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Abstract: Let S, , (D) be the usual class of g-starlike functions of complex order y in the unit disk
D ={(€C :|{] <1}, where g({) = (1 + A{)/(1 + B{), withy € C\{0}, -1 < A <B <1,{ €D. First, we obtain
the bounds of all the coefficients of homogeneous expansions for the functions f € S, , 5(D) when { = 0 is a
zero of order k + 1 of f({) - {. Second, we generalize this result to several complex variables by considering
the corresponding biholomorphic mappings defined in a bounded complete Reinhardt domain. These main
theorems unify and extend many known results.
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order gamma
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1 Introduction

Let C" be the n-dimensional complex variable space. Let D be the unit open disk in C.. Suppose that
Q1, Q; C C™ are two domains. Let H(Q,, Q;) be the family of all holomorphic mappings from Q; into Q. Let
¢, 9, € H(D, C'). We say that ¢, is subordinate to ¢,, and write ¢, < ¢,, if there exists a Schwarz function w on
D such that ¢; = ¢,(w(z)) on D (see, Amini et al. [1]). Let @ be a domain (connected open set) in C", which
contains 0. It is said that z = 0 is a zero of order k of f(z) if f(0) = 0,..., D¥"If(0) = 0, but D¥f(0) # 0, where
k € N (see, Lin and Hong [2]). In one complex variable, the following Theorem A concerning starlike functions
of order a is classical and well known.

Theorem A. (Boyd [3]) Leta € (0,1) andk € N*. If f(z) = z + Y p,—+1amz™ is a starlike function of order a on the
unit disk D, then

M (e = Dk + 2 - 2a)
slks ’

|am| < sk+1l<m<(s+Dk, s=1,2,...

These estimates are sharp for m = sk +1,s = 1, 2,.... Especially, when k =1,
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1 m
|| < mﬂ(u—Za), m=23...
fu=2

It is known that the coefficient inequalities are related to the Bieberbach conjectures [4], which was settled
by de Branges [5]. However, Cartan [6] stated that the Bieberbach conjecture does not hold in several complex
variables. In fact, only a few complete results are known for the inequalities of homogeneous expansions for
subclasses of biholomorphic mappings in C" (see, e.g., Dhugosz and Liczberski [7], Hamada and Honda [8], Liu
and Wu [9], Liu and Liu [10], Liu et al. [11], and Xu et al. [12]). Many works are concentrating on the bounds of
second- and third-order terms of homogeneous expansions for starlike mappings and the sharp bounds of all
homogeneous expansions for the special subclasses of starlike mappings with some restricted conditions (see,
e.g., Hamada et al. [13], Liu and Liu [14], Tu and Xiong [15], Xiong [16], Xu et al. [17], and Xu et al. [18]). In
Graham et al. [19], the estimate of the second-order coefficients of the first elements of g-Loewner chains in
several complex variables was first obtained. In Bracci [20], a sharp estimate for the second-order coefficients
for the first elements of g-Loewner chains on the Euclidean unit ball of C?, where g({) = (1 + {)/(1 - {), which
gives a support point for the family, was obtained. Generalizations of this result to the unit polydisk in C? and
to bounded symmetric domains were considered in Graham et al. [21], Hamada and Kohr [22], respectively. In
Xu and Liu [23], the Fekete-Szegd inequality for starlike mappings in several complex variables was first
obtained. Very recent important results related to the Fekete-Szegd inequality in several complex variables
were obtained in other articles (see, e.g., Diugosz and Liczberski [24], Elin and Jacobzon [25], Hamada [26], and
Lai and Xu [27]). In particular, the Fekete-Szeg6 inequality for univalent mappings in several complex vari-
ables was first obtained in Hamada et al. [28]. Also, the other related results may consult in Dlugosz and
Liczberski [29], Graham and Kohr [30], and Nunokawa and Sokol [31]. Liu et al. [32] considered only the main
coefficients that are analogous with the diagonal elements of a square matrix and generalized Theorem A to
the case on a Reinhardt domain in C" from a new viewpoint. Let

Dy, pypy =

n
zeEC": Z|z,|l’z < 1', (pp>11=1,2, ..,n)
1=1
be a bounded complete Reinhardt domain in C%, its Minkowski function p(z) is C! except for some lower-
dimensional manifolds in C*, and p : C" — [0, +) is defined by:

z
p(z) = infjt > 0 : 7 € Doy, ZECH @

Lety € C* = C\{0}. Now, we introduce the following classes S ;,V(Dl’vpz’---: pn), which extend the usual class S*(y)
of starlike functions of complex order y on D in C to the classes of g-starlike mapping of complex order y on
the bounded Reinhardt domain Dp, p, ..., in C". The function class S*(y) was considered earlier by Nasr and
Aouf [33] (also, see Srivastava et al. [34]).

