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Abstract: The main objective of this study is to define a new class of bipolar soft (BS) separation axioms
known as BS i-space (i=0,1,2,3,4). This type is defined in terms of ordinary points. We prove that BS
f’-space implies BS f_l-space for i = 1, 2; however, the opposite is incorrect, as demonstrated by an
example. Fori = 0, 1, 2, 3, 4, we investigate that every BS f-space is soft T;-space; and we set up a condition

in which the reverse is true. Moreover, we point out that a BS subspace of a BS f -space is a BS f-space
fori=0,1,2,3.
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1 Introduction

Set theory is the fundamental theory of mathematics. However, the concept of uncertainty is linked to the
concept of a set. Because of this ambiguity, academics and mathematicians have struggled for a long time to
tackle difficult issues in disciplines including medicine, engineering, economics, decision-making, social
sciences, and artificial intelligence. Researchers in mathematics and a variety of other subjects have
suggested theories such as probability theory, fuzzy set theory [1], rough set theory [2], vague set theory,
decision-making theory, and graph theory to eliminate this ambiguity. However, as indicated in [3], each of
these theories has its own series of challenges, which may be attributable to the insufficiency of the
theories’ parametrization tools.

In 1999, Molodtsov [3] proposed the soft set as a novel mathematical strategy for dealing with ambiguity
and vagueness. Soft set theory has a wide range of potential applications. Many interesting applications of
soft set theory can be seen in [4-6]. Maji et al. [7] developed various soft set operations and conducted a
theoretical study of soft sets. Ali et al. [8] suggested a variety of new operations on soft sets based on [7] and
improved some concepts of soft sets. Soft set theory is becoming increasingly popular, see [8-13]. In 2011,
Shabir and Naz [14] defined soft topologies as a mix of classical topology and soft set theory. The topolo-
gical concepts, characteristics, and results in soft topologies have since been addressed by a number of
researchers, see [15-23]. Separation axioms, with regard to both ordinary and soft points, are among the
most essential notions in soft topological spaces (STSs). The authors of [24-31] investigated these ideas and
determined their main characteristics.
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Shabir and Naz [32] proposed the concept of BS sets in 2013, in response to the necessity to convey both
positive and negative aspects of data. They utilized BS sets to define some set-theoretic operations
including union, intersection, and complement, and discussed its application to decision-making pro-
blems. In 2017, Shabir and Bakhtawar [33] initially presented the notions of connectedness, compactness,
and separation axioms via BS sets. Later on, Oztiirk [34] further studied the concepts of closure and interior
operators in the bipolar soft topological spaces (BSTSs). Many researchers have contributed to BS sets and
their topological structures (see, for example, [35-43]). The main aim of this research is to utilize crisp
points to define another interesting and novel form of BS separation axioms.

The following is a breakdown of the article’s structure. Section 2 provides an outline of several funda-
mental concepts that are necessary for understanding our research. Section 3 initiates the concepts of BS

f—space fori = 0,1, 2, 3, 4. Furthermore, we discuss the relationship between these soft spaces and their
counterparts of soft topology and classical topology. Section 4 discusses the notions of BS regular and BS
normal spaces. Section 5 concludes with a summary of the current work as well as a suggestion for future
research.

2 Preliminaries

This section is focused on recalling certain key concepts and ideas that will be used in the next sections.
Throughout this article, the notations X and 2% will be used to denote the initial universe and the power
set of R, respectively. Let A, B, and £ be the parameters set with A, B € X.

Definition 2.1. [7] Let X = {&, &, ...,£,} be a set of parameters. The NOT set of ¥ denoted by —X is defined by
=X = {~&, = &, ..., €,}, where -¢;=not ¢; fori =1,2, ..., n.

Definition 2.2. [32] Let the mappings g and g bedefinedbyg: X — 28andg : - £ — 2¥withg(®) N (L) = &
forall ¢ € X. Then, (g, &, X) is said to be a BS set over X.

A BS set (g, g, ) can alternatively be represented as follows:
(8,8,0)=1{(¢80),8(-0):teX and g(®)ng(-L) =2}

Definition 2.3. [32] A BS set(g;, &;, A) is a BS subset of BS set (g,, &, B), symbolized by (g;, g, A) E(gz, g, B),
if, (i) A ¢ B and (ii) for all ¢ € A, g,(¢) < g,(¢) and g,(-¢) < g,(-0).

