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Abstract: In this work, we present a sophisticated operating algorithm, the reproducing kernel Hilbert space
method, to investigate the approximate numerical solutions for a specific class of fractional Begley-Torvik
equations (FBTE) equipped with fractional integral boundary condition. Such fractional integral boundary
condition allows us to understand the non-local behavior of FBTE along with the given domain. The algorithm
methodology depends on creating an orthonormal basis based on reproducing kernel function that satisfies
the constraint boundary conditions so that the solution is finally formulated in the form of a uniformly
convergent series in [ ]ϖ a b,

3
. From a numerical point of view, some illustrative examples are provided to

determine the appropriateness of algorithm design and the effect of using non-classical boundary conditions
on the behavior of solutions approach.
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1 Introduction

The subject of fractional differential equations (FDEs) has been employed as an effective and qualitative tool
used in the formulation and modeling of complex dynamical systems and phenomena with incomprehensible
behavior. This is mainly due to the fact that the fractional integrals and derivative operators provide an
accurate description of the memory and hereditary properties of different systems [1–5]. Really, FDEs are more
convenient and comprehensive models compared to classical differential equations models. As is well known,
the Bagley-Torvik equation is among the most important equations with a prestigious position in mathematical
modeling. Therefore, the objective of our work is to investigate the performance of reproducing kernel Hilbert
space method (RKHSM) to solve a class of fractional Begley-Torvic equations (FBTEs) fitted with an integral
boundary condition of the form:
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For equation (1.1) to be well posed, it must be accompanied by the following assumptions: [ ]∈x a b, ; u
0
, and λ

are the real constants, ( )p x , ( )q x , and g( ( ))x u x, are the known functions; ( )u x is an unknown function to be
determined. Here, �

x

α with < ≤α1 2 represent the Caputo fractional derivatives and �β with < ≤β1 2

represent the Riemann-Liouville fractional integrals.
FBTE provides a high-precision mathematical model used to describe the motion of a steel plate immersed

in a Newtonian fluid, which was proposed during the application of the fractional operator to viscoelastic
theory by Baglay and Torvik [6–9]. On the other hand, due to the importance of FBTE in various fields of
applied science and engineering, such as thermoelasticity, image processing, fluid flow, quantum and fluid
physics, the numerical solutions for different classes of FBTEs involving boundary and initial constraint
conditions have been extensively investigated by many researchers, and their works are attached in
[10–15]. In contrast to this, except for some rare attempts, the investigation of FBTE numerical solutions
subject to integral boundary conditions has not been addressed, despite the importance of constraint integral
boundary conditions in modern mathematical modeling [16].

It is well known to us that classical boundary conditions cannot describe certain properties of chemical,
physical, or other processes that may occur within the domain. Covering this limitation, Bicadze and Samarskii
[17] introduced the concept of non-classical boundary conditions, which is a broader concept of integral
boundary conditions. These conditions are used very efficiently to define changes that occur in non-local
positions or fragments within a domain defined by unknown function values at endpoints or boundary of the
domain. Generally, integral boundary conditions have various applications in applied fields, including under-
ground water flow, population dynamics, blood flow problems, and chemical engineering. For more details of
non-local value problems, we refer the reader to [18–22] and references cited therein.

At any rate, using a modern operational algorithm based on the reproducing kernel theory, we aim to
investigate the numerical solutions of the FBTE fitted with an integral boundary condition. On other hand, in
addition to the fact that the RKHSM is widely used to investigate the numerical solutions of many models
related to differential-integral operators, it has the following advantages: first, the conditions for determining
the solution in equation (1.1) can be imposed on the appropriate reproducing kernel Hilbert space (RKHS), and
thus, a reproducing kernel function that implicitly contributes to determining the shape of the solution can be
determined. Second, the numerical solutions and their derivatives converge rapidly to the exact solutions and
their derivatives, respectively, Third, the RKHS algorithm is mesh-free, easily implemented, and needs no time
discretization. For more details on numerical methods for fractional models, we refer the reader to [23–45].

The rest of this work is organized as follows: Section 2 is devoted to reminding some of the basic properties
and concepts of fractional calculus. Section 3 is devoted to constructing two RKHSs that satisfy the constraint
boundary conditions. Section 4 is devoted to explaining the working mechanism of the kernel method, as well
as providing an operational algorithm that explains all the implementation steps on equation (1.1). In order to
support the theoretical aspect of the RKHS method, Section 5 is devoted to numerical discussions. Finally, some
concluding remarks and advice are provided in Section 6.

