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Abstract: The contribution of fractional calculus in the development of different areas of research is well
known. This article presents investigations involving fractional calculus in the study of analytic functions.
Riemann-Liouville fractional integral is known for its extensive applications in geometric function theory.
New contributions were previously obtained by applying the Riemann-Liouville fractional integral to the
convolution product of multiplier transformation and Ruscheweyh derivative. For the study presented in
this article, the resulting operator is used following the line of research that concerns the study of certain
new subclasses of analytic functions using fractional operators. Riemann-Liouville fractional integral of the
convolution product of multiplier transformation and Ruscheweyh derivative is applied here for introducing a
new class of analytic functions. Investigations regarding this newly introduced class concern the usual aspects
considered by researchers in geometric function theory targeting the conditions that a function must meet to
be part of this class and the properties that characterize the functions that fulfil these conditions. Theorems
and corollaries regarding neighborhoods and their inclusion relation involving the newly defined class are
stated, closure and distortion theorems are proved, and coefficient estimates are obtained involving the
functions belonging to this class. Geometrical properties such as radii of convexity, starlikeness, and close-
to-convexity are also obtained for this new class of functions.

Keywords: analytic functions, fractional integral, multiplier transformation, radii of convexity and starlike-
ness, neighborhood property

MSC 2020: 30C45, 30A10, 33C15

1 Introduction

Riemann-Liouville fractional integral is a classical fractional calculus operator, which is intensely used in
theoretical studies, while certain operators defined involving this operator can be applied in numerous fields
of science and engineering. Scientific and real-world problems can be modeled and analyzed using such
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fractional integral operators. A comprehensive overview of the theory and applications of the fractional-
calculus operators is given in the very recent review papers [1,2].

Fractional calculus operators provided interesting applications in the theory of analytic functions, and
examples can be given as classical results, which are still inspiring for researchers nowadays. Riemann-
Liouville fractional integral was first used in [3], further investigations were conducted combining it with
the generalized hypergeometric function in [4], and a general class of fractional integral operators involving
the Gauss hypergeometric function is introduced in [5] and used for obtaining distortion results involving
certain subclasses of univalent functions analytic in the unit disk. After many more other published results, a
unified approach on special functions and fractional calculus operators is presented in [6], where a series of
articles are listed that can be read for following the development of the topic. The investigations continued
using the familiar Dziok-Srivastava convolution operator associated with fractional derivative for defining and
studying new classes of analytic functions [7] or for using the means of differential subordination and super-
ordinations theory on those newly defined classes as in [8]. Differintegral operators were also associated with
Riemann-Liouville fractional integral for studying starlikeness of certain classes of analytic functions in [9]
and for obtaining new differential subordinations and superordinations in [10]. Geometric properties of
classes of analytic functions were studied using a fractional integral operator in [11], and multi-index
Mittag-Leffler function was involved in defining a new fractional operator in [12]. Recent studies involve
fractional integral connected to Bessel functions [13], and important special cases connected with fractional
operators in fractional calculus are highlighted. Mittag-Leffler confluent hypergeometric function is used for
extending properties of fractional integral in [14] and for highlighting certain implementations in fractional
calculus in [15].

An important line of research in geometric function theory concerns finding methods of constructing
different operators that preserve classes of the univalent functions and using them to define certain relevant
subclasses. Very recent interesting results on this topic can be listed such as classes of functions introduced
and studied involving generalized differential operators [16,17], considering bi-univalent functions [18,19], or
using integral operators [20,21].

The classical definition of fractional calculus operators and generalizations involving such operators have
been applied for introducing and studying new classes of functions. In [22], a generalized fractional operator is
studied regarding its geometric properties and is used for defining classes of univalent functions.

This article follows the line of research concerned with introducing and studying new classes of functions
involving fractional calculus aspects. In this regard, Riemann-Liouville fractional integral applied to convolu-
tion product between multiplier transformation and Ruscheweyh derivative introduced in [23] is used for
defining a new subclass of analytic functions. The newly introduced class is interesting due to its geometrical
properties since aspects regarding convexity are known to be of interest for investigations using fractional
integral inequalities [24,25]. Radii of convexity, starlikeness, and close-to-convexity of order § for 0 < § <1 are
given for this new class. The characteristics of the class can be used in further studies concerning special
classes of functions, which have particular geometric properties. Other useful results are obtained such as
neighborhood, closure, and distortion theorems, and coefficient studies reveal interesting inequalities, which
can be used further for conducting studies with a focus on Fekete-Szego problem as seen for example in [26] or
estimates regarding Henkel determinants of certain order [27,28].

