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Abstract: The Kirchhoff model is derived from the vibration problem of stretchable strings. This article
focuses on the long-time dynamics of a class of higher-order coupled Kirchhoff systems with nonlinear
strong damping. The existence and uniqueness of the solutions of these equations in different spaces are
proved by prior estimation and the Faedo-Galerkin method. Subsequently, the family of global attractors
of these problems is proved using the compactness theorem. In this article, we systematically propose
the definition and proof process of the family of global attractors and enrich the related conclusions of
higher-order coupled Kirchhoff models. The conclusions lay a theoretical foundation for future practical
applications.
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1 Introduction

In this study, we consider the dynamic behavior of the following higher-order coupled Kirchhoff models in a
bounded smooth domain Q ¢ R™:

e + Ny(IVmul? ) (~8)™u, + MIV™ul? + V27| ) (~Ay™u + g(u, v) = fi(x),

4y
vie + No(IV22vR ) (=0)2"2v + MVl + [V27evR ) (=8)> ™y + gy(u, v) = fo(x),
under the following boundary conditions:
i
u)=0, -0, i=1, ., m-1, m>1
on'
olv @
v(x)=0, —=0,j=1,...,2m -1, my>1,
on/
and the following initial conditions:
ux, 0) = up(x), ulx,0) =u(x), v(x,0)=1wx), wkx 0 =wnkx), xecQ, 3)
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where A is the Laplace operator, N;, N, and M;, M, are scalar functions specified later, g;, g, are the given
source terms, and fi, f> are the given functions.

(1) is a set of important generalized higher-order quasi-linear wave equations. The proposed equation
in this article originated from Kirchhoff’s vibration problem of stretchable strings in 1883:

L

%u Eh ((u\, |du

h— = —_[ —|dx}=—, 4

a 1Pt (ax) o @)
0

where0 < x < L, t > 0, u = u(x, t) is the lateral displacement at space coordinate x and time coordinate ¢, E
represents the Young’s modulus, p represents the mass density, h represents the cross-sectional area, L
represents the length, and p, represents the axial tension of the accident. The long-time behavior of various
forms of Kirchhoff equations have attracted the attention of many scholars in recent decades, and abundant
research results have been produced [1-13].

Chueshov [1] studied the well-posedness and long-time dynamical behavior of the following Kirchhoff
equation with a nonlinear strong damping term:

U + o(IVulP)due — @(IVulP)Au + f () = h(0). ©)

Lin et al. [2] studied the global dynamics of the following generalized nonlinear Kirchhoff-Boussinesq
equations with a strong damping:

Uy + auy — BAu; + Nu = div(g(|Vul?)Vu) + Ah(u) + f(x). (6)

This article proved that the semi-group conformed to the squeezing property and demonstrated the
existence of the exponential attractor of the system. Then, the spectral interval theory was used to prove
that the system had an inertial manifold.

Ghisi and Gobbino [3] studied the global and local existence of solutions to the following Kirchhoff
model with strong damping:

uy(t) + 26A%u(t) + M(JAY2u(t)2)Au(t) = 0. @)

Nakao [4] proved the initial-boundary value problem of the quasi-linear Kirchhoff-type wave equation with
standard dissipation u;:

U — (1 + [Vu(®OI)Au + ue + g(x, w) = f(x). 8)

With the advance of research, scholars began to turn their attention to the dynamics of the higher-order
Kirchhoff equations. Ye and Tao [14] studied the initial-boundary value problem of the following kind of
higher-order Kirchhoff-type equation with a nonlinear dissipation term:

Uy + O(ID™ul)(-A)"u + alug|??u; = bluu. ©)

Lin and Zhu [15] studied the initial and boundary value problems of the following nonlinear nonlocal
higher-order Kirchhoff-type equations:

U + MUID™ul?)(-A)™u + B(—D)™u; + g(x, us) = f(X). (10)

This study demonstrated the existence and uniqueness of the solution, proved the existence of a global
attractor family of the problem through the compact method, and obtained the finite Hausdorff and Fractal
dimensions.

Originated from physics, system coupling is a measure where two entities depend on each other. With
suitable conditions or parameters, a connected system is coupled, and the potential energy of the system
can enable the combination of structural functions of different systems and generate new functions. As a
mathematical equation derived from physics, the Kirchhoff model is favorable for considering coupled
system. Scholars gradually considered the dynamics of coupled Kirchhoff equations. For example, Wang
and Zhang [16] studied the long-time dynamics problem of a class of coupled beam equations with strong
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damping under nonlinear boundary conditions. Lin and Zhang [17] studied the initial-boundary value
problem of the following Kirchhoff coupling group with strong damping and source terms:

(11)

Uy — PAue — M(IVul® + VvI>)Au + g(u, v) = fi(x),
Vie — BAV, — M(IVul? + IVVIDAY + g,(u, v) = f(x).

The finite Hausdorff dimension of the global attractor can be obtained in [17].

In recent years, Lin et al. [18-20] focused on the dynamics of a class of higher-order coupled Kirchhoff
equations and obtained a series of ideal results.

At present, few articles focus on the higher-order coupled Kirchhoff problems, and the problem of
higher-order beam-plate coupled with nonlinear strong damping has not been studied. The main difficulty
lies in the estimation and processing of the harmonic term and the nonlinear damping term and the
nonlinear damping when proving the uniqueness. Therefore, under reasonable assumptions, this article
overcomes these difficulties by using Holder’s inequality, Young’s inequality, Poincare inequality, and
Gagliardo-Nirenberg inequality and obtains the global solution of the problem and the family of global
attractors. This study could refine the definition and existence theorem of the family of global attractors.
The conclusions could fill the gap of the family of global attractors of higher-order coupled models (regard-
less of whether my is equal to m,) and lay the foundation for subsequent engineering applications.