2 Main definitions and concepts

In this section, we are interested in reviewing some concepts and properties related to fractional calculus,
which contribute to the settings and processing of equation (1.1).

Definition 2.1. [27] The Riemann-Liouville fractional integral of order α of a function ( )u x are described by:
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Lemma 2.2. For each ≥α β, 0 and ≥γ 1, the following properties have been achieved:
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The Riemann-Liouville fractional derivatives have particular drawbacks when trying to model real-world
phenomena using FDEs. So, we will introduce a modified fractional differential operator suggested by Caputo.

Definition 2.3. [27] The Caputo fractional derivatives of order − ≤ ≤m α m1 of a function ( )u x are
described by:
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Also, let us introduce one of the most important properties,

Lemma 2.4. If − ≤ ≤m α m1 , �∈m , >α 0, >x a, and >γ 0, then
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3 Reproducing kernel spaces

Before proceeding to the construction of the necessary RKHSs to formulate the normalized orthonormal
function systems that control the determination of the form of the solution, it is necessary to indicate some
basic concepts.

Definition 3.1. [41] Let H be a Hilbert space defined on an abstract set Ω. A function �× →θ : Ω Ω is called a
reproducing kernel of H if it satisfies the two following conditions:
(1) For each ∈x Ω, ( )⋅ ∈θ x H, ,
(2) For each ∈u H and ∈x Ω, ⟨ ( ) ( )⟩ ( )⋅ ⋅ =u θ x u x, , H .

“The reproducing property.” The reproducing property condition is one of the properties resulting from
the direct application of Riesz representation theorem to Hilbert space.

Indeed, a Hilbert space H that possesses a reproducing kernel function is called a reproducing kernel
Hilbert space (RKHS). Along with this analysis, we denote‖ ‖ ⟨ ( ) ( )⟩=u u x u x,H H , for ( ) ∈u x H and { }∈H ϖ ϖ,

1 3
.

However, [ ]AC a b, is the set of functions that is absolutely continuous on [ ]a b, .

Definition 3.2. [41] The Hilbert space [ ]ϖ a b,
1

is defined as follows:

[ ] { ( ) [ ] [ ]}= = ∈ ′ ∈ϖ a b u u x u AC a b u L a b, : , , , ,
1

2

while the inner product is given as:

⟨ ⟩ ( ) ( ) ( ) ( ) [ ]∫= + ′ ′ ∈u v u a v a u x v x x u v ϖ a b, d , , , .ϖ

a

b

1
1

(3.1)

In [41], the authors have proved that [ ]ϖ a b,
1

is a complete RKHS and its reproducing kernel function is
given as follows:
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Now, we construct a RKHS [ ]ϖ a b,
3

in which every function satisfies the boundary conditions ( ) =u a 0

and �( ) ( )=u b λ u b
x

β .

Definition 3.3. [29] The Hilbert space [ ]ϖ a b,
3

is defined as follows:
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This space is equipped with the following inner product:
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Theorem 3.4. The space [ ]ϖ a b,
3

is a complete RKHS, i.e., for each [ ]∈x a b, , there exists a reproducing kernel
( ) [ ]∈k y ϖ a b,x 3

such that ⟨ ( ) ( )⟩ ( )=u y k y u x, x ϖ
3

for each ( ) [ ]∈u x ϖ a b,
3

. The reproducing kernel is given as:
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. Here, ( ) ( )a x b x,k k , and c are the unknown coefficients

of ( )k yx .

