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1 Introduction

The theory of fixed points is contemplated to be the most delightful and energetic field of investigations in
the evolution of mathematical analysis. In this scope, the familiar Banach contraction principle [1] is the
first result for mathematicians in the last few years. This result plays a noteworthy and remarkable con-
tribution in solving different problems in mathematics. Zadeh [2] introduced the notion of fuzzy set which is
powerful, effective and efficient means to represent and handle imprecise information in 1960. Later on,
Goguen [3] extended this notion of fuzzy set to L-fuzzy set. He replaced the interval [0, 1] by L that is
completely distributive lattice.

Heilpern [4] gave the notion of fuzzy mappings and presented fixed point results in the metric linear
space. On the other side, Estruch and Vidal [5] set up fuzzy fixed point results for fuzzy mappings in the
background of complete metric space (CMS). The concept of Estruch and Vidal [5] is extended by many
mathematicians in various metric spaces involving generalized contractions. Rashid et al. [6] gave the
conception of B -admissible for two L-fuzzy mappings and used this notion to establish some results
for these mappings. For more details in the direction of fixed and common fixed point results of L-fuzzy
mappings, we refer the investigators to [7-15].

Furthermore, Jleli and Samet [16] gave a contemporary metric space, which is known as ¥ -metric space,
to extend the classical metric space in 2018. Later on, Alnaser et al. [17] used this concept and proved fixed
point results for rational expression. Recently, Alansari et al. [18] studied some results in this # -metric space
and highlighted some open problems such as common fixed point theorems for L-fuzzy mappings.

In this research, we establish some common L-fuzzy fixed point theorems for (-1)-contraction in the
context of # -metric space to generalize certain results of literature. We also provide a nontrivial example to
validate the main result.
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2 Preliminaries

Definition 2.1. [3] Let L + @ and x; be a partial order set.
(i) fxvwelL kAwelLforanyk,w € L, then L is a lattice.
(i) IfvQ € L, AQ € L for any Q ¢ L, then L is a complete lattice.
(iii) fxviwnm) =kVw)AKkVE), kAN (wVwE)=kKAw)V (xA®) for any x, w,w € L, then L is a
distributive lattice.

Definition 2.2. [3] An L-fuzzy set Q on a nonempty set ‘W is a function Q : ‘W — L, where L satisfies (iii)
with 1; (top element) and O; (bottom element Of).

The a;-level set of Q is designated by Q,, and is defined by:
Qq =1{k:ap 31 Q)} if ap € L\{O.},
QOL = {K : OL <L Q(K)}

Here, ¥1(‘W,) and cl(Q) represent L-fuzzy set on W, and closure of Q, respectively.
Define

_ OL 1fK¢Q
XL =11, ifkeq,

the characteristic function y;, of a L-fuzzy set Q.
We refer the researchers to [2-15] for further analysis in the direction of L-fuzzy mappings results.
In 2018, Jleli and Samet [16] gave a fascinating metric space, which is known as ¥ -metric space in this
manner.
Let f: (0, +0c0) —» R and ¥ denotes the set of functions f satisfying:
(F1) O<k<t== f(x) < fQ,
(F2) for{k,} € R*, lim,_, ok, = 0 & lim,_,.f(k,) = —0o.

Definition 2.3. [16] Let ‘W # &, and let dF : W x W — [0, +00). Assume that 3(f, h) € ¥ x [0, +00)

such that

D) Kyw)e W xW,des(k,w) =0 © k= w,

(D,) ds(k, w) = de(w, k), for all (k, w) € W x W,

(D;) forevery (x, w) € W x ‘W, forevery N € N, N > 2, and for each (u;)Y, ¢ ‘W, with (u;, uy) = (x, w), we
obtain

N-1
dr(k, w) > 0 = f(dr(k, w)) < f( Y dr (i, Ki+1)) + h.
i-1

Then, ds is called an # -metric on ‘W and (‘W, ds) is claimed as an ¥ -metric space.