This article is organized as follows. Section 2 presents the fundamentals for this work. Section 3 states
and proves the main results. Finally, conclusions of this article are presented in Section 4.

2 Preparatory knowledge

In this article, |- and (-,-) denote the norm and the inner product in H = I2(Q). Let H} = D((-A)?) be the
scale of the Hilbert space generated by the Laplacian with Dirichlet boundary condition on H and endowed
with standard inner product and norm, respectively, (-,-)y! = ((-A):-, (-A)2+) and I-lgz = [(=A)z-]. The
main goal is to study the well-posedness and long-time dynamics of problems (1) to (3) under the following
set of hypotheses:
(A1). M(s) is a continuous function on intervals [0, +00), M(s) € CI(R*), and

1) M'(s) 20,

(2) M(0) = M, > 0.
(A2). For any u,v € H, let

T, v) = j[m(u, V) + Gyu, v)ldx,
Q

where Gy(u, v) = f:gl(s, v)ds, Go(u,v) = jovgz(u, s)ds, then for any u > 0, there exists C; > 0, C, = O, C;’z >0
that

G, V) + Go, v) = CIG, v) + p(IV™ul? + V22| ) > -G,
J, v) + p(IVmul + VR ) = -,
(A3). g(u,v) (j =1,2) € C'(R), and
18w, V)] < Go(1 + [l + [v|9);
18, VI < G(1 + [uli=? + [v[49);
185, u, V)| < C(1 + [ufPi + [v]91).

Specifically, whenn =1, 2,1 < pj(gj); when 3 < n < 4m, 1 < p;(g;) < ni%, where m = min{m;, m,}.
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(A4). Ni(s)) = Ny and Nj (j=1,2) are positive constants, and p > 0. Thus, M(s; + S2) — pNi(s1) —
PNy(s;) > 0.
Then, the research phase space of this study is obtained:

Vo=H, Vi=HYQ)n H, Xoxo = Vi (Q) x H x Vo, x H,
Xiosiy, = Vil (Q) % Vig(Q) X Voppyiar, X Vo(Q), k4 =0,1,2, ...,m, k6 =0,1,2, ..., my,
and the norms of the corresponding spaces are as follows:
I, y;, v, )’z)llgfk1ka = [vmthy|2 + |[Vhy 2 + [V2mer 2y 4 | v2Ry|2,
Meanwhile, the general form of the Poincare inequality is as follows: A ||V u|? < [|[V"*1u|?, where A, is the first

eigenvalue of —A with a homogeneous Dirichlet boundary on Q. In this article, C; is a constant, and C(-) is a
constant depending on the parameters in parentheses.

Lemma 1. [21] Let y : Rt — R* be an absolutely continuous positive function on [0, +0c0), which satisfies the
following differential inequality for some 6 > O:

%y(t) + 26y(t) < g(t)y(t) + K, t>0,

t
where K > 0, anda > 0 ift >s > 0 so thatf g(t)dr < 6(t - s) + a. Then,
S
a
y(t) < e%y(0)ed + KTE, t>0.

Lemma 2. [15] Let X be a Banach space, and the continuous operator semi-group {S(t)};so satisfies the

following:

(1) The semi-group {S(t)};¢ is uniformly bounded in X, i.e., for all Ry > 0, and there exists a positive constant
Co(Ro) that when |ulx < Ro,

IS@®ullx < Co(Ro), (for all t € [0, +00));
(2) there exists a bounded absorbing set By in X, and for any bounded set B C X, there exists a moment t, that
S(t)B ¢ By(t = ty);

(3) ift > 0, and S(t) is a fully continuous operator, then the semi-group {S(t)}s-o has a global attractor A in
X, and

A= w(Bo) = N USOB,.

T20t>7

3 Main conclusion
Let £ > 0 be small enough and A/"Nyo — 2 — 4e — 22 > 0, A7"Ny — 2 — 4e — 22 > 0.

Lemma 3. Assume that assumptions (A1)-(A4) hold, if f; € H (j = 1, 2) and initial data (up, W, Vo, V1) € Xoxo,
then for Ry > 0O, there exist positive constants C(Ro) and ty, so that when't > to, (u, y;, v, ¥,) determined by
problems (1)-(3) satisfies

1, v Vo I, = IV™Ul? + Iyl + [V272v]? + [ly,l? < C(Ro), (12)

where y, = u; + €U, y, = v + €v.
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Proof. Multiplying the first equation of (1) by y;, in H and the second one by y, in H, we have

IV |2+ | v2m2v)2

%% Il + ly, I + j M@)dr + Y, v) | + eM(Iv™ulP + [v27vR) (Iv™ul? + [v27v|?)
0
— (Il + 1yaP) + €2, y) + (v, 1)) + Na(IVmulR) V72 + No([IV2mv? ) [y, |2 (13)

— eNy(IV™ul? ) (V™y, V) = eNp(IV2avIR) (V2my,, V2mov) + e(gi(u, v), u) + e(gy(u, v), v)
= (ﬂ’ yl) + (fZ’ y2)'

By Holder’s inequality, Young’s inequality, and Poincare inequality, we have

2 2
—&e(Inl? + y,I?) + e, yy) + (v, 5)) 2 (— €~ %)(II)&IF + ly,l?) - %(IIMIIZ + IVIP)

