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Abstract: The main aim of this article is to present some novel geometric properties for three distinct
normalizations of the generalized k-Bessel functions, such as the radii of uniform convexity and of a-con-
vexity. In addition, we show that the radii of a-convexity remain in between the radii of starlikeness and
convexity, in the case when a € [0, 1], and they are decreasing with respect to the parameter . The key
tools in the proof of our main results are infinite product representations for normalized k-Bessel functions
and some properties of real zeros of these functions.
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1 Introduction

For r > 0, we denote by D, ={z € C : |z| < r} the open disk with radius r centered at the origin. Let
f: D, — C be the function defined as follows:
f@) =z+ ) anz", 1)
nx2
where r is equal or less than the radius of convergence of the above power series. Let A be the class of
analytic functions of the form (1), i.e., normalized by the condition f(0) = f'(0) - 1 = 0. Let S denote the

subclass of A consisting of univalent functions. In addition, we say that the function f is starlike of order
a(a € [0, 1)) in D, if and only if

Re(m) >a forall zeD,.
f(2)

The radius of starlikeness of order a of the function f is defined as the real number

Re(zf,(z)) >a forall ze D, .
f(2)

ry(f) = sup{r >0

Note that r*(f) = r5(f) is in fact the largest radius such that the image region f(D,«y)) is a starlike domain
with respect to the origin. For a € [0, 1), we say that the function f is convex of order a in D, if and only if

Re(l + Z]]:,"((ZZ))) >a forall zeD,.
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We shall denote the radius of convexity of order a of the function f by the real number

Re(l + Z ,”(Z)) >a forall zeD, .
f@)

rs(f) = sup{r >0

Note that r°(f) = r§(f) is the largest radius such that the image region f(D,<y)) is a convex domain. For
more details about convex and starlike functions, one can refer to [1-3] and the references therein. A
function f € A is said to be uniformly convex in D, if f(z) is in class of convex function in D and has
the property that for every circular arc y contained in D, with center ¢ also in D, the arc f(y) is a convex arc.
In 1993, Rgnning [4] determined the necessary and sufficient conditions for analytic functions to be uni-
formly convex in the open unit disk, while in 2002, Ravichandran [5] also came up with a simpler criterion
for uniform convexity. Analytically, the function f is uniformly convex in D, if and only if

Zf”(Z)) JELE)
@) 1 Feo

The radius of uniform convexity is given by the real number

Re(l + Zf,”(z)) > Zf,”(z) forall ze D, ;.
f @) @

Re(1+ , zeD,.

rec(f) = sup{r >0

Moreover, a function f is said to be in the class of S-uniformly convex function of order a, denoted by
UCV(B, a), in [6] if

a, zeD.

Re(l . Zf,”(Z)) G
@) @)

It is obvious that these classes give a unified presentation of various subclasses. The class UCV(f,0) is the
class of B-uniformly convex functions [7] (see also [8,9]) and LUCV(1, 0) is the class of uniformly convex
functions defined by Goodman [1] and Rgnning [4]. The real number

Re(l + Zf,"(z)) >
f@

#f"(2)
f'@

r“,cav(f)=511p{r>0 +a forallze[D,}

is called the radius of S-uniform convexity of order a of the function f.
Finally, by M(a, ), we mean the subclasses of S consisting of functions that are a-convex of order 8 inD,,
wherea € R and 0 < S < 1. Fora € R and S € [0, 1), we say that f is a-convex of order  in D, if and only if

Re((l - a)zf’(z) + a(l + Zf,(z))) >B, zeD,.

f@) f'@

The radius of a-convexity of order S of the function f is given by the real number

Re((l - a)Zf,(Z) + a(l + zf’(z))) >B, a€[0,1),zc¢ [D,}.

ra,ﬁ(f) = Sup{r >0 ) f(2)

It is clear that radius of a-convexity of order f of the function f give a unified presentation of the radius of
starlikeness of order § and of the radius of convexity of order 8. That is, we have the relations 1o s(f) = r3(f)
and rp(f) = r;;( f). For more details on starlike, convex, and a-convex functions, one can refer to [2,3,10,11]
and the references therein.

As is well known, certain recent extensions of the gamma functions, such as the g-gamma functions
and its generalizations ((p, g)-gamma functions) [12,13] and also k-gamma functions, have been of interest
to a wide audience in recent years. The main reason is that these topics stand for a meeting point of today’s
fast-developing areas in mathematics and physics, like the theory of quantum orthogonal polynomials and
special functions, quantum groups, conformal field theories, and statistics. Diaz and Pariguan [14]
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introduced and investigated k-gamma functions when they were evaluating Feynman integrals. These
integrals play a significant role in high-energy physics because they offer a general integral representation
of the involved functions [15]. Since then, k-gamma functions have played an important role in the theory of
special functions, are closely related to factorial, fractional differential equations, and mathematical phy-
sics, and have cropped up in many unexpected places in analysis. For more comprehensive and detailed
studies of related works, we can refer the interested reader to [14-19] and the associated references therein.
From the above series of articles, many generalizations about special functions arise. Hence, the authors
from geometric function theory field continued the study of this family of generalized functions and
suggested that many geometric properties of classical special functions have a counterpart in this more
general setting. For the studies concerning special functions seen in geometric function theory, one may
refer to the works [19-27] and the references therein.