Example 2.1. [16] The function d# : R x R — [0, +00)

(x - w)? if (x, w) € [0, 3] x [0, 3]

dy(x, w) = {|K -w| if (x, w) ¢[0,3] x [0, 3],

with f(1) = In(¢) and h = In(3), is an ¥ -metric.

Definition 2.4. [16] Let (‘W, d#) be an F -metric space.
(i) Let {x,} € ‘W. The sequence {k,} is called ¥ -convergent to x € ‘W if {x,} is convergent to k regarding
¥ -metric d¢.
(ii) The sequence {x,} is said to be ¥ -Cauchy, iff
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lim dg(ky,, kn) = 0.

n,m—oo

(iii) If each # -Cauchy sequence in ‘W is ¥ -convergent to a point in ‘W, then (‘W, d#) is ¥ -complete.

Theorem 2.1. [16] Let (‘W, d#) be ¥ -complete ¥ -metric space and O : ‘W — ‘W . If 3A € (0, 1) such that
dr(0(x), O(w)) < Ads(x, w).
Then, 3x* € ‘W such that Ox* = x*. Furthermore, for any x, € ‘W, the sequence {x,} ¢ ‘W defined by
Kne1 = O(Ky), nenN,

is ¥ -convergent to x*.

Later on, Alnaser et al. [17] used ¥ -metric space and proved some results for (a, ¢) rational contraction.
Al-Mezel et al. [19] introduced (af, )-contractions in ¥ -metric space and presented some generalized
results. Recently, Alansari et al. [18] studied some results in this # -metric space and highlighted some
open problems such as common fixed point theorems for L-fuzzy mappings. For more characteristics, we
refer the researchers to [20-25].

Lemma 2.1. [18] Let ‘W; and ‘W, be nonempty closed and compact subsets of an F -metric space (W, ds). If
x € W, then dq—“(K, (Wz) < Hq—"((Wl, W,).

Lemma 2.2. Let (‘W, d#) be a F -metric space and ‘W be nonempty, closed subsets of W and q > 1. Then, for
each x € ‘W with dz(x, W)) > 0 and q > 1, 3w € ‘W, such that

dT(K, CU) < da(K’ Wl)'

In this work, we prove some common fixed point results for L-fuzzy mappings in the background of
¥ -metric spaces to extend and generalize various results of in the literature. We also provide an example to
support our main result.

3 Main results

In 2012, Samet et al. [21] initiated the concepts of S-i-contractive and S-admissible mappings and estab-
lished some fixed point results for these mappings in CMSs.

Consistent with Samet et al. [21], we represent the set of nondecreasing functions ¢ : [0, +0c0) — [0, +00)
such that }° 1)"(1) < +oo for all t > 0, where Y™ is the n-th iterate of 1 by ¥.

This lemma is very useful in the proof of main result.

Lemma 3.1. If i € ¥, then these conditions hold:
(@) W(Dney — 0 asn — o0, Vi € (0, +00),

(i) Y@ <1, Ve>0,

(iii) Y =0ifft=0.

Definition 3.1. [21] Let O : ‘W - W and a : ‘W x ‘W — [0, +00). Then, O is called a -admissible map-
ping if
KweW, Bk w)=1= B0k Ow) =1

Theorem 3.1. [21] Let (W, d) be a CMS and O be -admissible mapping. Suppose that
Bk, w)d(Ox, Ow) < P(d(x, w))
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for allx, w € ‘W, where p € V. Also, assume that

(i) Iko € ‘W such that B(xo, Oko) = 1,

(ii) either O is continuous or for {k,} in W with B(ky, kKn+1) = 1 for alln € N and x, — k asn — +co, we have
By, ¥) 21, Vn € N,

Then, 3x* € ‘W such that Ox* = x*.