Definition 1.1. Suppose thaty € C* and g : D — C be a biholomorphic function such that g(0) =1, Rg({) > 0
on D. A normalized locally biholomorphic mapping f: Dy, p, ...p, > C" is called a g-starlike mappings of
complex order y on Dy, 5, . p if

1 p(2)
Y| 2% D (I (2)

-1|€gD), Vze Dpl,pz,...,pn\{o}; V)

where p is the Minkowski function of Dy, p, ....,,.. We denote by S§ (D, ,....»,) the set of all g-starlike mappings
of complex order y on Dy, , .., in C".

1+A(

Remark 1.1. (i) If g(¢) = 1+ B

by S;,A,B(Dpl,pz, ,pn)-

(-1<A<B<1, (€D) in Definition 11, then we write St V(Dpl,pz, )
1+B{”
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(i) Ifn=1and g({) = 1:2? in Definition 1.1, then it is obvious that Condition (2) is equivalent to
11 (D) 1+A¢
1+ — - , -1<A<B<1l yeC,(eD.
y[ @ S ieae yece

We denote by Sj ,5(D) the set of all g-starlike mappings of complex order y on D in C, where
g(0)=Q1+AD/A+ B{), {€D. In particular, S, 3(D) is identical with the well-known class of Janowski
starlike functions (see, Janowski [35]) and S}, _;4(D) is the set of all starlike functions of complex order y inD.
(iii) Ify =1and A = 2a - 1(a € [0, 1)), B = 1 in Definition 1.1 (the case g is defined as (ii)), then we obtain
the starlike mappings of order a on Dy, p,....p, (see, e.g., Liu et al. [32]).
(iv) By choosing the suitable functions g and parameters y in Definition 1.1, we can obtain kinds of
subclasses of starlike mappings defined on the Reinhardt domain Dy p, .. p, in C".

In this article, we first extend the definition of g-starlike mappings of complex order y from the case of one-
dimensional space to the case of higher-dimensional space (see Definition 1.1). Next, we obtain the bound of all
coefficients of homogeneous expansions for the functions f € S;, 4 z(D) when ¢ = 0 is a zero of order k + 1 of
f({) - { (see Lemma 2.2). Finally, by applying the results in Section 2, we consider the bound of main coefficients of
the homogeneous expansions for the functions f € S} 4 B(Dplypz,---; pn) in several complex variables (Theorems 3.1
and 3.2). Also, our results extend some theorems given in the previous literature (see Remarks 1.1-3.1).

2 Preliminaries

The following lemmas are needed in order to prove our estimates. Actually, we may use the similar way to those in
the proof of Liu and Liu [36] (Lemmas 2.1 and 2.3). Here, we give the proof for the sake of completeness.

Lemma 2.1. Letk €N*,C 2 0,y € C". Then, for q = 2, 3,..., we have

L, ol
il

2

ko %]
<q—1)!,!:|0[‘“ k|

q-1 g
C2|yP + Clyl 3 (2mk + Clyl) = 3)

m=1

Proof. We try to prove this lemma by mathematical induction. First, if g = 2, it is easy to see that (3) is true.
Next, for allq = 2, 3,... [, assume that (3) holds true. Then, we need to show that (3) holds true whenq = [ + 1. By
a simple computation, we have

2

) ) 1 1 m-1 Cl}/l
C2y + Iyl I @mk -+ ClyD| - [|u+ ==
m=1 tou=0
2 2
kK 01 C|y|] 10 [ C|y|]
= == + Clyl@lk — —=
- #I:Io[u ||+ etk + ayd] #I:Iou T
KA o)
= —_ |-| ‘u + —] .
I ,1=o[ k
This completes the proof. O

Lemma 2.2. Let f(2) = Z + Y p_js1GmZ™ € SyapD) withk €N*,y € C*, -1< A< B <1 Then, fors=1,2,..,

we have

Mu=1((u - Dk + |A = Blly])
slks ’

|am| < sk+1<m<(s+ 1k

In particular, if k = 1, then |ay,| < ﬁl’lﬂj(u +]A-Bl|ly)), m=23,...
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Proof. Since f € S 4 z(D), so we can write that

1[zf'(z) _1]< 1+Az’
f() 1+ Bz

Thus, there is a function ¢ € H(D, D) with |¢(z)| < 1, such that

z€D.