By taking inspiration from the above series of articles, in our current investigation, our main aim is to
determine the radii of uniform convexity and a-convexity for three different kinds of normalized k-Bessel
functions.

1.1 The generalized k-Bessel function

We shall focus on a generalization of the k-Bessel function of order v defined by the series

) s i z n+y
UFOED) niGi(nk + v + k)(Z) ’

n=0

where k > 0, v > -1, ¢ € R, and I} stands for the k-gamma functions studied in [14] and defined as

[e0)

Iy(z) = Itzflef%dt,
0

for Re(z) > 0. For several intriguing properties of k-gamma and k-Bessel functions, we refer the readers to
[18,28,29].

Observe that as k — 1, the k-Bessel function ; W, ; is reduced to the classical Bessel function J,, whereas
1W,,_; coincides with the modified Bessel function I,.

It is easy to check that the function z — W, . does not belong to class A. Thus, first we shall perform
some natural normalization. We define three functions originating from W, .(-):

k
L4 v
tuc@ = (24T + 0 W, (),
1 8y.c2) = 20 + Kz g W, (2),
khy,o(2) = 2V + k)z' =% W, (VZ).

It is obvious that each of these functions is of the class A. It is convenient to mention here that, in fact,

i fr,c(2) = exp[%Log(ZZFk(v + k)kWV,C(z))],

where Log represents the principle branch of the logarithm function, and every many-valued function
considered in this article is taken with the principal branch.

2 Preliminary results

In order to prove our main results in the next section, each of the following lemmas will be needed. Some of
these lemmas are well known; however, to the best of our knowledge, the first three lemmas are quite new
and may be of independent interest.
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Lemma 2.1. Ifk > 0,c>0,v+k>0,anda, b € R, thenz — aq;, W, (2) + bszQ’C(z) has all its zeros real,
except in the case when% + % < 0. Moreover, the zeros of z — aq; W, (2) + bsz",,C(z) are interlacing with the

zeros of z — W, (2).

Proof. From [19, Lemma 1.1], we know that for k > 0, ¢ > 0, and v + k > 0, the function z — W, (2) has
infinitely many zeros, which are all real. Moreover, denoting by ,w, . ,, the nth positive zero of | W, .(2),
under the same conditions, the Weierstrassian decomposition

Wy, o(2) = %H(l— z ] b)

n>1 kwv,c,n

is valid. Let us consider the function z — , ¢, (2) = zb W, (2). It is obvious that, in light of Eq. (2), the
following equality immediately takes places:

i
¢ ()——(_) M- —=—
e L (V + k) n>1 kw\ic,n
Taking this into consideration, we obtain

z\kth 22

ol 1- —=—— v a

(2> anl( kwﬁ,c,n) E E 22
_z2)

L + k)

k¢\;,c(z) =

which gives

¢, (2 L+l
kTv,c _k b
k('bv,c(z) z Zz:

vcn_z

where k >0,c>0,andv + k> O0suchthatz # 0, z # ,w, . ,, and n € No. Now, we are going to show that
for = b > 0, all the zeros of q,') (z) are real, prov1ded that for k > 0,c > 0, and v + k > 0, all the zeros of
ka () are real. To do this, we show that for -+ E > 0, the zeros of WV (z) cannot be purely imaginary.
Letting k(;bv (iy) =0, wherey € R and y # 0, and from (2), we conclude that

22
0 = —i K+£+Zz$2 .
k b n=1kWy,cn 7Y

which is a contradiction since ; + 7 > 0 and the zeros ,w, .. , are real. Finally, we show that for [ + | > 0,

the zeros of k¢;’c(z) cannot be complex. Letting z = x + iy, where xy # O and y = kwvz,c,n - x2 +y?

Zk¢1,/,c(z)_z a Zy(xz—yz)—lmy zy+xz—y
k¢vyc(z) k b =1 y2 + 4x?y? YR+ axy?

which implies that

which is a contradiction. Thus, indeed forf + E > 0, the zeros of q,') (z) are all real. On the other hand, in
view of [19], we have that , W, .(z) real entlre function of growth order 5 and of genus 0. It is well known
from Laguerre’s theorem on separation of zeros that, if z — f(z) is an entire function, not a constant, which is
real for real z and has only real zeros, and is of genus O or 1, then the zeros of f' are also real and are separated
by the zeros of f. Thus, by using the fact that the growth order of the real entire function z + zs {(WV, [(2)is %,
and by using Laguerre’s separation theorem, we deduce that the zeros of z — a, W, .(z) + bz; W, (z) are real
when % + % > 0 and are interlacing with the zeros of z — W, (2). O



DE GRUYTER On some geometric results for generalized k-Bessel functions = 5

Lemma 2.2. Let k > 0, ¢ > 0, and v + k > 0. Suppose that 0, . , s are the nth positive roots of |W, (z) -
czyW, 1 (z) = 0. Then, the following development holds for all z # 0, . ., n € N,

kgv,c(Z) _ C2Zka+2k,c(Z) - 3Ckvvwk,c(z) _ 2z
kg,,,,c(z) ka,c(Z) - CZka+k,c(Z) n>1 keg,c,n - 2'2

Proof. Let us consider the integral

1 (_FQ)

zzmoc@—z>“ 3

T

where

Cz(kWVJer,c(() - 3Cka+k,c(()
ka,c(() - CZka-k,c(() .