2 2 2 (14)
& E°,_ E°,
> (— £ - 3)(uyln2 P = ATV = AT
Ni(I9mulP ) 19702 + Na(I92mvi? ) V2, = eN(19mul? ) (97, Vi)
- eNy(IV2vR ) (V2may,, Vv )
1 1 &2
> §N1(||v'"1u||2)||vmly1||2 . ENz(HVZ"'ZV”Z)||V2m2}/2||2 - 7N1(||vm1u||2)||vmluu2
2 15
- SNV ) v 1)
1 1 e
> EAf"lNl(nvmluuz)||y1||2 + EAE'"ZNz(uvzr"zvuz)||y2||2 - 3N1(||vmlu||2)||vm1un2
2
- NIV ) IV,
1 2 1 2 1 2 1 2
o) + (o v < WAl + IR 1 < Sl + Il + ZIAIR + IR (16)
Inserting the aforementioned estimates into (13) gives
d [V |2 + | v2m2y|? )
1 5 5 j 1.m 1 £
- + + M@@)AT + 2, v) | + | AN (VTP ) - = - € = = |Inl?
S|l + (Odr + @, v) [ + | AMN(IVul) - 2 — il
0
2
+ (%Aﬁ’"zNz(||v2mzvu2) - -e- %)nyznz +eM(Ivrul + VR (IVmalP + IvmvP) -
&2 2 £? 2
— | =N(IVmrulR) + =A™ IVl - [ =N (IV2evi? ) + =A72™ ||| V22
(2 (IVmadP?) + A )u [ (2 S(IVevIP) + A7 v
1 1
< - e v), W) - e(gw, V), ) + SIAIP + SIAIP.
According to (4;), we have
eM(IVmul? + [V2mavR? ) (IV™ul? + [v2mev]?)
V™2 + | v2m2v|? 3 (18)
2 M@z + Z=M(IVl? + 19 ) (197l + 172vR),

0

and according to (4,), we have

-e(g(u, v), u) - e(g(u, v),v) < -eCJ(u, v) + é:},l(IIleuII2 + ||V2m2v||2) + £Cy. (19)
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Inserting (18) and (19) into (17) gives

19 + | v2m2v 2

d
2| Al vl + j M(@)dr + 2, v) | + (AN(IVmulR) - 1 - 28 - )P
0
V™1 |2 + | v2m2y|?
2 g
+ (AN (I92m2v|R) = 1 = 26 = €2) [y P + 5 f M(t)dt + 26CJ(u, v) 20)
0

o+ (ZEMQTm 17 - 26y - (1T ) - A I
3 ) 2,12 2 2 (12 21 -2m; || g2may |12 2 2
| SMOIV™uP + VTP ) - 2ep = EN(IVTP) - A7 I < 26C + AP + IR

2 2i 2
V™ ][+ V"2V

Let Hi(t) = Iyl + lly,l? + J‘ M(t)dT + 2J(u, v), and 0y = min{A""Nyy — 1 — 2& — £2, A7™ Ny — 1

0
—2¢ — &2, g, eCy}, we can infer from (20) that
d

dtHl(t) + oy (£) < 26C, + AP + IR1P. 21

According to Gronwall’s inequality, we have

2eC 2 2
H(t) < Bope-ot 4 2ot WAl + LI )
01

and according to (4;)(4;), we have
Hy(t) 2 Iyl + Iyl + Mo(IV™mul? + [V™vI2) + 27 (u, v)
> [yl + ly,l? + %(uvmluu2 + [V2mv|R) - 2, (23)
> G5l + Iyl + [IV™ul? + [V2mev?) - 2G,
where y = %, C = min{l, %}, then

(s v Vs Y, = VMUl + [yl + V2PV + )2
(Hy(t) +2C))
S .

Cs (24)
< Hy(0)e " + 2C, . 2¢Cy + AP + I
B C5 01C5 ’
i.e.,
. 2C,  2¢C, + Ifil? + AP
Hm Iy, v, Yl < 0+ = A+ IR _ g (25)

Cs 01Cs
Therefore, there exist positive constants C(Ro) and t, that when t > t,, we have

1, y1 v Y1, = IV + 2 + IVP2VIR + ly,l? < C(Ro). (26)
Thus, Lemma 3 is proved. O
Lemma 4. Assume that assumptions (A1)-(A4) hold, if fi € Vi, o € Vo, ke =1,2,...,m;, ko = 1, 2,..., my, and

initial data (ug, uy, Vo, v1) € Xiyxk,- Then for Ryxi, > O, there exist positive constants C(Ryxi,) and tixi, that
when t > tixi,, (U, ¥;, v, y,) determined by problems (1)—(3) satisfies

10, 15 v, Yl = IV R0R + Vg |2+ V2R 2y 1 [V2ey, |2 < C(Rigus ) (27)
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where y, = us + €u,y, = v; + €v.

el 4

Proof. Multiplying the first equation of (1) by (-A)4y,, ks = 1,2,..., m; in H, the second one by (-A)%y,,

lo=1,2,...,myin H, and then integrating over Q, we have

1d
S IVRRIR + 192y + M(IV™ul? + [V2mev|R ) (vmsou? + [[v2ms2ey2)]

2dt
+ eM(IVmulP + [V ) (IVm+hul? + [v2reZey2) — g(([VRy R + [VZey|?)

+ SZ((Vklu, vklyl) + (Vzkzv’ Vzkzyz)) + Nl(llvmlunz)||Vm1+k1y1"2
+ Ny(Iv2mv ) |2+ ey 2 — eNy([Vmul? ) (9mthy, vk )
- gNz(”VZsz"Z)(V2m2+2k2y2’ V2m2+2kzv) n (g1(“’ v), (_A)klyl) + (gz(u’ V), (_A)Zkzyz)

Vm1+k1u 2 + V2m2+2kzv2 d
- LS MQIvmal + 197R) + (s (C0%) + (s (-00%,).