Definition 3.2. Let (‘'W, d#) be an ¥ -metric space, a : ‘W x ‘W — [0, +00) and let Oy, O, be fuzzy mapping

from W into F7(‘W). The pair (Oy, O,) is called an ay-admissible if

(i) for each x € W and w € [OKla, ), Where ap,(x) € (0, 1], with a(x, w) > 1, we have a(w, z) > 1,
Vz € [Ozw]a()z(w) # &, where ap,(w) € (0, 1],

(ii) for each x € W and w € [Ox]a,,x), Where ap,(x) € (0, 1], with a(k, w) > 1, we have a(w, z) > 1,
Vz € [01W]ay,w) # D, Where ap,(w) € (0, 1].

From now onward we denote (‘W, ds) as an ¥ -metric space.

Theorem 3.2. Let 8 : (W, ds) x (W, ds) — [0, c0) and let Oy, O, be L-fuzzy mappings from (W, d¢) into
F1(‘W) satisfying these assertions:
(i) (‘W,ds) be an ¥ -complete,
(it) forxo € ‘W, 3ar(x) € L\{Or} such that K € [O1Kolu,(x,) OF K1 € [O2Kolay(xg) With (Ko, 1) > 1,
(iif) 3P € ¥ such that

max{B(x, w), B(w, K)}Hyr ([0 ]y x)s [O20]0yw)) < P(dr(k, w)) VK, w € W, o))
(iv) (01, Oy) is By-admissible,
(v) if {xn} is a sequence in ‘W such that B(xy, kn+1) = 1 for all n and x, — x, then B(xy,, ) > 1, Vn.

Then, there exists some k* € [O1K* |y N [O2K* |y 1c)-

Proof. For x, € W, there exists ar(xo) € L\{O;} such that [Oikolau,) # @ and 3 € [O1kolax,) With
B(xo, ) > 1. Now for i, there exists ar(q) € L\{Or} such that [O1Kole,x,) and [Oxkilaae) € CB(W). By
Lemma 2.1 and Inequality 1, we obtain that

0< d?(Kb [OZKl]aL(Kl))
< Hr([01%0]ayc)» [0 2K 06))
< B0, ¥)Hy([O1K0]ay (0> [O2K ]y i) @
< max{f(xo, 1), Bk, Ko)HHF([O1K0]ayx0)» [O2Kt]ay0))
< P(dg (Ko, K1))-

For given g > 1 and by Lemma 2.2, 31k € [0k ], ) such that
0 < dyr(, 1) < qd¢(K1, [OZKI]aL(Kl))~ ©)
Thus by (2) and (3), we have
0 < dy (14, ®) < qP(dy(xo, K1)).

It is clear that 1 # K, as dg(k, 16) < q(ds(ko, 11)). Since P is strictly increasing, so P(d#(x, K)) <

Y(qP(ds(xo, 10))). Put gy = W. Then, gq; > 1. Now for 1 € ‘W, there exists a;()) € L\{O;} such

that [O1%]4 ) 1S nonempty. So, we assume that 1 ¢ [O116]a,u)- As B(ko, 1) = 1 and the pair (04, 0,) is
B,-admissible, so B(k, k) > 1. Again by Lemma 2.1 and Inequality 1, we obtain that
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0 < dr (¥, [O1K)ayix) )
< He ([0 2K ]y ) [O1%2]ay )
= Hr ([01%]0, ) [O2K1]ayx0)) )
< B(a, 10)Hr ([O16]a,00) > [O2Ki]ay ()
< max{B(x;, k), Bk, K)H7([O1Ka] e (1> [O2Kil ey (x0))
<Y(dr (i, k) = Y(dr (K, K2))-