{Q,} is the sequence of circles about origin such that Q, includes all nonzero zeros (0, . ,)(Vn = 1,2, ... 7).
Moreover, we assume that inside Q, there are m positive and m negative roots of | W, .(z) — cz, W, (2). Of
course, it is possible to make this assumption since (1 — %) W, (2) + sz\',’C(z) =W, (2) -z W, (2)
and according to Lemma 2.1, the zeros of 2k, W, .(z) - kz; W, (2) are simple and real. Furthermore, Q, is
not passing through any zeros. Then, F is uniformly bounded on these circles. So, let |F| < M. Therefore,
equation (3) provides us |I| < RM’, where R, denotes the radius of Q,. Hence, lim,_,I, = 0 as R, — oo for
r — 00. A residue integration shows that (see [30, p. 111], [31, p. 254])

F() =

1

1 kev,c,n(kev,c,n + Z)

Mw

I = +

v,c,n(kev,c,n - Z) n

PO, F@ b 1
-Z+Z+22

F(0O) F(z) <« 1
oz ’ z +Z’1k6

The above series will converge uniformly, and we can take the limit. It follows that since F(0) = 0,

z

F(z) = -2 O

2 2°
nx1 kev,c,n -z

Lemma 23. Let k>0, ¢>0, and v + k >0. Suppose that ,1,.,s are the nth positive roots of
Qk - v) W, (2) + ksz",yC(z) = 0. Then, the following equality holds for all z # T, ., n €N:

Wy (2) Vv = 20, W, (212 + kGBk - )23 W, (2V/2) + Iz W, (217) z

ihy.o(2) 2k(2k — V)W, [(2"/2) + 2kZ12 W, (2112) STien—2

Proof. For the sake of convenience, we shall first prove the following formula:

v(v - 20, W, (2) + kGBk - )z, W, (2) + K23 W, (2)

ZZ
__z 2 2"

2kQk — V) W, (2) + 2K’z W, (2) STz

By making use of the recurrence formula (see [28]) sz,’,,C(z) = % Wy, (2) -z W, (2), we have
@k = VW, (@) + k2 W, (2) = 2 W, (2) — Zke W, 1, (2)
and

V(V - Zk)ka,c(Z) + k(3k - 2V)ZkW\’/,c(Z) + kZZZkW:/’,C(Z) _ E CZZkaZk,c(Z) - 4Cl<m/v+k,c(z)

2Kk(2k — V)W, (2) + 2Kz, W, (2) 2 W, (2) - cz W, (2)

We consider the integral
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F(()
k " 2mi I( (4)

C2(kwv+2k,c(() - 4Cka+k,c(()
Wv,c(() - CZka+k,c(() .

{Qs} is the sequence of circles about origin such that Q; includes all nonzero zeros (, 7, . ,) (Vn =1, 2,... 5).
Moreover, we assume that inside Q; there are m positive and m negative roots of 2k — v); W, .(z) +
kszL’C(z). Of course, it is possible to make this assumption since (2k - v), W, (2) + kszl',,C(z) =
2 W, (2) - zkc, W, (2), and according to Lemma 2.1, the zeros of 2k, W,, (z) - zkc, W, (2) are simple
and real. Furthermore, Qs is not passing through any zeros. Then, F is uniformly bounded on these circles.
So, let |[F| < M. Therefore, equation (4) provides us || < RMS, where R denotes the radius of Q. Hence,
limg_,oIs = 0 as R¢ — oo for s — oo. A residue integration shows that

where

F() =

I__F(0)+F(z)+ZS: 1 +i 1
) z z n= 1kTvcn(kTvcn - Z) n=1 kTv,c,n(kTv,c,n + Z)
__FO) | F(z) P i

z nlkTvcn_Z

The above series will converge uniformly, and we can take the limit. It follows that since F(0) = 0

F@2) = -2y ——2—,

2
n>1kTvcn_Z

which implies that

ECZZkWVJer,c(Z) - 4Ckvvwk,c(z) _ z?
2 2kWV,C(Z) - CZI<Wv+k,c(Z) n>1 kT\f,c,n - Zz ’
and finally, we obtain
V(v - 2k), W, (212) + kGBk — V)2 12 W, (22 + K2z, W, (2'/2) z O
K2k — V)W, (2V/2) + 2kZ 2 W, (21/2) T2
Lemma 2.4. (see [24,32]) Ifa > b >r > |zl and A < 1, then
z z r r
-A < -A . 5
b-z a-z b-r a-r ©)
The following results can be obtained as a natural consequence of this inequality:
Re(z—)lz)sr—/\r ©)
b-z a-z b-r a-r
and
z z r
Re < < . 7
(b - z) b-z b-r @

It is important to note here that in [32, Lemma 2.1], it was assumed that A € [0, 1], but following the
proof of [32, Lemma 2.1], it is obvious that we do not need the assumption A > 0. This means that the
inequality given by (6) remains valid for A < 1.