According to Holder’s inequality, Young’s inequality, and Poincare inequality, we have
—e(IIV"lleIZ + IIVZ"ZyZIIZ) + 82((V"1u, Vklyl) + (Vzkzv, VZkzyz))
2 e2
> (—e - 3)(||vkly1||2 + V) = = (IVkulP + [77%v)P )

2 2 2
> (—e - %)(nvkwluz + IV2lR) = SAmpymtp - A7 A,

Ni(IVmulR ) [vmhy2 + Np(Iv2mev]R ) 9272y 2 — eNy(IVmulR ) (Vmhy,, vtk

_ gNZ("VZmzv”Z)(v2m2+2kzy2, v2m1+2k2v)

1 1 g2
> NIVl ) IV Ry + SN (IR ) [V 2yl — Ny (Il ) |9

82
- ;Nz(nv”"zvuZ)||v2mz+2'<zvu2,

(801, (D) + (& V), (-07%y,)

< lgi @, VIIIVZeyll + ligy(u, VIV,
N, Akl—ml N /\2’(2—27"2

< D ymthy 2 + g (u, )P+ =22 V2t dey 2 4 L g, VI,
4 Ny 4 0

(fis (CD9,) + (fo, (-B)%y,) < IVEAIIVAy + (92 [V26y,|

1 1 1 1
<= Vkl 2 + = VZkz 2 + = Vkl 2 + = VZkz 2’
5 IVEyl > V=52, > VA > IVZfl

and according to (4s3), we have

I8t I = [ lgy(u, vPax
Q
< I|C2(1 + [ufPr + |vj# dx
Q
< C6I(1 + [P+ [vPa)dx
Q

2, 2
< Co(1 + Il + IvIg:),

2] 2
g (u, VI < Ca(1 + Nulgh + vIBL).

(28)

(29)

(30)

(€3))

(32)

33)
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Furthermore, on the basis of the Gagliardo-Nirenberg inequality, we can conclude that

. n(pj-1) 2m1 pj-n(pj-1)
D < Col Vvl

uly

IN

4magj-n(gj-1)

X n(gj-1)
50 < Crogll V2V amy v 2ma

2[],' -

N

v

Thus, we have
llg,(u, VI? + llg(u, v)I* < C(Ro). (34)
By inserting (29)-(32) and (34) into (28), we obtain

%%{uv’ﬁylnz +IVRpP + MOVl + (VP ) (19 hul? + [P )]
, @N(IV™uP) - NigA™ -2 - 4e - 2

4

(2N2("V2m2V||2) - Nzo)Alsz -2 - 4g - 2¢?
4

2
Iy, 2 +
oy, (12 My 112 2may |12 & My 112 €% miyygmrrkiy |2
X IVl + M1V + V7P ) = —-M(I9 ™l ) = A1Vl

2 2
+ M1Vl + IV7P) = SNo(IVvR ) = A e ey

(35)
Vm1+k1 2 V2m2+2kz 2 1 1
o I+ IR S m(ivmae + I9mvi?) + IVAI + ZIVRAE + CRo, A)
< (||Vm1+k1u||2 + "V2m2+2sz||2)M/(”leullz + ||V2m2V||2)
1 1
x ((VMu, Vi, ) + (V2mey, v2my,)) + — VRSP + = [[VZRR |12 + C(Ro, A
(( )+ ( ) + SIVRAIR + SIVALIP + C(Ro, Ar)
< Co(IV™ull + V27w ) (1ol + [[v2meZey|2 ) + %uvkl P+ %"VZszz P + C(Ro, Ay).
Let Hy(t) = [Vhyy|? + [V2oy,l? + M(IV™ulP + [V2rev|2)([Vmhu? + [[v2mer2ey|2), and 0=
min{A{meiZiqgiw’ AlszNmfzJ‘gizgz, E}’ we have
2 2 2
d
3 T2O + 0aH(0) < Co(IV™uel + IVl )HoO) + IVRAIP + IVl + C(Ro, ). (36)
By taking the scalar product in H of (1) with u;, v, we have
d V™| + || V2m2y|?
1
—— | el + vl + j M)At + 2J(u, v) = 2(£i, u) = 26, v) | + Ni(I97ul?) 19702
2dt ! (37)
+ Ny(IV2mavR ) vy = 0,
and integrating (37) in dt on (0, t) derives
t
[ (o + v coR)ar
0
t
o |
< —————— | (M(IV™u@IR) IV )R + No( Vv ()R ) [V v ()| ) dr 38
i 7 | (A7 OF) ( ) ) 39)

V™o |7+ V2™2v?

1
lwl? + [Ivil? + J. M(t)dt + 2J(uo, Vo) — 2(f1, o) — 2(f2, Vo) | < Cio,

< —
min{Nyg, Ny}

then, we have
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t
cgj((uvmlut(wn + V2 (r)]) )dr < %(t -s)+a, (39)

fort > s > 0 and some a > 0. Together with (36), (39), and Lemma 1, we can obtain that
Hy(t) < CuHy(0)e 2t + Cpo. (40)
According to (4;), we have

Hy(t) > [V + V2,2 + MV Sl + V2] ) (9P + [[v2neZey)?)