+
%=1+ [Z;((ZZ)) 1], Z€D. @
Using (4), a simple computation shows that
°9 = B)ny;(zé)}(];gzz B 2 D e, zED. ©
(5) is equal to
zf'(z) - f(2) = p(2){((A - B)y + B)f(2) - Bzf"(2)} (6)
and
(m-Dan=(A-Byby-y, m=k+1,k+2,..,2k (7)

In view of the relations |¢(z)| < 1 and 3,,_x|bn|* < 1, then we have

2k-1
Y b <1 ®)
m=k
Using (7) and (8), it can be easily shown that
2%k
Y (m=12anf < |A - BEIyP. ©)

m=k+1

By applying (6), then it can also be written as:

S (m-Dan"=p@|A-Byz+ Y (A-By+B- mBa"

m=k+1 m=k+1 (10)
p-k
=9@)(A-Byyz+ ) ((A-B)y+B-mB)ayz"} + Z Cm2"™.
m=k+1 m=p+1
Using the equality in (10), we have
14 p-k
Y (m-Dapz™ + Z dnz™ = 9(2){(A - B)yz + Y ((A - B)y + B - mB)a,z™}. 1D
m=k+1 m=p+1 m=k+1
Taking r — 1 in (11) and applying the similar argument being used in Theorem 1 by Boyd [3], we obtain
P p-k
2 (m-Danf <|A-BPyE+ X I(A-B)y + B - mBlan. (12)
m=k+1 m=k+1
In fact, with (12), a simple computation shows that
p-k
Z (m = 1|an < 1A - BElyP + 3 ((A =By + B~ mB[?~ (m - 1)?)|an. (13)
m=p-k+1 m=k+1
Furthermore, in view of (13), we have
b A - B
2 (m-1anpf <24 - Blly|———— A “yl Z 1+ ﬂ] |am|2]- (14)
m=p-k+1 m=k+1 2
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Here, we will prove that the following inequalities
(s+Dk s-1 A-B
2 (m=1lanf | Iﬂ 1——Jﬂ] 1)
m=sk+1 1)
and
2
(s+Dk s-1
A-B A-B 1 A-B
5 Ln_1+| |MJMMZSFk+| qu_Tnk+l qu (16)
m=sk+1 2 2 s: u=0 k
hold true for s = 1, 2,....
If s = 1, then (15) holds from (9). Moreover, by using Lemma 2.2 in Liu and Liu [36] and (9), we obtain
2%k
A-B
s [m_1+| “V']|am|2
m=k+1 2
[A-Bllyl
ke E ke (L ACBIN
B SR e T 2ol
" 2 an
kv LB K+ ABlYI
< ——7 — 2 (m-1lanf < A - BR[yP
k m=k+1 k
_ _ 2
_ [k LA 2B||y| ][ 1A B||y|] _

Thus, (17) implies that (16) is true for s =
At last, assume that (15) and (16) are vahd for s =

.,q — 1. Taking p = (¢ + Dk in (14) and using
Lemma 2.1, it gives that

A-B & A-B
A~ By, Z[m-1+' 2||y|]|am|2’

m=k+1
L 1A~ Bllyl
E 0 lanf
|A - B||V| .

+ Bl g s

- s!

ok o9 -
'(q—l)'n[“ k ]

2’
=0

The aforementioned inequality shows that (15) holds for s = q. On the other hand, when s = ¢, we find that

1A - By
| lanf

[A-BIYl (g+
gk T @R (gk)? _yL A-BMY
- (qk)? 1A-BiyT |™ 2 ||
q m=qgk+1qK + ————

[A- B||V| (q+Dk

Y (m -1 anf

n=qgk+1

(q+Dk

Y (m-1?anl<2|A - Blly|
m=qk+1

1A - B|| |
=24 - Bly| =1

2 2

s=1m=sk+1

q-1 (s+)k [

<2|A-Bly|—

(q+Dk
Z [m -1+
m=qk+1

qk +

S .
(gk )2

g AIIL q_l[

@ |@-o N

u=0
2
= [qk + 5 4 EO U+ . )

2
1A - BI|V|]
k
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The aforementioned inequality shows that (16) holds for s = q.
In view of (15), for sk + 1 < m < (s + 1)k, we have

s-1
IA—BIIVI]
m = o - 1)(s !, ﬂ
JIA( L A B||y|]
e
_1F LA BIIVI]
5 -
_ [T - Dk + 14 - BilyD
slks '
This completes the proof. O

Remark 21.If A=2a -1(a €[0,1)),B=1,and y =1 in Lemma 2.2, then it reduces to Theorem A.