3 Main results

We are now in a position to build up our main results.
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3.1 Radii of B-uniformly convexity of order a of functions , f, ., g, ,and h,

The aim of this section is to determine the radii of f-uniformly convex of order a of the functions ; f, ., ;. 8, .
and h, ..

Theorem 3.1. Let k > 0, ¢ > 0, and a € [0, 1).
(a) If % > 0, then the radius of B-uniform convexity of order a of the function ; f,, . is the smallest positive root

1-a+ (1 +B) rkWt/,c(r) + (E _ 1)rkWV,C(r) _o
I(Wv,c(r) v ka,c(r)

of the equation

(b) Ifv + k > 0, then the radius of B-uniform convexity of order a of the function , 8, 1s the smallest positive
root of the equation

"

g
1-a+(1+pree —o.

kgv,c

(c) Ifv + k > 0, then the radius of B-uniform convexity of order a of the function \h, . is the smallest positive
root of the equation

"

h
1-a+ 1+ prere —o.

k'v,c

Proof. (a) Let ;w, ., and kw(,,c’n be the nth positive roots of W, (z) and kW,',’C(z), respectively. In [19,
Theorem 1.3(a)], the following equality was proved:

" 2 2
1+ Zkfl,/’C(Z) =1- (’—( - 1)2 222 - Z /222 :
kfv,c(Z) v 2 g

n=1kWy,cn = 2 n>1kWy,cn = 2
We will prove the theorem in two steps. First, suppose % > 1. In this case, we will use the property of the
Z€T0S W)y, ¢ ns kw;,c’n that interlace according to the inequalities

r !
kwv,c,l < kwv,c,l < kwv,c,z < kwv,c,2<"'

Setting A =1 - %, in light of the inequality (6), for |z| < r < kw;,c,l < xWy .1, We obtain

222 k 222 2r? k 2r?
kwv,c,n -z v kwv,c,n -z kwv,c,n -r v kwv,c,n -r

Furthermore, we have

" Z 2 2
O 1) T T
2 V/w -2z

(2)

kJv,c n>1 kWy,eon = 2 v,c,n
2r? k 2r?
ST - 2—(1——72 : (®)
2\ kWy,en = T v kWyen— T
"
kfv,c(r)
=14 ri’,
kfv,e(r)

On the other hand, if in inequality (5) we replace z by z2 and put A =1 - %, then it follows that

222 k 222 2r? k 2r?
o\ ) 71 <77 o)
kwv,c,n -z 4 kwv,c,n -z kwv,c,n -r v kwv,c,n -r
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' ! .
where |z| <1 <, w, ., < yw, . Consequently, for § > 0 and |z| < r < yw, ; < yW, ,, We Obtain

kfvc(Z) 222 k 222
ke )N el Lyl -
kfv C( ) nzlkwv,c,n -z kwvcn -z
k 222
x| (E
n>1 kwvcn_z kwvcn_Z (9)
k 2r2
SBY|—m—— - (1 - —)2—2
n>1 kwvc n— r 4 ka)v,c,n -r
_ _ﬁ rkfv,c(r)
kfv,c(r)
In the second step, we will show that inequalities (8) and (9) hold true in the case % € (0, 1). Inequality (7)
implies
R 272 222 2r? '
Re— 5 < o Sl <= > lz] <7< Wy o1 < Wy
kwv,c,n -z kwv,c,n -z k%v,c,n r
and
Re 2 < 2 < 2 lz| <7< W, oq < W
(S hS = ’ = k%v,c,1 k%v,c,1°
kw\ic,n - Zz kw\ic,n - Zz kwic,n -r

Since % — 1> 0, by means of the previous inequalities, we deduce that

Re[l ! Zkfv C(Z;] o Z:Re[kwvcn - z? ] ) (_ B 1) nglRe[kw"C”z_ Zz)

kJv,c n>1
2 2
s1-y 2 (k) y 2 (10)
2 2 2 2
n=1 kwvcn -r v nzlkwv,c,n -r
-1+ kfv c(r)
kfv c(r)

!
Moreover, for > 0 and |z] < 1 < yw, (; < yW, 1, We have

kfv c(Z) 222 k 222
Flz fl (2) Z( w? —zz)+(;_l)z( w?. - 22
kJv,c n>1\ k*v,c,n n>1\ k%,c,n
k 272
<BY|l—5—|+ (_ - 1) > 2 2
n>1 kwv cn z? 4 n21| kWy,en = 2 (11)

k 2r?
<ﬁz +(——1)+2
kwvcn -r v kWyen =T

n=1
_ k.fv C(T)
kf v,e(M)
From equations (8)—(11), we obtain
Re|1 + zkfv’c(z) - zkf‘,”c(z) —azl-a+Q+p)—2—= kfv )
kfv,c(Z) kfv,c(z) kfv c( )
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where |z] <7 < kw,’,,c,l. By means of the minimum principle for harmonic functions, equality holds if and
only if z = r. The above obtained inequality implies that for r € (0, kw\,/,c,l)’
ifo,c(2)
z

inf{Re|1 + z kfvc( ?) ;
lzl<r «f. C(z) kfv.c(@)