(41)
2 Cis(IVSIP + IV%plP + 9™kl + Ve 2ev?),
then,
I, v, v, yz)llﬁfklxkz =Vhy P + [V, |? + [VMthy|2 4 ||[v2met2ey)?2
- Cub(0)e %t + Cpp (42
B Cs ’
i.e.,
Tim I, 3, v, VI, s, < Rioxlor (43)
Therefore, there exist positive constants C(Ryxk,) and tixk, that when t > ti«x,, (U, ¥;, v, ¥,) satisfies
I, vy, v, J/z)||§(klxk2 = [Vhy |2 + [V + [Vmthy|? 4 [|v2mes2hey)2 < C(Rklxkz), (44)
k] =1, 2, vy My, k2 =1, 2, ey Moo
Thus, Lemma 4 is proved. O

Theorem 1. Assume that assumptions (A1)—(A4) hold, if fi € Vi, f» € Vo, and initial data (uo, U1, Vo, V1) € Xigxkys
kk=0,1,2,...,m, ko = 0,1, 2,..., my, then problems (1)-(3) admit a unique solution (u, v) satisfying

ue L°°(O, OO;Vm1+k1);
u € L°(0, c0;H) n 12(0, T; W)
v e L°(0, 003 Vamy. 12k, )

ve € L(0, c03H) n L2(0, T; Vay,).

Proof. According to [15] and the Faedo-Galerkin method, (1)-(3) have global solutions combining with
Lemmas 3 and 4.

Let u!, v! and u?, v2 be two solutions of problems (1)-(3) corresponding to the same initial data,
respectively, w = u' — u?, z = v! — v2. Then, (w, z) solves

Wi + %oua)(—mmlwt N %q)lz(t)(—A)mlw + Gy, 12, VL V3 £) = 0,

(45)
2+ S0(O(-DPMz + SOUODZ + Go, 1,V V5 ) = O,

where 01, = 01(t) + 0(t), Do) = Dy(t) + Do(t), 0i(t) = Ny(IV™dl|?),  Di(t) = MVl + [[V2mvi]?),
i=1,2, 03=030)+0al), o) =NIV"V?),j=34, G, u? v, Vv3t)= %{[Ul(t) - oa(D)](-A)™
@+ ud) + [@t) = DoAOI-BY™(W! + U} + g, v)) - gz, v2),  Goutl, 12,V v 1) = 2{[o3(8) — 04(0)]
(=02t + VD) + [Di(t) — DAOI(=D)2( + v} + g, vi) — & (U, V).
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According to Lemma 3, 07, < CRo)(IV™uf|l + IV™ulll), 034 < CRo)(IV2v/]| + [V2™2v2])).
By taking the scalar product in H of (45) with w;, z;, we can obtain that

1d

1 1 1
Ea[nwtnz e+ 0o (VW ¢ ||v2mzz||2)] + LoV W + 2031V

(46)
+ (Gl(ul’ u2; Vl’ Vz; t)’ Wt) + (Gz(ul’ u29 Vl, Vz; t)y Zt) = 0.

According to Lemma 3 and (A1), My < M < C(Ry, Hi(0)) = M;. When %(IIV”“WII2 + [[V¥z|2) > 0, @y = 2M;
otherwise @ = 2M;.
Let (Gi(u!, u?, V', v t), Wp) = Gu + Gpa + Gz, (Go(u!, w2, Vv, V25 1), 2t) = G + G + Gy, We have

1
Gu = (@1(6) = o) (V™ + uf), V™)
< CRo) (1™l + [IV™u2 ) IV™w] | Vw| (47)

o 2C(R
< 2 ygme + ZZR0) (yomuge 4 jomadie) o,
120

G2 = 5(@4(0) - Do)V + 1), V)
< CRo)(IV™wl] + [[V2maz]) ) [V ™sw (48)

< 220 ymy 2 1 25R0) (gmyp 1 gy,
8 0120
Gs = (&, v1) — &, v2), W) < CRO)(IWl? + IVmwlR + [[V2ez|), (49)
G = 5(0:0) = o O) (Vo + VD), Vmz)

< CRo) (172w + V22 ) [ V2mez ] | V2mez | (50)

0340 2C(Ro) 1 2
< 20|z |2 4+ =0 (V2R + V2R ) Ve,
8 0340

G = (®A(6) = DAy +v2), V27iz)
< CRo)(IV™wll + [[V2mz]]) [V2maz| (51)

2C(R
< B0y o 2R (gmyyp , yyamgpe),
8 0340

Gas = (w1, ) - (2, v2), 20) < CRo) (llzel? + IV™wIR + [V2ez|?), (52)

where 0139 = 2Ny, 0340 = 2N>o.
By inserting (46)—(52) into (45), we have

1d 1
——[uwtuz + lzel? + =@ -(IV™w|? + ||v2mzz||2)]
2dt 4
. (53)
< Cu(1+ IV + ||v2mzv2||2)[||wt||2 +lzdP o+ o -(IV™w? + ||v2mzz||2)].
Solving this differential inequality yields
2 2 1 m, 2 2my |12
Iwi? + l1zdP + 2-®o (IVmwl? + [v2az]?)
(54)

t
1
< [uwluz +lalP + o -(IV™wol? + ||v2f"zzO||2)]exp fcm(l + IV + V22 )ds |-
0
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Thus, the uniqueness of the solution is proved. O

Therefore, problems (1)-(3) possess a unique solution u, v. Theorem 1 is proved.

According to Theorem 1, we define a nonlinear operator {S(t)};»o on space Xoxo : S(t)(ug, U, Vo, V1) =
(u, u¢, v, v), for all t > 0. Theorem 1 shows that {S(t)};~o compose a continuous semi-group in Xo.o. Before
proving the family of global attractors, we first give their definition.

Definition 1. Let X, be a Banach space, and {S(t)};>o be a continuous operator semi-group, if there exist
compact sets Ak, that satisfies
(i) Invariance: all Ay, are invariant sets under the action of the semi-group {S(t)}s-o0,

S()Akxi, = Aigxio;  forall ¢ > 0.
(ii) Attractiveness: all Ay, attract all bounded sets in Xj, i.e., for any bounded B c X,

dist(S(t)B, Akxi,) = sup inf [S(t)x - yllx, — O, t — oo.

xeBY€Akixky

In particular, when t — oo, all trajectories S(t)uo from uo converge to Ayxx,, i.e.,
dist(S(t)uo, Aii) — 0, £ — oo.