For given ¢; > 1 and by Lemma 2.2, 3x; € [O1}]a;(x,) such that
0 <ds(i, K3) < Cth(Kz, [OIKZ]aL(Kz))- (5)
Thus by (4) and (5), we have
0 < dr(k, K3) < qp(dr (K, K2)) = P(qP(dyr (Ko, K1)
It is clear that 15 # 16, as dg (16, K3) < Y(qP(d#(xo, K1))). Since Y is strictly increasing, so Y(d# (i, K3)) <
YA q(ds(xo, K1))). Put ¢, = %. Then, g, > 1. Now for 13 € ‘W, there exists a;(x3) € L\{0;} such

that [O2K]a, ) i nonempty. So, we assume that x5 ¢ [OaG]a ). AS B, 1) > 1 and the pair (O, O,) is
By, -admissible, so B(k, k;) > 1. Again by Lemma 2.1 and Inequality 1, we obtain that

0< df(KBy [02K3]aL(x3))
< Hf,r([Ole]aL(Kz), [02K3]QL(K3))

< B, k) Hr ([O1]ay () [0 283y 5)) (©)
< maX{B(KZ’ K3)) ﬁ(K3s KZ)}HT([lez]aL(Kz)! [02K3](11_(K3))
< P(dr (1, K3)).
For given g, > 1 and by Lemma 2.2, 3k, € [O]q, ) Such that
0 < dr (16, K4) < g7 (5, [0s)ayxs) ) - @)

Thus by (6) and (7), we have
0 < dg (i, ks) < PHqP(dys (o, 1))

Pursuing in this way by induction, we can establish a sequence {x,} in ‘W such that 1,.1 € [O1¥n]a;60m)
Kon+2 € [02K2n+1]aL(K2n+1), and B(Kn—ly Kn) >1

dy (Kons1, Kons2) < P?"(qP(dy (%0, K1) ®)
and
dy(Kan+2, Kons3) < Y U qp(dy (o, 1)) ©)
for all n. It follows from (8) and (9), we obtain
dy (K, Kn11) < P Hqp(dr (Ko, 1)), (10)
which yields
Edﬂm, Kiz1) < ﬁlwi‘l(qw(df(xo, K0))), (11)

form > n.Fixe > 0 and let n(¢) € N such that ann(é)w"*l(qlp(df(Ko, K))) < €. Next, let (f, h) € ¥ x [0, +0c0)
be such that (Ds) holds. Let € > 0 be fixed. By (#3), 36 > 0 such that

0<i1<6=fQ<f()-h. (12)

Hence, by (10), (11), and (¥;), we have
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m-1 m-1
f ( Z dy(k;, Ki+1)) <f ( Y W gp(ds (o, KI)))) <f ( Y. W gp(ds (o, Kl)))) <f(e)-h 13)

i=n n>n(6)

¥Ym > n > N. By (Ds) and (13), we obtain
df(Km Km) > 0,

which implies

m-1
fdg(Kn, Xm)) < f ( Y dr(x;, Ki+1)) +a < f(e).

i=n

It follows by (#7) that d#(ky, k) < €, m > n > N. It shows that {k,} is ¥ -Cauchy. As (‘W, d) is ¥ -complete,
Jx* € W such that {k,} is ¥ -convergent to x*, i.e.,

lim di(xz, k7) = O. (14)

Now, we prove that x* € [O1k*]y, k"), SO We assume that dg(k*, [O1k*]s, ) > 0. By condition (iv), we have
B(on_1, k*) > 1 foralln e N,
Thus, by the definition of f and (Ds), we have

f(dT(K*’ [Olk*]aL(x*))) < fldr(x*, ko) + dT(KZm [01K*]aL(x*))) +h
< fdr(x*, Kon) + HE([O2on-1lay (k1) [O1K Jayi))) + R
< f(de(x*, 1on) + B(an-1, KVHF([O20on-1)ayt-1)> [O1K lay))) + |
< fdr(x*, Kon) + max{f(kon-1, k*), B(K*, Kon-1)HF([O2on-1]a, 1) [O1K*]ayx))) + R
= f(dg(x*, 1on) + max{f(ion_1, k*), B(c*, ¥on—)HF([O16* oy > [O28on-1lay001))) + R
< fldr(k*, Kan) + P(dy (K", Kon-1))) + h
< f(dr(K*, Kon) + dy (K", Kon-1)) + .