Proof. This proof consists of two main parts: the first part is dedicated to providing completeness and
reproducing property of the Hilbert space [ ]ϖ a b,

3
, and we find it in detail in [29]. Second, in order to

determine the expression form of the reproducing kernel function ( )K yx in [ ]ϖ a b,
3

, we perform the following
steps:

Through diverse integration by parts for (3.3), we have
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Since ( ) [ ]∈u x ϖ a b,
3

, it follows that ( ) =u a 0 and �( ) ( )=u b λ u b
x

β .
Then, we have
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Also, since ( ) [ ]∈k y ϖ a b,x 3
, we can obtain
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When ≠y x , the corresponding characteristic equation of equation (3.10) is given by:

=r 0.
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Thus, we obtain the characteristic value =r 0 whose order multiplicity is 6. So, let
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Furthermore, let ( )K yx satisfy
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Integrating equation (3.10) from −x ε to +x ε with respect to y and letting →ε 0, we have the jump degree of
( )∂ K y

y x

5 at =y x :
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From equations (3.7) and (3.13)–(3.14), the unknown coefficients =a b k, , 1, 2,…, 6k k , and c in equation (3.12),
can be acquired and ( )K yx in equation (3.12) fulfill equation (3.11). □

4 Implementation of the method

In this section, we seek to construct an orthonormal function system { ( )} =
∞

ψ x
i i 1

of [ ]ϖ a b,
3

using the well-known
Gram-Schmidt orthogonalization process. The creation of this basis contributes to a large extent in
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representing the formula of the approximate and analytical solution to FBTE. In order to investigate this, let us
first begin by introducing a corresponding linear operator � as:
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Thus, based on this, the corresponding form of FBTE can be reformulated as follows:
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where ( ) [ ]∈u x ϖ a b,
3

and g( ( )) [ ]∈x u x ϖ a b, ,
1

.
It should be noted that with the use of the functional properties and also the reproducing property, we can

easily prove that the operator � is linear and bounded.
Next, we construct the orthonormal function system { ( )} =

∞
ψ x

i i 1
of [ ]ϖ a b,

3
as follows: pic out { } =

∞
xi i 1

as a
countable dense subset on [ ]a b, ; set ( ) ( )=φ x R x

i xi
and define �( ) ( )= ⋆

ψ x φ x
i i

, =i 1, 2,…, where �⋆ is the
conjugate operator of � . Thus, in terms of the reproducing property of RKHS [ ]ϖ a b,

1
, it follows that
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As the same concept, from the reproducing property of RKHS [ ]ϖ a b,
3
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∞
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where the coefficient of orthogonalization ϱ
ik
is obtained using the following steps presented in Algorithm 1:

Algorithm 1: Applying the Gram-Schmidt orthogonalization process for obtaining ϱ
ik
and { ( )} =

∞
ψ t

i i 1

procedure: DO THE NEXT STEPS TO OBTAIN { ( )} =
∞

ψ t
i i 1

of [ ]ϖ a b,
3

.
Phase I:

for i = 1 to n and k = 1 to i do

∣
‖ ( )‖ [ ]

== =ϱ
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1

1
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3

,

,

∣
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1
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i
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1

,
3

Output: The orthogonalization coefficients ϱ
ik
.

Phase II:
for i = 1 to n do

( ) ( )= ∑ =ψ x ψ xϱ
i k

i

ik i1
.

Output: systems of orthonormal functions { ( )} =
∞

ψ x
i i 1

.

Lemma 4.1. Under the previous assumptions, if { } =
∞

xi i 1
is a countable dense set on [ ]a b, , then { ( )} =

∞
ψ x

i i 1
is a

complete function system of [ ]ϖ a b,
3

.

Proof. For each ( ) [ ]∈u x ϖ a b,
3

, if ⟨ ( ) ( )⟩ =u x ψ x, 0
i ϖ

3

, =i 1, 2,… , then
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� � �⟨ ( ) ( )⟩ ⟨ ( ) ( )⟩ ⟨ ( ) ( )⟩ ( )= = = =⋆
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Since { } =
∞

xi i 1
is a countable dense set on [ ]a b, , then � ( ) =u x 0 and ( ) =u x 0 by the existence of the inverse

operator �−1 of � . So, { ( )} =
∞

ψ x
i i 1

is the complete function system of [ ]ϖ a b,
3

. □

Lemma 4.2. Suppose that ( )u x is the solution of equation (4.2), then ( )u x fulfills the following equations:

g⟨ ( ) ( )⟩ ( ( ))⋅ ⋅ = =u ψ x u x i, , ; 1, 2,…,
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(4.5)
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∞
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i ϖ i ϖ i i i

3 1

(4.6)
□
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3
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The representation of the n-term approximation solution ( )u xn to ( )u x can be acquired using truncating
formula (4.7) as follows:

g( ) ( ( )) ( )∑∑=
= =

u x x u x ψ xϱ , .n

i

n

k

i

ik k k i

1 1

(4.9)