Then, compact sets Ay are all global attractors of the semi-group {S(t)}¢»0. Let A = {Axi, C Xo: ki =1,2, ...,my,
kb =1,2, ...,my} be a family of subsets in X,. Finally, the family A is the family of global attractors in Xj.

Theorem 2. Assume that assumptions (A1)—(A4) hold, if fy € Vin,, o € Vom, and initial data (uo, us, Vo, V1) € Xin,xmy»
then, problems (1)-(3) have a family of global attractors A in Xoxo

A = {Aklxkz}’ Akp(kz = w(Bklxkz,O) = ﬂ UtZTS(t)Bklxkz,O! kl = 1’ 2’~~~s my, kZ = 11 2’ ceey My,
720

where Bklxkz,() = {(u, U, vV, Vt) € Xk1><kz :u, ug, v, Vt)||§(klxk2 = ||vm1+k1u"2 + ||Vk1ut||2 + ||v2m2+2kzv||2+ ||V2k2Vt||2S
C(Ro) + C(Rixk,)} are bounded absorbing sets in Xoxo, Bixk,o are compact in Xoxo, Axk, < Xoxo-

(1) S(t)Akxk, = Akxkys (for all t > 0),

(2) Ak, attract all bounded sets in Xoxo, i.e., for all By, € Xoxo are bounded sets in Xoxo, and

dist(S(O)Biky Atk ) = sup  inf IS = yllx,,, — O(t = o0),

XGBklxkzyEAkl><k2

where {S(t)}¢0 is the solution semi-group generated by problems (1)-(3).

Proof. According to Lemma 3, for all Ry > 0, [[(uo, W1, Vo, V)lix,,, < Ro. Thus,
IS() (o, i, vo, DI, o = Iullf, + ey, + IVIF,, + IV, < C(Ro)

show that {S(t)}:»o are uniformly bounded in Xoo; further, Bk, 0 = {(U, Uz, vV, Vi) € Xixi, ¢ I, U, v, vt)||§(klxk2
= [|Vmuthy|? + [Vhy|? + [V2r2ey)2 4 [V2ey |2 < C(Ry) + C(Rixk,)} are bounded absorbing sets of the semi-
group {S(H)}»0 in Xoxo; because Xk, — Xoxo are compactly embedding, i.e., the bounded sets in Xj«x, are
compact sets in Xy,q, the solution semi-group {S(t)}0 is a fully continuous operator.

To sum up, we obtained the family of global attractors A = {Ajx,} of the solution semi-group {S(¢)}=o
in Xox0, and

Aklxkz = w(BkIsz,O) = m U[ZTS(t)Bklxkz,O’ Ak1><k2 c XOXO’ kl = 1’ 2’”-3 my, kZ = 1’ 2"“5 ms.

720

Theorem 2 is proved. O
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Note 1. Lemma 4 and Theorem 2 show that the bounded absorbing sets Bjxi,o =
{Q, ue, v, Vi) € Xigxl 2 10, e, v, VOIR, = 190l + VR + V27 2ev)? + V2R < C(Ro) + C(Rugx,)}
are compact bounded absorbing sets in Xj,o. Therefore, based on condition 3 in Lemma 2, the operator
semi-group {S(t)}=o only needs to be a continuous operator. According to Theorem 1, the semi-group
{S(O)}t=0 is already a continuous semi-group. Thus, the family of global attractors A = {Aj,xx,} of problems
(1)-(3) in X0 can also be obtained.

4 Conclusion

In this article, we studied a class of higher-order coupled Kirchhoff systems with nonlinear strong damping.
For the first time, we systematically defined the family of global attractors and proved the existence of the
family of global attractors of problems (1)-(3). The results enriched the related conclusions of higher-order
coupled Kirchhoff models and laid a theoretical foundation for future practical applications.

Acknowledgments: The authors would like to thank the anonymous referees for their comments and
suggestions, which helped greatly improve the article.

Funding information: This work was partially supported by the basic science (Natural Science) research
project of colleges and universities in Jiangsu Province (21KJB110013) and the fundamental research fund of
Yunnan Education Department (2020J0908).

Author contributions: All authors have accepted responsibility for the entire content of this manuscript and
approved its submission.

Conflict of interest: The authors state no conflict of interest.

Data availability statement: Data sharing is not applicable to this article as no data sets were generated or
analyzed during this study.

References

[1] 1. Chueshov, Long-time dynamics of Kirchhoff wave models with strong nonlinear damping, ). Differ. Equations 252 (2012),
no. 2, 1229-1262, DOI: https://doi.org/10.1016/j.jde.2011.08.022.

[2] G. Lin, P. Lv, and R. Lou, Exponential attractors and inertial manifolds for a class of nonlinear generalized Kirchhoff-
Boussinesq model, Far East ). Math. Sci. 101 (2017), no. 9, 1913-1945, DOI: https://doi.org/10.17654/MS101091913.

[3] M. Ghisi and M. Gobbino, Kirchhoff equations with strong damping, ). Evol. Equ. 16 (2016), no. 2, 441-482, DOI: https://
doi.org/10.1007/s00028-015-0308-0.

[4] M. Nakao, An attractor for a nonlinear dissipative wave equation of Kirchhoff type, ). Math. Anal. Appl. 353 (2008), no. 2,
652-659, DOI: https://doi.org/10.1016/j.jmaa.2008.09.010.