3 Main results

The following theorems give the estimates of main coefficients of homogeneous expansions for the class of
g-starlike mappings of complex order y defined on the bounded complete Reinhardt domain Dy, p, .. p, in C",
where g({) = (1+A{)/(1 +B{),-1<A<B<1,{€D. Theorems 3.1 and 3.2 will give generalizations of the
results in Boyd [3] and Liu et al. [32].

Theorem 3.1. Suppose that f(z) = (f;(2), f,(2), ....[,(2)) € S;,A,B(Dpl,pzwpn) and z = 0 is a zero of order k + 1 of
f(z) - z. Define
D"f,(0)(z™)

Z Aqly,by, ..., 1212l +++ Zlys
11,12 l =1

where q =1,2,..,n, sk+1<m<(s+1Dk,s=1,2,.., and k € N*, Let a be the ag-- ={1,2, ..,n}). If

m

m!

agi = 0 (q # j), then we have
Mu=1((u = Dk + 1A = Bllyl)

laji| < K ,

sk+1l<sm<(s+Dk,s=12., jE{,2, ..,n}.

The aforementioned estimates are sharp for 0 <y <1, A=-1,B=1,m=sk+1,s=12,..,and 0 <y <1,
A=2a-1a€[0,1),B=1,m=sk+1,s=1,2,... In particular, ifk = 1, then

Micou + 14 - BllyD)
(m-1)! ’

Proof. Since f(z) = (f,(2), ,(2), ....f;,(2))’, then

| | €{1,2,..,n}; m=273,..

hD) D @

0z 0z; 07y

6o A e

07 aZ] 0 Zn

Df(z) =

ACII ORI A0

9z 9z; 0zn
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For (0, ...,Z;, ...,0)" € Dy p, ....p,, it is easy to see that Df((O, ...,z;, ...,0))

/(O sz ) O[O, sz 0) (0, .2 0

0z aZ]' 0z,

of; (0, ...',zj, ,0Y) 3f;((0, ...;z]-, ,0)) of; (0, ..f,z,», 00

03 0z; 0zn

3,0, .z ..0)) 3, (0, .z ..0)) 3£,((0, ..z ...0))

07 0z; 0z

Since a ! = 0 (q # j), it follows that

3, (0, ...z}, ...,0)")
aZj

=0, q=12,.,n,q%]j.

From (18) and (19), then Df((0, ...,z ...,0)")
0£((O, ...,z, ...,0)) af, (0, ...,z ...,0))

621 aZn

O, (0, -7, - 0)) O, (0, -7 - O)) Of, (0, -7 -, 0))

0z 0z; 0Zy
of, (o, ...,z, ...,0)) 0 of, (O, ...,z ...,0))
621 aZn

In view that Df((0, ...,z;, ...,0)") is invertible, thus, it implies that
afj((o, wosZjy ,0)) .,

0, jE{1,2, ...k

aZj
Using (20) and (21), then we obtain
* 0 *
Df (o, ...,z ..,00) " = (0, - 7, . 0)) ,
0z;

where the symbol * means the unknown term. Furthermore, a simple computation in (22) shows that

(DF (O, ez}, e, ) F (O, .., ...,0))

% 0 e % 0

Do : oo 0 :
S S : £, ...z, ...0))
- (0, .7, .. 0)) [, sz, 00| = | To5@ 2 000

DZj BZj

: . : .o 0 :

K eee 0 ass * 0

(18)

19)

(20)

21

(22)

Let (Df (2)'f(2)) = W(2) = (Wi(2), ...,Wj(2), ...,Wp(2))" and h;(z) =f]-((0, wsZjy .,0)) € HD), z; € D. Since

f(2) €Sy 4p(Dp,p,...p,) and z = 0 is a zero of order k + 1 of f(z) - z, it follows that
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(0, ..., .., 0))
1lZihf(Zj) ] 115 o
- -1=1+ |— -1
h/(zl) Y f}((o’ -.-,Z]‘, ,0)’)
(23)
1 0, .Zj, )0
=1+ 215w a8 D -1| € gD), z # 0.
V2——7;——W«o 0,0)