A BS set (g, 8, ) is said to be a BS superset of (g,, &, B), symbolized by (g, g, A) 5 (8,5, B),
if (g5, &, B) be a BS subset of (g, g, A).

Definition 2.4. [32] Two BS sets (g;, 8, A) and (g,, §,, B) are said to be BS equal if (g;, g, A) f(gz, 5, B)and
(gz, fg\29 A) E(gp §1) B)'

Definition 2.5. [32] A BS set (g, §, A)° is the complement of a BS set (g, §, A) and is defined by (g¢, g¢, A),
where g¢ and g¢ are mappings given by g¢(¢) = g(-¢) and g¢(-¢) = g(¢) for all ¢ € A.

Definition 2.6. [32] A relative null BS set of a BS set (g, &, A), denoted by ((IA), R, M), is defined as Eﬁ((’.) =g
and R(=¢) = R for all ¢ € A.

We symbolized the absolute null BS set over X by (@, R, 2.
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Definition 2.7. [32] A relative whole BS set of a BS set (g, &, A), denoted by (R, ®, A), is defined as R(2) = R
and ®(-¢) = & for all ¢ € A.

We symbolized the absolute whole BS set over X by (f:t, @, ).

Definition 2.8. [32] The union of two BS sets (g;, g, A) and (g,, &, B) is a BS set (f ,f, '), symbolized by
(g,8,M0(g,8,B) =(f,f,T),wherel = AnBandforall¢ € T, f(£) = g(&) U g,(¢) and f (=) = g,(=€) n
&(-0).

Definition 2.9. [32] The intersection of two BS sets (g, §;, A) and (8, &, B) is a BS set (f, f, I'), symbolized
by (g, 8, A) F(g,8,B) = (f,f,T), where T = An B and for all ¢ € T, f(£) = g(¢) N g,(¢) and f (-€) =
§i(=0) U gy(—0).

Definition 2.10. [38] The difference of two BS sets (g;, §, A) and (g, &, B) is a BS set (f ,f,T) where
I'=AnBand (g, &, M\, &, B) = (8, &, Mg &, B = (f.f, D).

Definition 2.11. [33] Let (g, &, Z) be a BS set over R and € RX. Then, € (g,8, ) ifn € g(¢) forall ¢ € X.
Foranyn e N, n ¢ (g,8,%) if n ¢ g(¢) for some € € Z.

Definition 2.12. [33] Two BS sets (g;, 8, Z) and (g, &, X) are said to be disjoint BS sets if for all ¢ € %,
g,(0) N &) = @. We symbolized by (g, &, (g, &, %) = (®, &, %), where ®(¢) = @ for all € € £ and
g(=) c Rfor all -¢ € -X.

Definition 2.13. [33] Let (g, &, ) be a BS set over X and Y € RX. The sub BS set of (g, g, ) over Y, denoted by
(8y, 8y, %), is defined as gy (&) = Y n g(®) and g,(-¢) =Y n g(~¢) for each ¢ € X.

Definition 2.14. [33] Let 1 € R, then (g, §,, £) denotes the BS set over X defined by g,(¢) = {n} and
8,(-0) = X\{n} for all ¢ € X.

Definition 2.15. [33] Let Tz s be the collection of BS sets over R, then Tgs is said to be a bipolar soft topology
(BST) on X if
1) (@, ], ), (R, D, ) belong to Tgs;
(2) the intersection of any two BS sets in Tgs belongs to Tgs;
(3) the union of any number of BS sets in Tgs belongs to Tgs.

We termed (R, Tgs, X, -Z) a BSTS over X. The members of Tgs are said to be BS open sets in X, while its
complements are said to be BS closed sets.

Definition 2.16. [33] Let (R, Tgs, £, =X) be a BSTS over X and Y ¢ X. Then, Tzs, = {(gy, &y, 2)|(8, &, %)
& Ty} is said to be a relative BST on Y and (Y, Tgs,, Z, Z) is called a BS subspace of (X, Tgs, Z, ~X)

Proposition 2.17. [34] Let (R, Tgs, Z, ~X) be a BSTS. Then, the following collections define the soft topology
on N.