Taking the limit in the aforementioned inequality and using (F,) and equation (14), we have

lim f(dr (", [0la))) = lim f(dy (', 16n) + A (€, Kon-1)) + b = —00,

which is a contradiction. Therefore, we have dy(x*, [O1k*],4) = O, that is, k* € [O1k* |4, ). Similarly by
condition (iv), we have B(iy,, k*) = 1 for all n € N, Thus, by the definition of f, we obtain

f(dfF(K*, [OZK*]aL(x*))) < f(dy (K", Kons1) + d'F(szl, [OzK*]aL(x*))) +h
< f(de(x*, kons1) + HF([O1onlayton s [O26 aay)) + R
< fdr (K", Kons1) + B(Kon, K)Hy ([O1Kanlay () s [O2K |y x))) +
< f(dg(*, ¥ons1) + max{f(ian, k*), Bc*, o) Hr ([O1¥onla 6> [O26*laic))) + h
< f(de (K™, Kon+1) + P(dr(on, X)) + h
< f(dy (K", Kons1) + dy(kon, K¥)) + h.

Taking the limit in the aforementioned inequality and using (¥>) and equation (14), we have
lim f(dy (K, [0 lyx))) = Him F(dr (', Kon) + (6, Ko 1)) + b = —c0,

which is a contradiction. Therefore, we have d#(k*, [Ox*]o, ) = O, that is, k* € [OK* ], ). O

Example 3.1. Let ‘W = [0, 1], define # -metricds : ‘W x W — R§ byds(x, w) = |k — w|, wheneverx, w € ‘W
and f(¢) = In(t) for¢ > 0 and h = 0. Then, (‘W, dg) is a ¥ -complete F -metric space. Let L = {vy, v, Us, Us},
withv; <1 v, 5 v, and vy % U3 %1 U4, Where v, and V5 are not comparable. Consider O, O; : W — Fi (‘W) as
follows:
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Uy 1f0§1sE
6
o K K
Uy 1fg<l§§
010D = 5 X X
v if —<i1<—
3 2
Uy if£<l£1,
2
Uy 1f0§1s£
12
e K X
U1 le<lS§
O(K)(1) = v X
v, if —<i1<—
8 4
U3 if£<1s1.
4

Then, Vk € w, ElaL(K) = Uy, such that
[O K] = [O —] and [O CUK] = [0 —]
- Jag () s 2 () 5 B

and all assertions of Theorem 3.2 with (1) = %1, for 1 > 0 are satisfied. Thus, 30 € [0, 1] such that
0 € [010]a;0) N [020]g,0)-

Corollary 3.1. Let  : (W, dg) x (W, ds) — [0, 00) and let O be an L-fuzzy mapping from (W, ds) into
F1(‘W) satisfying these assertions:
(i) (‘W,ds) be an ¥ -complete,
(if) forxo € W, Jay(x) € L\{O1} such that 14 € [OKo]a;(xy)> With B(xo, K1) > 1,
(iiiy 3P € ¥ such that
max{f(x, w), f(w, K)}Hz([OK a0, [OW]ayw) < Pldr(k, w)) VK, w € W,

(iv) O is By, -admissible,
(v) if {xn} is a sequence in ‘W such that B(x,, kKn+1) = 1 for all n and k, — k, then B(k,, k) > 1, Vn,

then, there exists some k* € [OK* ], ().
Proof. Taking one L-fuzzy mapping from ‘W into #;(‘W) in Theorem 3.2. O

Corollary 3.2. Let O, O; : (W, dr) — F1(‘W). Assume that these conditions hold:
(i) (‘W,ds) be an ¥ -complete,
(if) forxo € ‘W, Jar(k) € L\{Or} such that 14 € [O1Ko]a,(x0) OF K1 € [O2Kola,(xo)s
(iii) 3P € V¥ such that
Hr ([0l 0)> [020]ayw)) < Yldr(k, w)) VK, w € W,
then, there exists some k* € [O1K*]g,xy N [O2K* | (-