Some notations and special classes are needed for the investigation.

H(U), denotes the class of analytic functions defined on the open unit disc U = {z € C : |z| < 1} of the
complex plane and H(a,n) denotes the class that contains functions of the form f(z) =a+ ayz" +
(,+12"* + .... The subclass of the functions of the form f(z) = z + ap.1z™*! + ... is denoted by A, with
A = ﬂl.

Definition 1.1. [23] The Riemann-Liouville fractional integral applied to the convolution product of multiplier
transformation and Ruscheweyh derivative is defined by:
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which can be written making a simple calculation as follows:

D R 1 < kI(n+k)
R @ =t Tar D ATk A+ D

T+ak-D+0" , .
[+1 ]a’EZH’

considering the function f(2) = z + ¥)_,axzk € A. We observe that D;*IR};'f(z) € H(A + 1, 1).

We remind that for two analytic functions f(z) = z + Y,-,a;zk € A and g(z) = z + Y-,bz* € A, the
convolution product of f and g, written as f * g, is defined by:

(f*8) @) =f(2)* @) =z+ ) abz~.
k=2
The operators used in the convolution product are defined in the following.

Definition 1.2. [29] The multiplier transformation I(m, a, 1)f (z) is defined by the following infinite series:

axzk,

Im,a,Df(2)=z+ )

[1+a(k NEXA
k=2

1+1

for fEA, MENU{0},a,l20.

Definition 1.3. (Ruscheweyh [30]) The Ruscheweyh derivative R" is defined by R" : A —» A,

R¥(2) = f(@),
R'f(2) = zf"(2),

(n+ DR™f(2) = z(R'f(2)) + nRYf(2), z €U,
for f€ A andn €N,

® T(n+k)

Remark 1.1. We observe that R"f(z) = z + ﬁZkZZ ® ayzk for f(z) = z + Yz € A, z € U.

Definition 1.4. [31] The convolution product IR;}" : A — A of the multiplier transformation I(m, a, ) and the
Ruscheweyh derivative R" is defined by:

Rei'f(2) = I(m, a, 1) * RHf(2),

forn meNanda,l=0.

1 0
Remark 1.2. We observe that IR;{'f(z) =z + F(n+1)zk=2(
eEA,zeU.

1+a(k—1)+l)mr(n+k)

2,k — ®
=] T @z for f(z)=z +) o yzk

We also remind the definition of Riemann-Liouville fractional integral.

Definition 1.5. [3,32] The fractional integral of order A (A > 0) for an analytic function f is defined by:

D f®
D (@) = F(/DJ'(Z R o
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Inspired by the results obtained in [33], we define a new subclass of analytic functions using the operator
introduced in [23].

Definition 1.6. The class 7R}, (d, B, y) consists of the function f € A, which satisfies the following relation:

@

zZ(D;IRYYf(2)) + yz*(D,IRG{'f (2))” )
_ - <
d| (1 - Y)D; IR (2) + yz(D; RIS (2)) h

withm,n €N, A1>0,a,l20,d€C -{0},0<f<1,0<y<l,andz € U.
Considering the definition of the newly introduced class, in Section 2, a necessary and sufficient condition

for a function f € A to belong to the class is stated. Coefficient-related studies establish relevant inequalities
in Section 2, and distortion properties for functions from class 7R} (d, B, y) and for their derivatives are

described in Section 3. Partial sums of functions belonging to the class 7R}, (d, B, y) are presented in Section 4,
and the extreme points are obtained for the class. Certain inclusion properties are proved in Section 5 for the
class TR i(d, B, y), and, as a closure of this study, the important aspects regarding convexity and starlikeness
properties of the class are discussed in Section 6 of this article.