[5] Y. Cao and Q. Zhao, Asymptotic behavior of global solutions to a class of mixed pseudo-parabolic Kirchhoff equations,
Appl. Math. Lett. 118 (2021), 107119, DOI: https://doi.org/10.1016/).AML.2021.107119.

[6] H. Ma and C. Zhong, Attractors for the Kirchhoff equations with strong nonlinear damping, Appl. Math. Lett. 74 (2017),
127-133, DOI: https://doi.org/10.1016/j.aml.2017.06.002.

[71 M. Ghisi, Global solutions for dissipative Kirchhoff strings with non-Lipschitz nonlinear term, ). Differ. Equations 230
(2006), no. 1, 128-139, DOI: https://doi.org/10.1016/j.jde.2006.07.020.

[8] P.G.Papadopoulos and N. M. Stavrakakis, Global existence and blow-up results for an equation of Kirchhoff type on R,
Topol. Method. Nonl. An. 17 (2001), no. 1, 91-109, DOI: https://doi.org/10.12775/TMNA.2001.006.

[9] H. Afshari and E. Karapinar, A solution of the fractional differential equations in the setting of b-metric space, Carpathian
Math. Publ. 13 (2021), no. 3, 764-774, DOI: https://doi.org/10.15330/cmp.13.3.764-774.


https://doi.org/10.1016/j.jde.2011.08.022
https://doi.org/10.17654/MS101091913
https://doi.org/10.1007/s00028-015-0308-0
https://doi.org/10.1007/s00028-015-0308-0
https://doi.org/10.1016/j.jmaa.2008.09.010
https://doi.org/10.1016/J.AML.2021.107119
https://doi.org/10.1016/j.aml.2017.06.002
https://doi.org/10.1016/j.jde.2006.07.020
https://doi.org/10.12775/TMNA.2001.006
https://doi.org/10.15330/cmp.13.3.764-774

DE GRUYTER The asymptotic behaviors for higher-order (my,m,)-coupled Kirchhoff models =—— 13

(10]

(11]

(18]

(19]

(20]

(21]

A. Heris, A. Salim, M. Benchohra, and E. Karapinar, Fractional partial random differential equations with infnite delay,
Results Phys. 37 (2022), 105557, DOI: https://doi.org/10.1016/).RINP.2022.105557.

N. Doudi and S. Boulaaras, Global existence combined with general decay of solutions for coupled Kirchhoff system with a
distributed delay term, Revista de la Real Academia de Ciencias Exactas, Fisicas y Naturales. Serie A. Matematicas 114
(2020), no. 4, 1235-1270, DOI: https://doi.org/10.1007/s13398-020-00938-9.

A. Hajej, Z. Hajjej, and L. Tebou, Indirect stabilization of weakly coupled Kirchhoff plate and wave equations with frictional
damping, ). Math. Anal. Appl. 474 (2019), no. 1, 290-308, DOI: https://doi.org/10.1016/j.jmaa.2019.01.046.

K.Y.Han and P. ). Yeoul, Blow-up of solutions for higher-order nonlinear Kirchhoff-type equation with degenerate damping
and source, Kyungpook Math. ). 61 (2021), no. 1, 1-10, DOI: https://doi.org/10.5666/KM).2021.61.1.1.

Y.).Ye and X. X. Tao, Initial boundary value problem for higher-order nonlinear Kirchhoff-type equation, Acta Math. Sinica
Chinese Series 62 (2019), no. 6, 923-938, DOI: https://doi.org/10.12386/A20190083.

G. Lin and C. Zhu, Asymptotic behavior of solutions for a class of nonlinear higher-order Kirchhoff-type equations, ).
Yunnan Univ. Natural Sci. Edition 41 (2019), no. 5, 7-15, DOI: https://doi.org/10.7540/j.ynu.20180777.

Y. Wang and ). Zhang, Long-time dynamics of solutions for a class of coupling beam equations with nonlinear boundary
conditions, Math. Appl. 33 (2020), no. 1, 25-35, DOI: https://doi.org/10.13642/j.cnki.42-1184/01.2020.01.023.

G. Lin and M. Zhang, The estimates of the upper bounds of Hausdorff dimensions for the global attractor for a class of
nonlinear coupled Kirchhoff-type equations, Adv. Pure Math. 8 (2018), no. 1, 1-10, DOI: https://doi.org/10.4236/apm.
2018.81001.

G. Lin and S. Yang, Hausdorff dimension and fractal dimension of the global attractor for the higher-order coupled
Kirchhoff-type equations, ). Appl. Math. Phys. 5 (2017), no. 12, 2411-2424, DOI: https://doi.org/10.4236/jamp.2017.
512197.

G. Lin and L. Hu, Estimate on the Dimension of global attractor for nonlinear higher-order coupled Kirchhoff type equa-
tions, Adv. Pure Math. 8 (2018), no. 1, 11-24, DOI: https://doi.org/10.4236/apm.2018.81002.

G. Lin and X. Xia, The exponential attractor for a class of Kirchhoff-type equations with strongly damped terms and source
terms, ). Appl. Math. Phys. 6 (2018), no. 7, 1481-1493, DOI: https://doi.org/10.4236/jamp.2018.67125.