Since [ ]ϖ a b,
3

is a Hilbert space, ( )∑ =
∞

B ψ x
i i i1

is finite.
Therefore, the sequence ( )u xn is convergent in the sense of the norm [ ]ϖ a b,

3
. Take { ( )}= =ψ xΠ Span

i i

n

0
;

thus, [ ]⊆ ϖ a bΠ ,
3

, i.e., ( )u xn is the projection of exact solution ( )u xn onto Π.
It is worth noting here that if equation (4.2) is linear, i.e., g g( ( )) ( )=x u x x,k k k , then the exact and approx-

imate solutions can be acquired directly from equations (4.8) and (4.9), respectively. Otherwise, the approx-
imate solution of equation (4.2) can be obtained using the following iterative formula:

( )

( ) ( )∑⎪

⎪
⎧
⎨
⎩

=

=
=

u x

u x B ψ x

0,

,m

i

m

i i

0

1

(4.10)

where g( ( ))= ∑ = −B x u xϱ ,i k

i

ik k k k1 1
. □

Fractional Bagley-Torvik equation with integral boundary condition  7



According to the aforementioned method, we will give the following algorithm as well as summarize its
procedure for finding the approximate solution to equation (4.2).

Algorithm 2: Finding the approximate solution ( )u xn of ( )u x in FBTE (1.1).

procedure:
Phase I: Construct an appropriate reproducing kernel function ( )K yx that satisfies the constraint boundary
conditions of the equation (1.1).
Phase II: Pick out any countable dense { } =xi i

n

1
subset of the interval [a,b].

Phase III: Set the complete function system as:
�( ) ( )∣= ==ψ x K y i n. 1, 2,…, .

i y x y xi

Phase IV: Take out the orthogonalization coefficients ϱ .
ik

Phase V:
A. Pick out any initial data ( )u x

0 1
.

B. Put ( ) ( )=u x u x
1 0 1

.
C. begin with i = 1 to obtain that g( ( ))=B x u xϱ ,

1
11

1 0 1
, ( ) ( )=u x B ψ x

1 1
1

.
Phase VI:

for i = 1 to n do, the following substeps:
A. Set = +m i 1, and set

g( ( ))= ∑ = −B x u xϱ , ;m k

m

ik k m k1 1

( ) ( )= ∑ =u x B ψ x .m i

m

i i1

B. Save the setting values of ( )u xm , and implement the next step:
C. If >m n; then Stop. Else, let =i m and go to step A in this subroutine.

5 Computational experiments

To demonstrate the robustness and suitability of the analytical approach presented in this study, we conduct a
detailed and integrated numerical discussion of some illustrative applications.

We include the results and numerical data obtained with Mathematica 12.0 software package in the form
of tables and graphs.

Example 5.1. Consider the following FBTE with a fitted integral boundary condition:

�

�

( ) ( )

( )

″ + + ⎛
⎝ − ⎞

⎠ = +

= ⎛
⎝

⎞
⎠ = ⎛

⎝
⎞
⎠

u x π x u x x x

u u
π

u

1 4 1,

0 0,

1

10

525 10

16

1

10

,

x

x

β

2

3

2 2

1

2

(5.1)

where ∈ ⎡⎣ ⎤⎦x 0,

1

10

, =λ
π525 10

16

. When =β
3

2

, the exact solution of equation (5.1) can be given as: ( ) =u x x
2.

Taking = =−
−x i n, 1,…,i

i

n

1

1

and n=11, the implementation of the proposed algorithm on Example 5.1 allows
us to obtain the embedded numerical data in the form of tables and graphs, which we display as follows:

Table 1 displays the absolute errors and the relative errors of approximate solutions at some selected grid

points in ⎡⎣ ⎤⎦0,

1

10

when ( ) = ⎛
⎝

⎞
⎠α β, ,

3

2

3

2

. Also, in order to demonstrate the safety and appropriateness of the results

obtained using the proposed method, we conducted a comparative study between the absolute error available
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to us using our method at ( ) = ⎛
⎝

⎞
⎠α β, ,

3

2

3

2

and the one obtained using the generalized piecewise Taylor-series

expansion method (GPTSE), taking into account the effect of the fractional parameter as shown in analysis [16].
The results of this comparison are listed in Table 2.