2 Properties related to coefficient inequality
Theorem 2.1. The function f € A is contained in the class TR ,y(d, B, y) if and only if

2 kiyk? + [1+p22 = 2 + BldD]k + [1 + yA - DI - 1 + ld])}

k=2
1+a(k—1)+l]’" I(n + k) F(n+1)
2 < (yA + 1)(B|d , 3
1+1 Ttk + 4+ % < WA+ DBl = Do ®
withm,n€N,;1>0,a,l20,d€C -{0},0<f=<1,0<y<landz€U.
Proof. Let f € A. Considering Inequality (3) and making an easy calculus, we obtain
2(D;"IRz'f (2)) + yz*(D; " IRef (2))”
(1 - YD RS (2) + yz(D; Rg'(2))
AYA+1 +1D) a4 +k +a(k +1 .
MDD 101 4 5% Kiyk? + [1+ 2y~ DIK+ (- D[L+ y(A - 1)]}r(r,f'1h)1)[1 akb } 7k
= <

YA+ DI(n+1) /1 1 _ T(n+k) fl+a(k—1)+l 2, k+4
G2 + +Z k1+y(k+)l 1)]F(k+/1+1)l I+1 akz+

and applying properties of the modulus function, we obtain

m
AaA+DI(n+1) 00 1+ak-1)+1 T(n+k) _
AGLDID 4 S akfyk? + [1+ 2y - DIk + (A - D1+ y(A - 1)]}[ S ] s adz<
(aA+DI(n+1) ) 1+atk-1)+ l T(n+k)
@+ 2=kl + y(k + A - 1)][ I1+1 T(k+A+1) a2

Considering on real axis values of z and taking z — 17, we obtain using Relation (3)

2 ki{yk? + [1+ 24 + Bld| - 2)]k + [1 + (A - D](A + BId| - 1}
k=2

1+atk-1)+ 1" T(n+k) FRCESY
I+ 1 ]F(k+)t D% < O+ DIl = D,
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that
2(D;'IRG'f(2)) + yz*(D;"IRG{'f (2))”
(A - YIDMRYf (z) + yz(D; IR (2))

1‘ < pldl,

equivalently with f € TRY2(d, B, ).
Conversely, suppose that f€ IR}, (d, B,y). In this condition, we obtain the following equivalently

inequalities:

2(D; "Ry (2)) + y2(D;"Rqf (2))"

(1 - VD' Rqf (2) + yz2(D; "Ry {'f (2))

1} > =pld|,

m
ALY 341 4 5% kfyk? + [2p(h - 1) + 1]k + (A = DA = 1) + 1l f““(’“””] aizk

T(A+2) F(k+A+1)l 1+1
Re [ _ 9
GA+DI@m+D) 549 o _ tn+k) [1+at-D+1]" 5 4y
en 2 F 2kl 4y A= Dl ™ e ] agz
+ pld|; > 0,
m
WZMI + Yok {yk? + [yQ24 + Bld| - 2) + 1]k + [y(A - 1) + 1](A + B|d| - 1)}1"(1-1((,:;’:)1)[%] aizkh
Re > 0.

QA+ DI+ 1) - k) 2
Tary 2 Limll + yk + A - Dl pwe

Because Re(e?) = r and Re(-e'?) > —|el| = -1, the inequality becomes
m
LML Dot KK+ [1+ @+ il = 2 1+ YA = DI Bl - Dby 5[ e

> 0.

m
GA+DI(+D) 41 _ g% - _ I(n+k) |1+ak-1)+1 2. k+4
ten T Dl Y+ A= Dl gl ar

Letting r — 1" and by using the mean value theorem, we obtain Inequality (3), which finalizes the proof of
Theorem 2.1. O

Corollary 2.2. We obtain for the function f € IR} ,(d, B, y), the following coefficient inequality:

(n+1)
(Bld] - H(YA + D
Ak < @+2) ) k > 2.

m
Kiyk? + [1+ y(2A + Bld| - )]k + [1+ y(A - DIA + pld] - 1)};;2;’?1){““3’1‘11’”

3 Properties related to distortion

Theorem 3.1. The function f € IR}, (d, B, y) has the property

A+ DBl - DA +2)

1+a+l

2n + 1)[ I+1 ] {Bld| + A+ D1+ y@A + Bld| + DI}

r-

rt<|f(2)|

(YA + D(Bld| - DA + 2)
2n + 1)[1331* l] {Bld| + (A + D[+ y@ + Bld| + 1)1}

<r+

re,

with|z| =r <1.
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The equality holds for

A+ 2)Bld| - H(yA + 1)

1+a+l

2(n + 1)[ I+l ] Bld] + (A + D1+ y(A + 1+ ldD]}

7%

f(2)=z+

withz € U.