V. Pata and S. Zelik, A remark on the damped wave equation, Commun. Pur. Appl. Anal. 5 (2006), no. 3, 611-616,

DOI: https://doi.org/10.3934/CPAA.2006.5.611.


https://doi.org/10.1016/J.RINP.2022.105557
https://doi.org/10.1007/s13398-020-00938-9
https://doi.org/10.1016/j.jmaa.2019.01.046
https://doi.org/10.5666/KMJ.2021.61.1.1
https://doi.org/10.12386/A20190083
https://doi.org/10.7540/j.ynu.20180777
https://doi.org/10.13642/j.cnki.42-1184/o1.2020.01.023
https://doi.org/10.4236/apm.2018.81001
https://doi.org/10.4236/apm.2018.81001
https://doi.org/10.4236/jamp.2017.512197
https://doi.org/10.4236/jamp.2017.512197
https://doi.org/10.4236/apm.2018.81002
https://doi.org/10.4236/jamp.2018.67125
https://doi.org/10.3934/CPAA.2006.5.611

	1 Introduction
	2 Preparatory knowledge
	3 Main conclusion
	4 Conclusion
	Acknowledgments
	References


<<
  /ASCII85EncodePages false
  /AllowTransparency false
  /AutoPositionEPSFiles true
  /AutoRotatePages /None
  /Binding /Left
  /CalGrayProfile (None)
  /CalRGBProfile (sRGB IEC61966-2.1)
  /CalCMYKProfile (ISO Coated)
  /sRGBProfile (sRGB IEC61966-2.1)
  /CannotEmbedFontPolicy /Error
  /CompatibilityLevel 1.3
  /CompressObjects /Off
  /CompressPages true
  /ConvertImagesToIndexed true
  /PassThroughJPEGImages true
  /CreateJobTicket false
  /DefaultRenderingIntent /Perceptual
  /DetectBlends true
  /DetectCurves 0.1000
  /ColorConversionStrategy /sRGB
  /DoThumbnails true
  /EmbedAllFonts true
  /EmbedOpenType false
  /ParseICCProfilesInComments true
  /EmbedJobOptions true
  /DSCReportingLevel 0
  /EmitDSCWarnings false
  /EndPage -1
  /ImageMemory 524288
  /LockDistillerParams true
  /MaxSubsetPct 100
  /Optimize true
  /OPM 1
  /ParseDSCComments true
  /ParseDSCCommentsForDocInfo true
  /PreserveCopyPage true
  /PreserveDICMYKValues true
  /PreserveEPSInfo true
  /PreserveFlatness true
  /PreserveHalftoneInfo false
  /PreserveOPIComments false
  /PreserveOverprintSettings true
  /StartPage 1
  /SubsetFonts false
  /TransferFunctionInfo /Apply
  /UCRandBGInfo /Preserve
  /UsePrologue false
  /ColorSettingsFile ()
  /AlwaysEmbed [ true
  ]
  /NeverEmbed [ true
  ]
  /AntiAliasColorImages false
  /CropColorImages true
  /ColorImageMinResolution 150
  /ColorImageMinResolutionPolicy /OK
  /DownsampleColorImages true
  /ColorImageDownsampleType /Bicubic
  /ColorImageResolution 300
  /ColorImageDepth -1
  /ColorImageMinDownsampleDepth 1
  /ColorImageDownsampleThreshold 1.50000
  /EncodeColorImages true
  /ColorImageFilter /DCTEncode
  /AutoFilterColorImages true
  /ColorImageAutoFilterStrategy /JPEG
  /ColorACSImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /ColorImageDict <<
    /QFactor 0.76
    /HSamples [2 1 1 2] /VSamples [2 1 1 2]
  >>
  /JPEG2000ColorACSImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /JPEG2000ColorImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /AntiAliasGrayImages false
  /CropGrayImages true
  /GrayImageMinResolution 150
  /GrayImageMinResolutionPolicy /OK
  /DownsampleGrayImages true
  /GrayImageDownsampleType /Bicubic
  /GrayImageResolution 300
  /GrayImageDepth -1
  /GrayImageMinDownsampleDepth 2
  /GrayImageDownsampleThreshold 1.50000
  /EncodeGrayImages true
  /GrayImageFilter /DCTEncode
  /AutoFilterGrayImages true
  /GrayImageAutoFilterStrategy /JPEG
  /GrayACSImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /GrayImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /JPEG2000GrayACSImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /JPEG2000GrayImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /AntiAliasMonoImages false
  /CropMonoImages true
  /MonoImageMinResolution 1200
  /MonoImageMinResolutionPolicy /OK
  /DownsampleMonoImages true
  /MonoImageDownsampleType /Bicubic
  /MonoImageResolution 600
  /MonoImageDepth -1
  /MonoImageDownsampleThreshold 1.50000
  /EncodeMonoImages true
  /MonoImageFilter /CCITTFaxEncode
  /MonoImageDict <<
    /K -1
  >>
  /AllowPSXObjects false
  /CheckCompliance [
    /None
  ]
  /PDFX1aCheck false
  /PDFX3Check false
  /PDFXCompliantPDFOnly false
  /PDFXNoTrimBoxError true
  /PDFXTrimBoxToMediaBoxOffset [
    0.00000
    0.00000
    0.00000
    0.00000
  ]
  /PDFXSetBleedBoxToMediaBox true
  /PDFXBleedBoxToTrimBoxOffset [
    0.00000
    0.00000
    0.00000
    0.00000
  ]
  /PDFXOutputIntentProfile (None)
  /PDFXOutputConditionIdentifier ()
  /PDFXOutputCondition ()
  /PDFXRegistryName (http://www.color.org?)
  /PDFXTrapped /False

  /CreateJDFFile false
  /SyntheticBoldness 1.000000
  /Description <<
    /POL (Versita Adobe Distiller Settings for Adobe Acrobat v6)
    /ENU (Versita Adobe Distiller Settings for Adobe Acrobat v6)
  >>
>> setdistillerparams
<<
  /HWResolution [2400 2400]
  /PageSize [2834.646 2834.646]
>> setpagedevice