Exclusively, Figure 1 represents the graphical translation of Table 1 data, which enables us to show the
extent to which the approximate and exact solution behavior agrees. On the other hand, Figure 2 shows the
effect of changing the parameter β on the behavior of the approximate solutions, and this is mainly due to
the close relationship between the form of the solution and the constraint boundary conditions of FBTE.

Example 5.2. Consider the following FBTE fitted with an integral boundary condition:

�

�

( ) ( ) ( )

( )

″ − + =

= ⎛
⎝

⎞
⎠ = ⎛

⎝
⎞
⎠

u x πx u x x u x x

u u
π

u

5 16 6 ,

0 0,

1

10

35 10

32

1

10

,

x

x

β

1

2

1

2

(5.2)

where ∈ ⎡⎣ ⎤⎦x 0,

1

10

and =λ
π35 10

32

. It can be calculated that when =β
1

2

, the exact solution of equation (5.2) is as
follows: ( ) =u x x

3.

Taking = =−
−x i n, 1,…,i

i

n

1

1

and =n 11, the implementation of the proposed algorithm on Example 5.2
allows us to obtain the embedded numerical data in the form of tables and graphs, which we display as
follows:

Table 3 displays the absolute errors and the relative errors of approximate solutions at some selected grid

points in ⎡⎣ ⎤⎦0,

1

10

when ( ) = ⎛
⎝

⎞
⎠α β, ,

1

2

1

2

. Exclusively, Figure 3 represents the graphical translation of Table 3 data,

which enables us to show the extent to which the approximate and exact solution behavior agrees. On the
other hand, Figure 4 shows the effect of changing the parameter β on the behavior of the approximate
solutions.

Example 5.3. Consider the following FBTE fitted with an integral boundary condition:

�

�

( ) ( ) ( ) ( )

( ) ( )
( )

( )

″ + − − =

= =
+

u x α u x u x

u u
β

u

Γ 3 2 2,

0 0, 1

Γ 3

2

1 ,

x

α

x

β
(5.3)

where [ ]∈x 0, 1 and ( )= +
λ

βΓ 3

2

. It can be calculated that when ( ) ( )=α β, ,

1

2

1

2

, the exact solution of equation
(5.3) is: ( ) =u x x

2.

Taking = =−
−x i n, 1,…,i

i

n

1

1

and =n 11, the numerical results for Example 5.3 are shown in Table 4.

Table 1: Numerical results for Example 5.1 when =β
3

2

and =n 11

x Exact sol. (( ))u x Approximate sol. (( ))u x11 ∣∣ (( )) (( ))∣∣u x u x‒ 11 ∣∣ (( )) (( ))∣∣∕∕∣∣ (( ))∣∣u x u x u x‒ 11

0.01 0.0001 0.0001 ×4.4345 10

‒16 ×4.4345 10

‒12

0.02 0.0004 0.0004 ×8.9284 10

‒16 ×2.2321 10

‒12

0.03 0.0009 0.0009 ×1.3981 10

‒15 ×1.5534 10

‒12

0.04 0.0016 0.0016 ×2.0914 10

‒15 ×1.3071 10

‒12

0.05 0.0025 0.0025 ×2.8649 10

‒15 ×1.1459 10

‒12

0.06 0.0036 0.0036 ×3.7318 10

‒15 ×1.0366 10

‒12

0.07 0.0049 0.0049 ×5.1903 10

‒15 ×1.0592 10

‒12

0.08 0.0064 0.0064 ×5.7992 10

‒15 ×9.0612 10

‒13

0.09 0.0081 0.0081 ×7.1991 10

‒15 ×8.8878 10

‒13

0.10 0.0100 0.0100 ×1.1050 10

‒14 ×1.1050 10

‒12

Fractional Bagley-Torvik equation with integral boundary condition  9



Table 4 shows the leverage of changing the parameter β on the behavior of absolute errors when fixing
= ∕α 1 2. This is mainly due to the fact that any perturbation about the level of the constraint boundary

conditions leads to a change in the formula of ( )K yx , which, in turn, enters into the formulation of the
approximate solution ( )u xn .