Proof. Considering f € IR, n(A, @, , d, B, y), from Relation (3) and taking into account that the sequence

kiyk® + [1+ p(24 + Bld| = 2)]k + [1 + y(A = DIQA + Bld| - D}

1+a(k—1)+l]’" I'(n+ k)
[+1 I'k+A+1)

is increasing and positive for k > 2, in these conditions, we obtain

1+a+1l
\/2(n+l) I+ 1

{Bld] + A+ DIL+y@ + pld| + DI} Y a
k=2

IA

1+a(k—1)+l]’" I'(n+k)

3 iy + [1+ y@h+ Bldl = 20k + [1+ y0 - DIG + pidi - D J 1) T e D

I'(n+1)
TA+2)’

IA

\/(Bldl - DA+

equivalently with

< (A +2)(Bld| - D)(yA + 1)
Z ak : 1+a+1 m ‘B y ' (4)
k=2 2n + 1)[ T ] {Bld| + (A + D1+ y@ + Bld| + DI}
Using the properties of the modulus function for
f@=z+ ) azh,
k=2
we obtain
r-r2yasr-Yarisizi- Yaclzfk < |f@ <zl + YaplzF sT+ Y agrk<r+rt) a,
k=2 k=2 k=2 k=2 k=2 k=2
and applying Relation (4), we obtain
A+ 2)Bld] - AD)(yA +1
. (m )(Bld| - H(yA + 1) < f @)
1+a+l
2(n + 1)[ = ] {Bld| + (A + D[1+ y@& + pld| + DI}
<rs (Am+ 2)(Bld| - H(yA + 1) 2
2(n + 1)[131’; ’] {Bld + (A + DIy@ + pld| + 1) + 1]}
which completes the proof of Theorem 3.1. O

Theorem 3.2. The function f € IR} . (d, B, y) has the property

2+ 2)(Bld| - (YA + 1)

1+a+l

1 ] {Bld] + (A + D[1 + pld| + y(A + D]}

rs|f @l

(n+1
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2+ 2)(Bld] - DA + 1)

<

r,
1+a+l

(n+ 1)[ 1 ] Bld| + (A + D[1 + Bld| + y(A + D]}

with|z| =r <1.
The equality holds for

A+ 2)Bld| - (YA + 1)

1+a+l

f@)=z+ m
2n + 1)[ [+1 ] Bld| + (A + D1 + pld| + y(A + D]}

7z, z€U.

Proof. The following result is obtained by applying the properties of the modulus function for
f(@) =1+ ) kaez",
k=2
obtaining
1- ) kaglz] <1- ) kaglzF P < |f/(2)] <1+ ) kaglz[FL <1+ ) kaylz).
k=2 k=2 k=2 k=2

Now, using Relation (4), we obtain

1- 2+ 2)(Bld| - DA + 1)

r<|f' (@l
1+a+l

(n+ 1)[ o1 l {Bld] + (A + D1 + y(A + pld| + D]}

<1+ 2+ 2)(Bld| - DA + 1)

r!
1+a+l

(n+ 1)[ I+1 l {Bld| + (A + D1+ y@ + Bld| + DI}

which finalize the proof of Theorem 3.2.

4 Properties related to closure

Theorem 4.1. Consider the functions f,, p =1,2,..., q, given by:
@ =z+ Y k", axp=0, z€U,
k=2

from the class TR2(d, B, V).
The function

q
h(z) = Y u,f(2), z€U, u,20,
p=1

is in the class IR}, (d, B, y), when

q
Zyp =1
p=1

Proof. For the function f, we can write

q q © ® q
h(Z)= Yz + Q) Y iapzk =2+ 3 ) a2k,
p=1 p=1k=2 2p=1

k=

(6)]
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and since the functions fp, p =1,2,.., q belong to the class I Rf{f;z'fl(d, B, ), applying Corollary 2.2, we obtain

ad Tn+k) (1+ak-1D+1)"
ngk{ykz +[1+ 2+ Bld| - 2)]k + [1 + y@A - D]A + Bld| - }- J Tk i+ D) T ax
I 1
< J@a-202+ DA,
In this condition, it is enough to demonstrate that
ad T k) (1 k-1 + 1"
3 KR+ T+ y @+ Al 2K+ [y~ DI+ i - 1)}J e Py
q 00
= 21, 2 Jk{yk? + [1+ p4 + Bld| - 2)k + [1 + y(A - DA + Bld| - 1)}
p=1 k=2
_ I'(n + k) 1+a(k—1)+l]’“
T(k+ A +1) 1+1 e
d ~ I(n+1) ~ T(n +1)
< p;#p\/(ﬁldl DA+ Dya 5 = \/(ﬁldl DA+ Doy
Hence, the proof is finalized. O