The function ,u, . : (O, kw;,c,ﬂ — R, defined by

i) =1 -+ 0+ I =1—a—<1+ﬁ>z(% -(r- 5)27]
k%v,c,n

fv,c(M) nz1 V/Wen =1

e foe(r)
kf\l/,c(r)

—a}:l—a+(1+ﬁ)

is strictly decreasing when k > 0, - > 0, and 8 > O, a € [0, 1). We also observe that

11Inkuv C(r) =1-a>0 and llm Uy C(r) = —00.
r70 , N Wy 1 ’

Thus, it follows that the equation

1+(1+B)rkf”() a, B=0, ac[0,1)

ifv,e(r)
has a unique root situated in r; € (O, kw;m).
(b) Suppose that ;6, . ,s are the real zeros of the function g"/, . In view of Lemma 2.2 (see also [19
Theorem 1.3(b)]), we have the following equality:

g, . (2) 2
1 k v,c -1- 22 2272’
kgv C(Z) nzlkev,c,n -z
and it was shown in [19] that
g, 2
Re[1+ 25221512 zri (12)
kgv,c(z) n>1 kev cn

where |z| < r < 0, . ;. From equation (3.1) and 8 > 0, we obtain

222—2

n>1kevcn -

kg\,/,,c(z) _

kgv,c(z)

Bz

ZZ
2 2
kevcn_z

nx1

<2ﬁz

n>1k vcn

g, .(n
:_B Kone ’ |Z| <r< kev,c,l'
kgv c(r)

With the aid of equations (12) and (13), we obtain

g,.2)
Re[ 1 + X3¢
k vc(Z)
where |z| <r <0, .,, B =0, and a € [0, 1). In light of the minimum principle for harmonic functions,
equality holds if and only if z = r. Thus, forr € (0, 46, .,), B = 0, and « ¢ [0, 1), we have

n (Z)
inf{Re| 1 + Zkg‘,"c -
lzl<r 18,2

(13)

-r?

—azl-a+(1+ B)rkg”( ),

kgv,c r)

ng’C(Z)
z 1
kgv,c(z)

kg:,c(z)

kg\,/,,c(r)
kgl,/,C(Z) ,

kgv,c(r)

—ap=1-a+@A+P)r
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The function , ¢, . : (0,6, 1) — R, defined by

kgv c( )

@, D =1-a+ 1+ P

kgv c r)

is strictly decreasing and lim, o ¢, (r)=1-a>0 and lim, 4, ¢, (1) =-co. Consequently, the
equation

kg\,/,,c(r) _

1-a+(1 )
+(1+B rkgv’c(r)

has a unique root r; in (0, 6, . ).
(c) Let 7, ., be the nth positive zero of the function kh;yc(z). By means of Lemma 2.3, we have

khv,c(Z) _ z (14)
khv,c(z) nzlle%,C,n -z
In light of equation (7) given in Lemma 2.4, we obtain
hH Z hH r
Re|1+ zX ‘,”C( )| - 1-Re z% >1+rk ‘,”C( ), 2] <1< Tyer (15)
khv,c(z) n=1kTv,e,n = 2 k v,c(r)
With the help of equation (14), we obtain
h, (z
pleie® gy 2
khv,c(z) nzlkTv,c,n -z
<B Z
n>1 kTV c,n z (16)
<p Z
n>1 kTv en T

h, (r)
= _privet” |zl <7 <47y e
khv,c(r) e
From equations (15) and (16), we arrive at
Rel1 + z k vc(Z) Zkhl,/’C(Z) a>1—a+(1+ﬁ) k vc(r)’
k v, C(Z) khv,c(Z) khv C(T)

where |z| <r <;1,.1, B 20, and a € [0, 1). Because of the minimum principle for harmonic functions,
equality holds if and only if |z| = r. Thus, we have

infdRel 1 +Zk vc(Z) Zkhg,c(z)
|z|<r k VC(Z)

kh\,/,c(z)
The function ¥, . : (0,7,.1) — R, defined by

khv c(r)

k v, c(r)

}—1—a+(1+/3)r

k v, c(r)

k vcr)

W N =1-a+ 1+ P

is strictly decreasing and lim,,o 4, (r)=1-a>0 and limy ., ¥, (r) = -co. Consequently, the
equation
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1—a+(1+/3)rk o, o(r) =0

k v, c(r)

has a unique root r; in (0, , 7, . 1)- O

3.2 Radii of a-convexity of order g of functions , f ., g, .,andh,

v,c?

and

xhy .- The method used in the process of determining the radii of a-convexity of order f is based on the ideas
from [22] and [11]. In order to prove our main results, we will take advantage of the following notation:

_Zu’(z) + a(l + _zu”(z)).

u(z) u'(z)

This section is devoted to determining the radii of a-convexity of order B of the functions \ f, ., ; 8, ., @

Ja,uz) =1 -a)

Theorem 3.2. Letv > 0,k > 0,c > 0,a > 0, and B € [0, 1). Then, the radius of a-convexity of order f3 of the
function ; f, . is the smallest positive root of the equation

W, (r W, (r
af 1+ riee s ‘,”C( AN (E - l)r—k ue?) B.
ka,c(r) v kWV,C(r)
Letw, ., and kw;,c,l be the first positive zeros of |W, . and WV o respectively. Then, the radius of a-convexity

satisfies the inequalities 1,8(; [, ) < kw;,m < xWy 1. Moreover, the function a w— rup(yf, ) is strictly
decreasing on [0, c0), and consequently, we obtainrg < 1, (s fy, ) < 13(, f,,c) for alla € (0, 1) and B € [0, 1).