Table 2: Numerical comparison of absolute errors for Example 5.1

x GPTSE [16] for (( )) == (( ))m n, 8, 1 and ==β
3

2

Present method

==γ 1 == ∕∕γ 3 4 == ∕∕γ 1 2 ==n 11

0.01 ×1.7619 10

‒10 ×5.9296 10

‒10 ×3.3359 10

‒9 ×4.4345 10

‒16

0.02 ×1.4548 10

‒10 ×3.8592 10

‒9 ×6.6717 10

‒8 ×8.9284 10

‒16

0.03 ×2.2558 10

‒11 ×5.7885 10

‒10 ×1.0007 10

‒9 ×1.3981 10

‒15

0.04 ×3.0163 10

‒11 ×7.7170 10

‒10 ×1.3343 10

‒9 ×2.0914 10

‒15

0.05 ×4.2202 10

‒10 ×9.6439 10

‒9 ×1.6678 10

‒8 ×2.8649 10

‒15

0.06 ×5.1368 10

‒10 ×1.2873 10

‒8 ×2.2330 10

‒8 ×3.7318 10

‒15

0.07 ×8.4269 10

‒10 ×1.3412 10

‒9 ×2.3613 10

‒8 ×5.1903 10

‒15

0.08 ×1.5038 10

‒10 ×1.3250 10

‒9 ×2.3327 10

‒8 ×5.7992 10

‒15

0.09 ×9.4843 10

‒10 ×1.2620 10

‒9 ×2.1811 10

‒8 ×7.1991 10

‒15

0.10 ×2.1213 10

‒10 ×1.1645 10

‒9 ×1.9234 10

‒9 ×1.1050 10

‒14

Figure 1: Congruent figure of ( )u x with ( )u x
11

and the ∣ ( ) ( )∣u x u x‒
11

for Example 5.1.

Figure 2: Approximate solutions for Example 5.1 with { }∈β , ,

5

4

3

2

7

4

.
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6 Conclusion

The main purpose of the current work is to propose a reliable operational algorithm based on the reproducing
kernel theory. Approximate and numerical solutions for FBTEs fitted with an integral boundary condition
were obtained based on a complete orthogonal system in Hilbert spaces. To ensure the credibility and
reliability of the proposed algorithm, a comparative study of some illustrative examples was carried out, in
which the obtained results were compared with the exact solutions and the results of some advanced methods

Table 3: Numerical results for Example 5.2 when =β
3

2

and =n 11

x Exact sol. (( ))u x Approximate sol. (( ))u x11 ∣∣ (( )) (( ))∣∣u x u x‒ 11 ∣∣ (( )) (( ))∣∣∕∕∣∣ (( ))∣∣u x u x u x‒ 11

0.01 0.000001 0.000001 ×1.5496 10

‒9 ×1.552 10

‒3

0.02 0.000008 0.000008 ×2.8839 10

‒9 ×3.6062 10

‒4

0.03 0.000027 0.000027 ×2.7783 10

‒9 ×1.0291 10

‒4

0.04 0.000064 0.000064 ×7.8343 10

‒10 ×1.2241 10

‒5

0.05 0.000125 0.000125 ×9.7371 10

‒9 ×7.7891 10

‒5

0.06 0.000216 0.000216 ×2.5151 10

‒8 ×1.1642 10

‒4

0.07 0.000343 0.000343 ×4.6832 10

‒8 ×1.3652 10

‒4

0.08 0.000512 0.000512 ×7.3396 10

‒8 ×1.4333 10

‒4

0.09 0.000729 0.000729 ×1.0275 10

‒7 ×1.4093 10

‒4

0.10 0.001000 0.001000 ×1.3285 10

‒7 ×1.3282 10

‒4

Figure 3: Congruent figure of ( )u x with ( )u x
11

and the ∣ ( ) ( )∣u x u x‒
11

for Example 5.2.

Figure 4: Approximate solutions for Example 5.2 with { }∈β , ,

1

4

1

2

3

4

.
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available. From the graphical representations, it can be seen that the behavior of the obtained solutions is
consistent with each other for different fractional orders and harmonious with the integer order. On the other
hand, the acquired results and numerical data reveal the accuracy, performance, and comprehensiveness of
the proposed method for obtaining qualitative solutions with less effort. Therefore, we conclude that the
results of this work can be exploited to find solutions for similar models fitted with non-classical boundary
conditions. In future work, the current algorithm can be employed to find numerical solutions to multidimen-
sional fractional evolution models in terms of non-local fractional derivatives.
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