Corollary 4.2. Considering the functions f,, p = 1,2, given by (5) from the class I Rai(d, B, y), the function
hz)=1-Of@) +éhz), 0<¢<1, z€U,
belongs to the class TR} (d, B, y).

Theorem 4.3. Let
fi(@) = z,

and

I'(n+1
(Bldl = HYA + Doy
m
T(n+k) f1+a(k—1)+z

kipk® + [1+ p(2A + Bld| = 2)]k + [1 + y(A = DI + Bld| - mf(’”“”l o1

A

K@) =z+

k=22, z€eU.

The function f is contained in the class TR} ;' (d, B, y) if and only if it has the following form:
F@) = uf@) + Tuh@. 220
with g, 2 0,k 2 1, and 3, = 1.
Proof. Considering the function

f@ = fi@)+ Y wfil2
k=2

T(n+1
- (Bld] = DA + Dy
=7z + Z
Tn+k) [1+atk-1+1

K22\ kiyk? + [1+ yA + Bld| = 2]k + [1 + y(A = DI + Bld] - m”’”“”l o1

k
m UZ"s

we obtain
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Kiyk? + [1+ y@A + Bid] - 2]k + [1+ y@ - DI + pld] - D10 [“M_W]m

r(k+A+1)l 1+1

M s

(Bldl = DA + DGy

T(n+1)

Bld - My + DG

kiyk? + [1+ (24 + Bld| = D]k + [1 + y@A = DIA + Bld| - 1}

=
U
N

m Uy
I+ k) (1+at-1+1
r(k+/1+1)l I+1 ]

[

= 2e=1-m st
k=2
Hence, f € TRT(d, B, y).
Conversely, we assume that f € TRY,(d, B, ).
Putting

m
Kiyk? + [1+ y(24 + Bld| = 2]k + [1 + (A - DA + Bld] - 1)};;2;’?1)[““3’1‘1””

Luk = + Ak,
(Bld| - DY + Drgy

since
U=1- 2 .
k=2
Thus,
@) = 1w f(@) + Y 1 f(2).
k=2
Hence, the proof is finalized. O

Corollary 4.4. The functions

fie)=z
and
A+ 1)(Bld| - e D
h@ -2+ A+ DBl - Doy _ 2
Kiyk? + [1+ y@A = 2 + BldDIk + [1+ y(A - DIA - 1 + ﬁ|d|)}[““§’i‘f’”] TR
k 22 and z € U are the extreme points for the class TR i(d, B, ).
5 Properties related to inclusion and neighborhood
We define the §-neighborhood of a function f € A by:
Ns(f)={g€A:g@)=z+ ) bzk and ) klay - by| < &}, (6)
k=2 k=2
and for a particular function e(z) = z, we obtain
Ns(e)=ig€EA:g(z)=z+ ) bz and ) kbl < 8}. ™

k=2 k=2
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A function f€ A is contained in the class IR} 4(d, B, y, () if there exists a function h € TRY;(d, B, y)
such that

‘M—l‘ 1-¢, 0=<(<1 z€U. 8)

h(z)

Theorem 5.1. If

20 + 2)(Bld] - H(YA + 1)
(n+ DBl + (A + D[1 + y(A + ld| + 1)]}[1§i‘; 1]

then
TR}0(d, B, y) C Ns(e).