Proof. Our interest here is the case when a > 0 because of the fact that the theorem is proved in the case
when a = 0 in [19]. By virtue of the definition of the function , f, .(2), it is easy to verify that

foc@ kW, (2) i fuc@) W, (2) (K W, (2)
z = —z d =14+4z————M + 1lz—————=

= an 1+2z— 7 .
kfv,c(Z) 4 ka,c(Z) kfv,c(Z) ka,c(Z) ka,c(Z)

1%

From [19], we have the following infinite product representations:

()

v_q
22 V( )k 22
R (e I CCRE oot (R

n>1 n>1 kwv,c,n

! oy ! . . . .
where ,w, ., and yw, . , denote the positive zeros of W, . and W, ., respectively. By using logarithmic
differentiation, we arrive at

frc@) ifv.c@
Ia, v,c =(1- onets 1
@i fr,c(2)=( a)zkfvyc 2t o{ + kaC(Z)]
k 222 222
=it (a - ;) gl kw\%,c,n - Zz B argl kw;/%c,n - Zz'

With the help of Lemma 2.4, for all z € D, , we obtain the inequality

k
CRe(@ iy @) > 7+ (1 - —)z S = 2@ )

av n>1kwvcn_ n>1k vcn_r

where |z| = r. It is important to note that here we used the zeros ,w, e and kwv en tO satlsfy the interlacing
property [19, Lemma 1.1]. That is, we have the relation k(uv el < kWyeq < k(uv ¢2<... Thus, for
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r e (0, kw;yal), we have inf,ep J(a, f) (2)) = J(a, f, (r)). Moreover, the function r — I(a,,f, (1)) is
strictly decreasing on (O, ka),’,,c,l) since

2 2
k 4rk wv,c,n 4rk wv,c,n
Jl(a,kfvc(r))——(——a y— S -ay .
nx>1 (kwv,c,n -r ) n>1 (kwvc n= T )
2
4rkwv,c,n 4rk wv,c,n
<a 2 PN z 2y2
nx>1 (kwv,c,n -r ) nx>1 (kwvc n T )

forv>0,k>0,c>0,andr € (O, ka)v ¢1)- Here, we used tacitly that the zeros ;w, ., and kwv c.n interlace,

and forv>0,k>0,c>0andr< ,/kw,,,c,lkwv,c’1 we have

2 12 232 2 2 232
kwv,c,n(kwv,c,n -r ) < kwv,c,n(kwv,c,n -r ) .

We also observe that

lin(}J](a,kfv,C(r)) =1>f and lim J(a,f, () = —c0.
r/

r\kwv,c,l
This means that for z € D,, we have Rel(a,,f,.(z)) > if and only if r is the unique root of
a, i fy,(r) =B, in (O, ka)‘/,’cyl). Finally, by making use of the relation kw;,c,l < Wy cq < kw;,c,2<... , we
obtain

0 2r? )
aa‘ﬂ(a’kfv’C(r)) nz>:lkwsc n =~ r’ Zz: ka)v cn r? <O (0’ kwv,CJ).

This means that the function a — J(a,  f, (1)) is strictly decreasing on [0, co) for alla > 0, v > 0, k > 0,

c¢>0,andr € (0, kw,’,,c,l). Consequently, as a function of a, the unique root of the equation J(a, , f, (1)) = B

is strictly decreasing, where 8 € (0,1), v>0, k>0, c> 0, and r € (O, kw,’,,c,l) are fixed. As a result, for

a € (0, 1), the radius of a-convexity of the function ; f, . remains in between the radius of convexity and the

radius of starlikeness of the function ; f, .. This is the desired result. O

Theorem 3.3. Letk > 0,c > 0,v + k > 0, a = 0, and B € [0, 1). Then, the radius of a-convexity of order 3 of
the function 8, 1is the smallest positive root of the equation

w r nWw. r) =3 W r
14+ ((X _ 1)rk v+k,c( ) +ar k v+2k,c( ) k v+k,c( ) _ ﬂ
ka,c(r) ka,c(r) - rka+k,c(r)
Let 0, ., denote the first positive zeros of z — (1 - %) Wy + sz,',,C. Then, the radius of a-convexity satisfies
the inequalities 1,5 8, ) < kBy,c1 < (Wy,c,1- Moreover, the function a — 104 8, ) is strictly decreasing on
[0, 00), and consequently, we obtain rﬁ < ra,ﬁ(kgv,c) <13(xfy,c) for alla € (0, 1) and B € [0, 1).