Proof. Taking f: W x W — [0, co) by B(k, w) =1, forall x, w € W. O

Corollary 3.3. Let O : (‘W, dy) — F(‘W). Assume that these conditions hold:
(i) (‘W,ds) be an ¥ -complete,

(it) forxo € ‘W, Jar(x) € L\{O} such that ¥ € [OKolu, (o)

(iii) 3P € V¥ such that

Hy ([0 o0, [O0]aw) < Y(dr(k, w)) Vi, w € W,
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then, there exists some x* € [OK*]q ().
Proof. Taking one L-fuzzy mapping from ‘W into #(‘W) in Corollary 3.2. O

Theorem 3.3. Let B : (W, ds) x (W, ds) — [0, 00) and let Oy, O; : (W, dF) — F(W). Assume that these
conditions hold:
(i) (‘W,ds) be an ¥ -complete,
(i) for ko € ‘W, there exists a(x) € (0, 1] and 15 € [O1Kolagcy) OF 1 € [O2Kolaxy), With B(ko, 1) = 1,
(iif) 3P € ¥ such that

max{f(x, w), f(w, K)}HF([O1k]aw), [020]aw)) < P(dF(k, )

forallx, w € W,
(iv) (01, 0y) is B-admissible,
(v) if {kn} is a sequence in ‘W such that B(kn, Kn+1) = 1 for all n and x, — x, then B(x,, x) > 1 for all n,

then, there exists some x* € [O1K* ]y N [O2K* |axcr)-

Proof. Consider an L-fuzzy mappings A, B : ‘W — F1(‘W) defined by:
Ak = Xioy

and
Bk = XLozx'

Then, for a; € L\{0;}, we have

[Ak],, = O1x  and [Bk]y, = Oak.

Thus, by Theorem 3.2, we obtain the conclusion. O

Corollary 3.4. Let §: (W, ds) x (W, ds) — [0, 00) and let O : (W, ds) —» F(‘W). Assume that these
conditions hold:
(i) (‘W,ds) be an ¥ -complete,
(i) for ko € ‘W, there exists 15 € [Okolay), With B(ko, 1) = 1,
(iii) Jp € ¥ such that

max{f(x, w), f(w, K)}Hzr([Oklaw), [OwWlaw)) < P(dr(x, w))

forallx, w € W,
(iv) O is By, -admissible,
(v) if {xn} is a sequence in ‘W such that B(ky, kn+1) = 1 for all n and x,, — x, then B(ky, k) > 1 for all n,

then, there exists some x* € [Ok*]ax*)-
Proof. Taking one fuzzy mapping from ‘W into #(‘W) in Corollary 3.3. O

Theorem 3.4. Let  : (W, ds) x (W, dg) — [0, 00) and let Ry, Ry : (W, dr) — CB(‘W). Assume that these
conditions hold:
(i) (‘W,ds) be an ¥ -complete,
(ii) for each kg € ‘W, Jiq € Rkg, with B(ko, 19) > 1,
(iif) 3P € ¥ such that

max{f(x, w), f(w, K)}Hr(Rik, Row) < Y(ds(k, w)) VK, w € W,
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(iv) (R, Ry) is B-admissible,
(v) if {kn} is a sequence in ‘W such that B(x,, k,+1) = 1 for all n and k, — x, then B(k,, k) > 1 for all n,

then, there exists some k* € Rik* N Ryk*.