Proof. Consider f € TR, (d, B, y). By applying Corollary 2.2, taking into account that

Tn+k) (1+ak-1+1"
F(k+)l+1)l [+1

k{yk? + [1 + p(2A + Bld| = )]k + [1 + y( - DIQA + pld| - D}

I(n+2)(1+a+I)"
A +3)| 1+1

2 {ld] + (A + D1+ p(A + Bld| + 1]}

bl

for k = 2, we obtain

I(n+2)(1+a+I)"
ArA+3)| 1+1

Zak

k=2

\/{ﬁldl + A+ D+ y@ + pld| + D]}

©

< Y Jkiyk® + [1+ p@a + Bld| - 2Tk + [1+ y(A - DI + Bld| - 1)}
k=2

NEECERS)
I'k+A+1)

— m
1+ a(k 1)+l] @

[+1
I'n+1)
\/(ﬁldl DA+ Do)
therefore
iak < A+ 2)Bld| - HyA + 1)
B +a+ ‘ 9
k=2 2n + D{BI| + A + DL + yA + Bld] + D] }[1 2 ’] ©
Applying Corollary 2.2 and Relation (9), we obtain
ad 204 + 2)(BId] - H(YA + 1)
ZkakS B Y el =6
k=2 (n+ Dipld] + (A + D[1 + p(A + Bld]| + 1)]}[ 1 ]
By virtue of (6), we obtain f € Ns(e), which finalizes the proof of Theorem 5.1. O

Theorem 5.2. Ifh € IR}, (d, B, y) and

r=1+9 (A + 2)(Bldl - DA + 1)

et (10)
2n + DiBId] + A + D[L+ y@ + Bld| + D] }[1 o ’]

then
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Ns(h) € IR} 7(d, B, ¥, {).
Proof. Considering f € Ns(h), from Relation (6), we deduce that
Y kla - byl < 6,
k=2

which gives the coefficient inequality

0

1)
2 lax = bil < 5 an
k=2
Using Relation (9) and taking into account that h € IR} (d, B, y), we obtain
. (A +2)Bldl - D(yA + 1)
2hes et 12
- 2(n + D{Bld| + (A + D[1 + y(A + Bld| + DI}| 5
Using (11) and (12), we have
f@ _ ‘ L Tiala - b 8 1o¢
h(z) T o1-Ybe T '
211 = @A+2)Bld|-H(yA+1)
2n+ B 1 d | +A+ D1+ y(A+ B d | +D]} 1;f{’]
Thus, by Condition (8), f € I Rﬁ'};{fl(d, B.y, (), and { is given by (10). O

6 Properties related to radii of convexity, starlikeness, and close-
to-convexity

Theorem 6.1. The function f € IR}, (d, B, y) is analytic starlike of order &, with |z| < 1y, for 0 < § <1 and

1
rn+k) [1+ag-n+1|" |2

r(k+/1+1)l 1+1

kiyk® + [1+ p(24 + Bld| - 2)]k + [1 + y(A - DIQA + Bld| - D} - 6)*

n = inf "
k (Bld] = DA + DGy k - 8)
The function
T(n+1)
Bld| = VYA + Dy
fl@)=z+ 2 Z* k22

KPR+ [1+ @+ Bld] - 2Tk + [1+ y(d - DI + Bld) - Dy (1eden )

gives the sharp result.

Proof. We have to show that

4@ _

@

<1-6, for|z]<n.

Taking into account that

- Tyl = Day |2
IRV

Zfl(z) -1l = Z;=2(k - 1)(,1ka_1
f@ 1+ Yo zh

we will demonstrate that
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Yieo(k = Daglz[!
1= iz

equivalently to

0

> (k- &alzk1<1-6.
k=2

Using Theorem 2.1, we obtain

1
r+k) (1+ag-n+t]" |20
l“(k+A+1)l 1+1
T+ 1) s

(Bld] = DYA + Dgra(k - 8)

kiyk? + [1+y@2A + Bld| = 2)]k + [1+ y(A = DIQA + Bld| - D} - )
|z| <

and the proof is finalized. O

Theorem 6.2. The function f € TR (d, B, y) is analytic convex of order §, with |z| <13, for 0 < § <1 and

1
w T4k (1+ak-p+1|" [P

J r(k+)t+1)l [+1

kiyk® + [1+ p(24 + Bld| - 2)]k + [1+ y(A - DIA + Bld| - D}1 - §

n= inf +
! (Bld] - DA + DGk - 67
The function
(n+1)
(A + DI - Doy
fk(z) =Z+ 1+ak-1)+1 m I(n+k) Zk’ g
k{yk? + [1+yA =2 + BldD]k + [1 + yA - DIA -1+ Bldl)}[ [+1 ] T+ 2+1) 1
>,

gives the sharp result.

Proof. It is enough to demonstrate that

zf"(2)
f'@

<1-6, |zl <n.

