pp. 731–745.
[35] M. K. Aouf and A. O. Mostafa, Subordination results for analytic functions associated with fractional q-calculus operators with complex

order, Afr. Mat. 31 (2020), 1387–1396, DOI: https://doi.org/10.1007/s13370-020-00803-3.
[36] H. Zhou, K. A. Selvakumaran, S. Sivasubramanian, S. D. Purohit, and H. Tang, Subordination problems for a new class of Bazilevič

functions associated with k -symmetric points and fractional q-calculus operators, AIMS Math. 6 (2021), 8642–8653.
[37] A. AlbLupaş and G. Oros, Sandwich-type results regarding Riemann-Liouville fractional integral of q-hypergeometric function, Demonstr.

Math. 56 (2023), no. 1, 20220186, DOI: https://doi.org/10.1515/dema-2022-0186.

Properties of a subclass of analytic functions  15

https://doi.org/10.1080/10652469.2010.489796
https://doi.org/10.1515/dema-2010-0408
https://doi.org/10.2989/16073606.2015.1113212
https://doi.org/10.1007/s00009-016-0764-y
https://doi.org/10.3934/math.2021266
https://doi.org/10.3390/math10020174
https://doi.org/10.3390/sym13091653
https://doi.org/10.3390/math8071110
https://doi.org/10.3390/math8071180
https://doi.org/10.3390/math8071180
https://doi.org/10.24193/subbmath.2020.3.05
https://doi.org/10.3934/math.2021249
https://doi.org/10.3390/sym14020419
https://doi.org/10.3390/sym14020427
https://doi.org/10.1007/s13370-020-00803-3
https://doi.org/10.1515/dema-2022-0186


[38] A. Alb Lupaş, Fuzzy differential sandwich theorems involving fractional integral of confluent hypergeometric function, Symmetry 13
(2021), 1992, DOI: https://doi.org/10.3390/sym13111992.

[39] G. I. Oros, G. Oros, and S. Owa, Subordination properties of certain operators concerning fractional integral and Libera integral operator,
Fractal Fract. 7 (2023), 42, DOI: https://doi.org/10.3390/fractalfract7010042.

16  Alina Alb Lupaş and Mugur Acu

https://doi.org/10.3390/sym13111992
https://doi.org/10.3390/fractalfract7010042

	1 Introduction
	2 Properties related to coefficient inequality
	3 Properties related to distortion
	4 Properties related to closure
	5 Properties related to inclusion and neighborhood
	6 Properties related to radii of convexity, starlikeness, and close-to-convexity
	7 Conclusion
	Acknowledgments
	References


<<
  /ASCII85EncodePages false
  /AllowTransparency false
  /AutoPositionEPSFiles true
  /AutoRotatePages /None
  /Binding /Left
  /CalGrayProfile (None)
  /CalRGBProfile (sRGB IEC61966-2.1)
  /CalCMYKProfile (ISO Coated)
  /sRGBProfile (sRGB IEC61966-2.1)
  /CannotEmbedFontPolicy /Error
  /CompatibilityLevel 1.3
  /CompressObjects /Off
  /CompressPages true
  /ConvertImagesToIndexed true
  /PassThroughJPEGImages true
  /CreateJobTicket false
  /DefaultRenderingIntent /Perceptual
  /DetectBlends true
  /DetectCurves 0.1000
  /ColorConversionStrategy /sRGB
  /DoThumbnails true
  /EmbedAllFonts true
  /EmbedOpenType false
  /ParseICCProfilesInComments true
  /EmbedJobOptions true
  /DSCReportingLevel 0
  /EmitDSCWarnings false
  /EndPage -1
  /ImageMemory 524288
  /LockDistillerParams true
  /MaxSubsetPct 100
  /Optimize true
  /OPM 1
  /ParseDSCComments true
  /ParseDSCCommentsForDocInfo true
  /PreserveCopyPage true
  /PreserveDICMYKValues true
  /PreserveEPSInfo true
  /PreserveFlatness true
  /PreserveHalftoneInfo false
  /PreserveOPIComments false
  /PreserveOverprintSettings true
  /StartPage 1
  /SubsetFonts false
  /TransferFunctionInfo /Apply
  /UCRandBGInfo /Preserve
  /UsePrologue false
  /ColorSettingsFile ()
  /AlwaysEmbed [ true
  ]
  /NeverEmbed [ true
  ]
  /AntiAliasColorImages false
  /CropColorImages true
  /ColorImageMinResolution 150
  /ColorImageMinResolutionPolicy /OK
  /DownsampleColorImages true
  /ColorImageDownsampleType /Bicubic
  /ColorImageResolution 300
  /ColorImageDepth -1
  /ColorImageMinDownsampleDepth 1
  /ColorImageDownsampleThreshold 1.50000
  /EncodeColorImages true
  /ColorImageFilter /DCTEncode
  /AutoFilterColorImages true
  /ColorImageAutoFilterStrategy /JPEG
  /ColorACSImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /ColorImageDict <<
    /QFactor 0.76
    /HSamples [2 1 1 2] /VSamples [2 1 1 2]
  >>
  /JPEG2000ColorACSImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /JPEG2000ColorImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /AntiAliasGrayImages false
  /CropGrayImages true
  /GrayImageMinResolution 150
  /GrayImageMinResolutionPolicy /OK
  /DownsampleGrayImages true
  /GrayImageDownsampleType /Bicubic
  /GrayImageResolution 300
  /GrayImageDepth -1
  /GrayImageMinDownsampleDepth 2
  /GrayImageDownsampleThreshold 1.50000
  /EncodeGrayImages true
  /GrayImageFilter /DCTEncode
  /AutoFilterGrayImages true
  /GrayImageAutoFilterStrategy /JPEG
  /GrayACSImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /GrayImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /JPEG2000GrayACSImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /JPEG2000GrayImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /AntiAliasMonoImages false
  /CropMonoImages true
  /MonoImageMinResolution 1200
  /MonoImageMinResolutionPolicy /OK
  /DownsampleMonoImages true
  /MonoImageDownsampleType /Bicubic
  /MonoImageResolution 600
  /MonoImageDepth -1
  /MonoImageDownsampleThreshold 1.50000
  /EncodeMonoImages true
  /MonoImageFilter /CCITTFaxEncode
  /MonoImageDict <<
    /K -1
  >>
  /AllowPSXObjects false
  /CheckCompliance [
    /None
  ]
  /PDFX1aCheck false
  /PDFX3Check false
  /PDFXCompliantPDFOnly false
  /PDFXNoTrimBoxError true
  /PDFXTrimBoxToMediaBoxOffset [
    0.00000
    0.00000
    0.00000
    0.00000
  ]
  /PDFXSetBleedBoxToMediaBox true
  /PDFXBleedBoxToTrimBoxOffset [
    0.00000
    0.00000
    0.00000
    0.00000
  ]
  /PDFXOutputIntentProfile (None)
  /PDFXOutputConditionIdentifier ()
  /PDFXOutputCondition ()
  /PDFXRegistryName (http://www.color.org?)
  /PDFXTrapped /False

  /CreateJDFFile false
  /SyntheticBoldness 1.000000
  /Description <<
    /POL (Versita Adobe Distiller Settings for Adobe Acrobat v6)
    /ENU (Versita Adobe Distiller Settings for Adobe Acrobat v6)
  >>
>> setdistillerparams
<<
  /HWResolution [2400 2400]
  /PageSize [2834.646 2834.646]
>> setpagedevice