Proof. Define L-fuzzy mappings O;, O, from W into F;(‘W) as, for some a; € L\{0;} by

o= {5 i
and
o= (3
Then,
[Oikly, = Rix  and  [Oxkla, = Rok.
Hence,

Hz ([0 ]a o) [020]ay(w)) = HF (Rik, Row)
for all x, w € W and by Theorem 3.2, 3x* € ‘W such that

K* € [O1K* a0y N[O oty = Rik* N Rokc™. O

Corollary 3.5. Let R : (W, dy) — CB(‘W). Assume that these conditions hold:
(i) (‘W,ds) be an ¥ -complete,
(ii) 3P € ¥ such that

Hz(Rk, Rw) < Y(d#(k, w))
forallk, w e W.

Then, there exists some k* € Rk*.

Proof. Taking one multivalued mapping from ‘W into CB(‘W) in Corollary 3.4. O

4 Applications

Fuzzy differential equations and fuzzy integral equations play a significant role in modeling dynamic
systems in which apprehension or indeterminate concepts bloom. These ideas have been constructed in
visible theoretical ways, and various applications in feasible problems have been explored. Several struc-
tures for exploring fuzzy differential equations have been given. The fundamental and the pretty submis-
sion is using the Hukuhara differentiability for fuzzy functions (see [26—-30]). Therefore, the study of fuzzy
integral equations was given by Kaleva [31] and Seikkala [32]. In this theory, various mathematicians have
used noticeable fixed point results to solve the uniqueness and existence of fuzzy differential and integral
equations. In 1996, Subrahmanyam and Sudarsanam [33] set up the existence and uniqueness result for few
Volterra integral equations concerning fuzzy multivalued mappings by using the familiar Banach’s fixed
point result. In 2015, Villamizar-Roa et al. [34] investigated the solution of fuzzy initial-value problem by
using generalized Hukuhara differentiability. The researchers can see [27,31] for more details in this
direction.

We symbolize N, the family of all nonempty, convex, and compact subsets of R. Then, the Hausdorff
metric H in X, is defined in this way.
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H(Ey, Bp) = maX{sup inf [|& - &[lr , sup inf ||& - Kzllm},

0B, 02€E BeHheE

where E;, &, € X.. Therefore, (R., H) is considered as CMS (see [35]).

Definition 4.1. A mapping p : (-o0, +00) — [0, 1] is called an fuzzy number if it satisfies
(@) p is normal,
(b) for0<A<1,

e(An + (1 - A)r) > min{e(y), (1)}

Yy, i € (—00, +00),
(c) p is upper semicontinuous,
(d) [e]° = cl{t € R : p(t) > O} is compact.

Therefore, 2! will be used to show the set of fuzzy number in (-co, +00), which satisfies (a)-(d).

For a € (0,1], [p]* ={t e R : p() > a} = [g], @] be a-cut of p. For p € 2!, and [g|* € R, for each
a € [0, 1]. The metric on 1! is given as:

doo(@p Qz) = Sup]maX{IQil - Q§,1|, |Q‘11,r - Qg,,l},

ael0,1

for every g, 0, € 2!, where o — of = diam([g]) is claimed to be the diameter of[p]. We represent the family
of all continuous fuzzy functions defined on [, &], for p > 0 as C([&, &], 2Y).
From [36], it is familiar that C([&, &], 2!) is a CMS regarding

d(Q]: Qz) = sup doo(Ql(l), Qz(l)), le Qz € C([El; E2]: :11)
€]

Lemma 4.1. [31] Let 0, 0, : [&, &] — 2' and n € R. Then,
. & & 5}
0 J, (@ + )0dt = [“e(0de + [ o,(0d,
.. £ £
(i) |,"ne(ode = n|, e 0d,
(ifi) doo(p,(1), 0,(1) is integrable,
) doof [“00dt, [“0,0dt) < [ deol,(0), ()
00 elQl ’ ele = o ole an .

fOTl € [21, fz]

Definition 4.2. [34] Let 2" denote the family of fuzzy numbers in R" and for p, %, i € 2". An element # is
called the Hukuhara difference of two points p and x, if p = » + £ is satisfied. Now, p@xx (or p — %) denotes
the Hukuhara difference of the points p and x. This is obvious that p®yp = {0}, and if pOyx exists, then this
is unique.