Taking into account that

7" (2)
f'@

< Yok (k = Dalz?
1= Yo kay |zt

| Yok (k = Dayzk
1+ Yo kayzk 1

we have to show that

Tk (k = Va2
1- Tgkaglzt ~ 0

Y k(k - §)aglz[Ft <1 -6,
k=2

and using Theorem 2.1, we have the following result:

rn+k) [1+at-p+1]"
r(k+A+1>l 1+1

T 1) 5
T +2)

kiyk® + [1+ p2A + Bld| - 2)]k + [1 + y(A - DIQA + Bld| - 1}

gft < 70
k(k = ) (Bldl - DA + D
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written as:

1
m | 2k-1)

KOS+ [1+ Y23+ Bdl = 2+ 14 Y = DI+ Bid] - DI - 8755 514452

(Bld] = DA + DGk - 8) ’

|z| <

and the proof is finalized. O]

Theorem 6.3. The function f € TR} ;' (d, B, y) is analytic close-to-convex of order &, with |z| <13, for0 < § <1
and

1
DR+ [ y@+ f1d] D [+ yA-DIA+B1d] D} 4 AL (1+at-n )" [P
a-

k2 F(k+A+1)l 1+1

r; = inf "
K (Bld| = HYA + Doy

For the function f defined by (13), the result is sharp.

Proof. It is enough to demonstrate that
f'(2)-1<1-6, where |z|<n.
Then,

00
< ) kay |z[F 1,
k=2

o
> kayz1
k=2

If'(z) - 1] =

and we can write |[f’(z) - 1| <1 - 8, if we have Y. ﬂ z["! < 1. Using Theorem 2.1, the aforementioned
k=21-§ g

1
inequality gives the result:

Kipk? + [1+ y@ + Bid] - 21k + [1+ y@ - DA + pld] - D)1 [““(k_l)”]m

1-68 T(k+A+1) I+1
|Z|k_1 < ( k ) I(n+1) l ’
(Bldl = DA + Dy
written as:
1
K2+ 11+ Y@+ B 1] DIk [L+yA-DIA+ A1 D} g _ oy Tneho [1vatk-n+1)" |
K? N 4 Thk+a+D| T+1
|z| < T ,
(n+1)
(Bldl = DA + DiGy
which finalizes the proof. O

7 Conclusion

The topic of introducing and studying new classes of univalent functions by applying fractional calculus
operators is further developed with the results presented in this article. A new class of analytic functions
IRT(d, B, y) given in Definition 1.6 is introduced by using the Riemann-Liouville fractional integral for the
convolution product of multiplier transformation and Ruscheweyh operator shown in Definition 1.1. This
operator was previously introduced in [31], and the research exhibited in this article comes as a complement
to those previous studies and to the ones presented in [34] where a new class is introduced and studied using
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the fractional integral associated with the convolution product of generalized Sdldgean operator and Rusche-
weyh derivative. Just as in [31] and [34], comprehensive investigations are done on the newly introduced class
TR, B, ). The first theorem proved here in Section 2 gives the necessary conditions for a function f € A
to belong to the class 7R}, (d, B, y), and a coefficient inequality for such functions follows as a corollary.
Bounds for the modulus of the functions belonging to class 7R}, (d, B, y) and for the modulus of the deriva-
tive of the functions belonging to class 7R} (d, B, y) are obtained in the distortion results presented in
Section 3. Closure theorems are proved in Section 4 for the functions of the class 7R}y )(d, B, y), and extreme
points of the class are obtained as a corollary. In Section 5, neighborhood results are obtained and the
inclusion relations involving class 7R ;(d, B, y) are proved. Section 6 concerns geometric properties of the
class 7R}y i(d, B, ), radii of starlikeness, convexity, and close-to-convexity being provided for this class.

The results obtained in this article could inspire future investigations including quantum calculus, which
is another topic of interest at the moment proved by recent results contained in [35]. Fractional integral was
also associated with quantum calculus aspects in [36] and [37]. Differential subordinations and superordina-
tions could be obtained using the newly introduced class, and also, fuzzyfication of the results could be
considered as seen in [38]. Differential subordination theory can also be applied to the Riemann-Liouville
fractional integral for the convolution product of multiplier transformation and Ruscheweyh operator shown
in Definition 1.1 as nice results have been obtained recently involving fractional integral and Libera integral
operator [39].
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