Proof. Without loss of generality, we assume that @ > 0. The case a = 0 was demonstrated in [19]. From [19]
and Lemma 2.2, we have the following equalities:

"

kgv,c(Z) -1 222

>

i
z.8, (2)
kv g - Z and 1+ z— —
kgv,c(z) n>1 kwv cn z? kgv,c(z) n>1 kev,c,n -z

where yw, . , and ; 8, . , stand for the nth positive zeros of the functions , g, .(z) and kg:/ (2), respectively.
Thus, we obtain

Ja, 8, (2)=>1- a)zkgv,iizi N a[l . Zkg‘l,,c(z)]

kSv,c kgv,c(z)
272 2
=1-(1-a)) - a 2z

2 2
n>1kwvcn_z n>1k6vcn_Z
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By making use of the inequality (6) given in Lemma 2.4, we obtain

2 2
TRe(I(@, 8,20 > T + (1 - %)Z R e PO}
n>1k%v,c,n n=1k"v,c,n
where |z| = r. Here, we used tacitly that for all n € {1, 2, ... }, we have ; 0, ., € (4w, ¢ 1> Wy cn)> Where
kWy,c.n is the nth positive zero of (W, .. This follows immediately from Lemma 2.1. We also note that
the zeros ;0, ., are all real when k > 0, ¢ > 0, and v + k > O (see [19]), and thus the application of the
inequality (6) given in Lemma 2.4 is allowed. Thus, for r € (0, 0, . ), we obtain inf,.p Re(J(a, , gv,c(z))) =
Ia, gv’c(r)), since according to the minimum principle of harmonic functions, the infimum is taken on the
boundary. On the other hand, the function r — J(a, 8, (1) is strictly decreasing on (0, ,6, . ;) since

4rk v,c,n

_r2)2_az

41005 c.n
—ﬂ(a,kgvc(r» @-1nYy _ i en

2)\2
n>1\k vcn n>1(k vcn_r)
4r, w? 4r, 6]
<a kvc,zz_az kvcn22
nzl(kwv,c,n_ ) n>1(k vcn_r)

fork >0,c>0,v+k>0,andr € (0,6, . ,). Here we used again that the zeros ;w, . , and 0, . , interlace,
andforallneN,k>0,c>0,v+k>0,andr < /;w, . 0, ., we have that

2 2 272 2 2 2\2
kwv,c,n(kev,c,n -r ) < kev,c,n(kwv,c,n -r ) .

We also have that lim, .oJ(a, kgvyc(r)) =1> B and lim, 4, J(a, kgv’c(r)) = —00, which means that for
z € D,,, we have Rel(a, gv,c(z)) > B if and only if r, is the unique root of J(a, , gv’c(r)) = B, situated in
(0, 0, c,1)- Finally, by making use of the interlacing inequalities ; w, . , 1 < x0, . n < (W, . @gain, we obtain
the inequality

d 2r? 2r?
a8, =Y — - <0,
O e n=1kWy,cn ~ r? n>1k9v cn r

wherek > 0,c>0,v+k>0,a>0,andr € (0, 0, . ,). This implies that the function a — J(a, kgv,c(r)) is
strictly decreasing on [0, co) forallk > 0,c¢ > 0,v + k> 0,a > 0, andr € (0, 0, . ;) fixed. Consequently, as
a function of a, the unique root of the equation J(a, , 8, M) = B is strictly decreasing, where f8 € [0, 1),
k>0,c¢>0,v+k>0,a>0,andr € (0, 0, ) are fixed. Consequently, in the case when a € (0, 1), the
radius of a-convexity of the function , g, . remains in between the radius of convexity and the radius of
starlikeness of the function , g, . O

Theorem 3.4. Letk > 0,c > 0,v + k> 0,a > 0, and 8 € [0, 1). Then, the radius of a-convexity of order 8 of
the function \h, . is the smallest positive root of the equation

1-a)]1- r o C(n) +a1+ 2 rh ko Wy o c( %) 4l Wy, c(r%)

2 ka,c(r%) 2 2kVVv,c(ri) erka+kc( )

Let 7, ., be the first positive zeros of z + (2k — v), W, . + kszL,C. Then, the radius of a-convexity satisfies
the inequalities 1, g(; h,, ) < krf’m < kwf’cyl. Moreover, the function a — 1,5(;h, () is strictly decreasing on
[0, c0), and consequently, we obtain rg < 1y g(xh,, ) < 13 f,c) for all a € (0, 1) and B € [0, 1).

= B.