From (23), we find that h; € S; 4 5(D), and z = 0 is a zero of order k + 1 of hi(z) - zj, where k = k. We
note that

hi(0)™
a ey o —

= m=235.. @4

Thus, in view of Lemma 2.2 and (24), we obtain the desired results.
Furthermore, let0 <y <1 and

Y/ Z Zn

A P e

It is easy to check that f € SV"!ZO,_M(D,,1 py...p,)- Thus, we have

war o 2= (2,2, o Zn) € Dy p, .5, {0}, (25)

£,((0,0, .. m>-a+2 @'z j € {12, .0}
and
jask*1) = LG 12’;; AL je,2, ...n}
This completes the proof. O

Theorem 3.2. Suppose that f(z) = (f,(2), ,(2), ....£,(2))’ € S; 45(Dp,p,....p,) and z = 0 is a zero of order k + 1 of
f(z) - z. Define
D™, (0)(z™) n

Z aqll,lz, ey llelzlz e Zlm,

|
m bl =1

where ¢ =1,2,..,n, sk+1<m<(s+1k,s=1,2,..., and k € N*, Let a[gl be the awc- ¢ (t=1{1,2, ..,n}). If
m-1

=0 (q # j), then we have

M=1(( - Dk + |A - BllyD)
a1 < stks ’

sk+1<m<(s+Dk,s=12,., jE{l,2, ..,n}.

The aforementioned estimates are sharp for 0<y<1, A=-1,B=1, m=sk+1,s=12,.. and 0 <y <1,
A=2a-1a€[0,1),B=1,m=sk+1,s=12,... In particular, ifk = 1, then

Micou + 14 - BllyD)
lagt| < TR

€{1,2,..,n}; m=273,..

Proof. Since aj; = 0 (q # j), it follows that
of;((0, ....z;, ...,0))

0z,

= 0. (26)

Using (18) and (26), we have Df((O, ...,z ...,0))
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MO, 2y 00 B[O, sz 0 OO, 0z -, 0))

0z 0z; 0z

of;((0, ...;z,-, s 0Y)

0 . 27
aZ]‘

af, (0, ...',zj, ,0Y) af, (0, ...;zj, ,0)) af, (0, ...;zj, 00

621 aZ/' az,,

In view that Df((0, ...,z ...,0)") is invertible, thus, it implies that
of;(0, ...z}, ...,0))
#0

(28)
aZ]‘
Thus, (27) and (28) show that
* * *
(Df (O, ...,z ..,00) " = of;((0, ..., 7j, ., 0)) , (29)
0z
. o « R

where the symbol * means the unknown term. Furthermore, a simple computation in (29) shows that

DF (O, ..rrZjy e, O SO, .2, ...,0))

* oo * e % ) .
: DA, o) :
0 =L . : £, ...,z ...,0))
= M j}((OJ ---;Zj, ,0)’) = m )
az,- T
- : I P )% :

Define (Df (2)7Yf (2)) = W(z) = (Wi(2), ..., Wj(2), ..., Wx(2))" and hj(z)) =fj((0, wsZj, ...,0)) € H(D). Since f(z) €
Sya B(Dpl,pz, p") and z = 0 is a zero of order k + 1 of f(z) - z, it follows that

+1M_1 =1+lzj$_l
y| hi(z) Y| 50, ...z, ...,0))
(30)
0, ..,z ..,0
=1+ 2 (0, .- f(( ) iz A -1egD), z=#0.
e Sl 4 (/RN \))

%z

From (30), we find that h; € S, 4 5(D), and z = 0 is a zero of order k+1of hj(z) - z;, where k > k. We
note that

™)

_ 31
af = ==, m=23.. (31)

i

Thus, in view of Lemma 2.2 and (31), we obtain the desired results. We note that the sharpness of the estimates
of Theorem 3.2 is similar to that of Theorem 3.1. This completes the proof. O
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Remark 3.1.
(i) If n =1, then Theorem 3.1 (resp. Theorem 3.2) reduces to Lemma 2.2.
@) Ify=1A=2a-1(a €[0,1)),and B = 1in Theorems 3.1 and 3.2, then we obtain Theorems 3.1 and 3.2 in
Liu et al. [32], respectively.
(iii) If we take different functions g in Theorem 3.1 (resp. Theorem 3.2), then the bounds of homogeneous
expansions for kinds of subclasses of g-starlike mappings of complex order y defined on Dy, p, ..., can be
obtained immediately.
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