Definition 4.3. [34] Let {: (&, &) — 2" The mapping { is called GH-differentiable at iy € (&, &), if
3¢4(1o) € 2" such that
§(to + 6)6x( (o), §(10)OH( (1o — 6)

and

lim (o + 8)0u{ (o) _ lim

{(10)OH( (1o — 8
6—-0* 6 6—-0* 6

) - /o).

Consider
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{e/(l) = (@), te]=1[t,p] )

Q(O) = Qo

where @/ is appropriated as GH-differentiable and {: J x 2! — 2! is continuous. The initial data g, is
supposed in 1!. We represent the set of all {: J — 2! with continuous derivative as C'(J, 2b).

Lemma 4.2. A function g € C'(J, 2") is a solution of (15) iff it satisfies

0(0) = 0,On(-1) j (s, 0s)ds, 1€ = [t pl.

&

Theorem 4.1. Let { : ] x 2! — 2! be continuous such that
@) ¢, @) < {0, fore < x,

(ii) there exist some constants T > 0 such that A € (0, ﬁ) such that

15, e(0) = $, %)k < Trga}x{dm(e, We T},
forp,w e O, withp < w and t € J. Then, (15) has a solution in C'(J, 2V).
e

Proof. Consider C'(J, O') equipped with

dr(0, %) = Su}p{doo(g(l), w(1))e -0},

for p, w € C'(J, 2Y) and 7 > 0. Then, with {(p) = In(p), o > 0 and h = 0, (C'(J, 1), d;) is ¥ -CMS.
Let M, Q : C(J, 2" — (0, 1]. For g € C(J, Y, take

Ly = QOGH(—l)I((s, o(s))ds.

&

Assume p < x. Then, it follows by assumption (a) that

L) = 90@H<—1>jc<s, o(s))ds < QOGH(—l)jc“(s, %($))ds = Ry().

A &
Therefore, Ly(t) # Ry(1). Define Oy, 0, : C(J, 2") — €0, py
M(@), if r() = Ly
]101@(7’) = { ¢

o, otherwise.

o 1) = {Q(M), if 1) = Re(0)

o, otherwise.

Now if ap,(p) = M(p) and ap,(®) = Q(x), we obtain
[010]ap, @) = {r € X : (010)() = M(@)} = {Ly(1)},

and likewise [O]a,,00 = {Ru(0}. Hence,
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sup infljo - %lr ,
0€[012lag, (@) #€[02ag 00

sup inflle - Ik
%€[O0lag 00,0€[010lag,0)

H([OIQ]aol(g); [Ozx]aol(x)) = max-

< max{sup ||Ly(1) - Rx(l)”[R}
€]

= sup||Ly(D) - Re(Dllr
€]

=sup || [¢6s, osnds - [¢6s, x(snas
0

1]
I3 =
L
<sup{ [ 1465, ) - (5, XDl
te] Y
L
<sup; Idu/\ max{Dy,(, ®)e " W}ds
te] Y
< Asup{(t — &) max{D.,(p, We T W}}
te]
< A(p - el)d'?"(g’ M)
1
< Edf(g, %)
=Y(dr (e, %).
Thus, all the assumptions of Theorem 3.3 are fulfilled with (i) = %1, for 1 > 0. Thus, p* is a solution of
(15). O

5 Conclusion

In this work, we established some significant common fixed point theorems for L-fuzzy mappings with
respect to (a, P)-contractions in the background of complete ¥ -metric spaces. The established theorems
improved and generalized different conventional theorems in fuzzy fixed point theory. As an application,
we explored the solution for fuzzy initial-value problems. Our theorems are new and important contribution
to the existing results in fuzzy fixed point theory. Our results can be extended and improved for intuitio-
nistic fuzzy mappings as a future work.
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