Proof. Similarly, as in the proof of Theorems 3.2 and 3.3, we suppose that @ > 0. The case @ = 0 was showed
already in [19]. From the same article and Lemma 2.3, we know that the following equalities are valid:

@ g 2y @ gz
thyc(Z) n>1 kwvcn -z khv C(Z) n>1kTvcn - Z

where 7, . , denotes the nth positive zero of z — (2k - v), W, (2) + ksz,’,,C(z); it follows that
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3@ gy o(2) = (1 = @) 0{1 @ ]

k'v,c Z) kh;,c(z)

-0y Y

-z

n=1kW,c,n = 2 n>1 kTv,c,n
By making use of the inequality (6) in Lemma 2.4, we obtain that
1 1 1 r r 1
—Rel(a, yh, (2)) = = + (1 - —)Z = - Y — = =d(a, ;h, (1),
a a a n>1kWy,en = T n=1kTv,e,n = T a

where |z| =r. It is worth mentioning here that we used tacitly that for all n €{1,2, ... }, we have
kTv.en € Wy cn1s KWy c.n)» Which follows from Lemma 2.1. Note also that the zeros 7, ., are all real
when k > 0, ¢ > 0, and v + k > 0, and thus the application of the inequality (6) situated in Lemma 2.4 is
allowed. Thus, forr € (0, kff,c,1)’ we have inf,.p Rel(a, i h, (2)) = J(a,  h, (r)). Moreover, since

2 2

d Ty wv,c,n T Tv,c,n
a—ﬂ(a, khv,c(r)) =(a - 1)2272 -a 2272
r nx>1 (kwv,c,n - r) nx>1 (kTv,c,n - r)

2 2
T wv,c,n 9% Tv,c,n
<a ) S - y— <0
nx>1 (kwv,c,n - r) nzl(kTv,c,n - )’)

for k>0, c>0,v+k>0, and r € (O, krf,c,n), the function r — J(a, ;h, (r)) is strictly decreasing on
(o, kric,n). It is worth mentioning that here we used again that the zeros ,w, ., and ; 1, . , interlace for
k>0,c>0,v+k>0andr < w,.; < Ty, We have that

ka)\ic,n(ka,c,n - rZ) < kTg,c,n(kwg,c,n - r2)_
We also observe that

limd(a, (h,(r)=1>f and lim J(a, h, (1)) = —co.

O ’ ’/kTv,c,l ’
This means that for z € D,,, we have that Rel(a, ;h, (r)) > B if and only if r; is the unique root of
Ia,  h, () =B, in (O, kTvz,c,n)- Finally, with the aid of the interlacing inequalities ,w, ., ;<
kTv.cn < kWy,c.n» it Can be seen that the following inequality takes place:

9 r r
aJl(a,khv,c(r))zz - > — <0

n>1 kwv,c,n -r nzlkTv,c,n -r

fork>0,c>0,v+k>0,andr € (0, kTvz,c,n)- This means that the function a — J(a,  h, (1)) is strictly
decreasing on [0, o) forallk > 0,c > 0,v + k > 0,andr € (O, krvz’c’n). Consequently, as a function of a, the
unique root of the equation J(a, ,h, (1)) = B is strictly decreasing, where 8 € [0, 1) k> 0,¢ > 0,v + k > O,
andr € (0, T, ) are fixed. Thus, in the case when a € (0, 1), the radius of a-convexity of the function ;h,
remains in between the radius of convexity and the radius of starlikeness of the function ;h, . O

4 Some particular cases of the main result

This section is devoted to some interesting results obtained by making some comparisons with earlier
results. It is possible to say that the generalized k-Bessel function is actually a generalization of the suitable
transformation of the Bessel function of the first kind. That is, we have the relation

1Wv,1(Z) = JuU2),

where 7, stands for the Bessel function of the first kind and order v. Taking this into account, we see that
the main results obtained in this article coincide with the studies listed below.
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Remark 4.1. If we choose a = 0 and f =1 in the parts a, b, and ¢ of Theorem 3.1 and make use of the
relations (see [28])

cz?

szwll/’,c(z) + ZkW\’/,c(Z) == K

V2
ka,c(Z) + Pkwv,c(z)
and
] z 1%
zk W, (2) = Ekka—k,c(Z) - zkka,c(Z):

the radii of uniform convexity of the functions, f, ,, 8, ;, and 1 h, ; coincide with the result in [24, Theorem
3.1], [24, Theorem 3.2], and [24, Theorem 3.3], respectively.

Remark 4.2. it is obvious that our results given in Lemmas 2.2 and 2.3, in particular when k = 1and ¢ = 1,
are natural generalizations of [32, Lemmas 2.4 and 2.5]. In addition, if we take = 0 in Theorems 3.2-3.4,
the radii of convexity of order a of the functions , f, ;, , g, , and ; , , coincide with the results in [32, Theorem
1.1], [32, Theorem 1.2] and [32, Theorem 1.3], respectively.

Remark 4.3. If we choose k = 1 and ¢ = 1in Theorems 3.2-3.4, then the radii of a-convexity of order § of the
functions, f, ;, 1810 and ; h, ; coincide with the result in [22, Theorem 1], [22, Theorem 2], and [22, Theorem

3], respectively.

5 Conclusion

In this article, we investigate the radii of uniform convexity and a-convexity of the k-Bessel function
derived from the k-gamma function, which is the extension of the gamma function. In making this inves-
tigation, we deal with the normalized k-Bessel functions for three different kinds of normalization in such a
way that each of them is analytic in the unit disk of the complex plane. The key tools in the proof of our
main results are infinite product representations for normalized k-Bessel functions and some properties of
the real zeros of these functions. We also show that for some values of the parameters, our results coincide
with those obtained earlier.
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