(D) Ts = (g, DI, &, ) € Tzs}.
() ~Ts ={(&, -D)(g, 8, %) € Tys} (provided that X is finite).

Proposition 2.18. [34,33] Let (R, Tgs, X, — £) be a BSTS. Then, the following collections define topology on X.
(1) T = {g(0I(g, &, %) € Ty} for each ¢ € .
() T ={8(-0)|(g, 8, %) & Tss} for each —L € - L. (provided that X is finite).
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Proposition 2.19. [33] Let (X, Ts, Z) be an STS. Then, the collection Tgs defines a BST over X if it consists of BS
sets (g, 8, Z) with (g, %) € Ts and g(—-¢) = R\g() forall ¢ € X.

Definition 2.20. [14] An STS (R, Ts, X) is said to be:
(i) asoft Ty-space if for every n # k € R, there is a soft open set (g, Z) such that n € (g, Z) butk ¢ (g, Z) or
K € (g,2Z) butn ¢ (g, ).
(i) a soft T;-space if for every n # k € X, there are soft open sets (g, £) and (g,, £) such that n ¢ (g;, £) but
K¢ (g,Z)and k € (g, X) but 5 ¢ (g, Z).
(iii) a soft T-space if for every n # k € X, there are soft open sets (g;, Z) and (g, Z) such that 17 € (g, Z) but

K € (g, and (g, 2) fi (g, ) = (D, %).

Corollary 2.21. Let (g, g, %) be a BS set over X and n € N. Then,
(i) n € (g 8, %) if and only if (g, &, D E (g, &, 2.
(i) If (8, 8 D18, 8,%) = (@, 8,2), thenn ¢ (2,8, 2).

Proof. Straightforward. O

Remark 2.22. The converse of Corollary 2.21 (ii) is not true.

Example 2.23. Suppose that N ={n,n}, Z=1{t,&, &, and (g, 8,2 = {(&, {1} L), &, b D),
(e3’ N, @)}, Then) n, ¢ (g’ §’ Z) but (g’lz’ §’12’ Z)ﬁ(g’ §’ Z) + (CD’ ./g\’ Z).

Proposition 2.24. Let (Y, Tgs,, Z, - Z) be a BS subspace of (R, Tgs, Z, = Z). Then,

(1) (gy,8y,ZX)isaBSopensetinY if and only if gy() =Y n g(¢) and g,(-¢) =Y n g(-L) for some BS open
set(g,g,) inN.

(i1) (fy,fy, Y)is a BS closed setinY if and only if f(£) =Y n f(£) and fy(—'B) =Yn f(—'E) for some BS closed
set (f,f, ) in N.

Proof.
(i) Follows from Definition 2.16.

(ii) (fy,fy, ¥) is a BS closed set in Y iff (fy,fy, %) is a BS open set in Y iff f°(¢) =Y ng(¢) and
A (=0) =Y n g(=¢) for some BS open set (g, 8, L) in X iff Y\ = Y\[Y n g(®)] and Y\R"(=¢) =
Y\[Y N g0 iff £(©) = Y n g(¢) and A(=8) = Y 1 §9=0) iff f(&) = Y n f(¢) and /(&) = Y n f (-0),
where (f,f, %) = (g,8, %) is a BS closed set in N since (g, g, Z) is a BS open set in X. O

3 Bipolar soft separation axioms

The definitions of BS f-space (i=0,1,2,3,4) using ordinary points are given in this section. Basic
properties of these notions are established and the relationships between them and other spaces are
demonstrated.

Definition 3.1. A BSTS (R, Tggs, %, - %) is said to be:
(i) aBS T~"0—space if for every n + k € N, there is a BS open set (g, g, X) withn € (g, &, Z) butxk ¢ (g, &, Z) or
Ke(g,8,2)butn ¢ (3,8, ).
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(ii) a BS i—space if for every n # x € X, there are BS open sets (g, g, £) and (g, 8, Z) with n € (g, §, Z)
butx ¢ (g, 8, %) and x € (8, 8, %) but n ¢ (8, &, 2).

(iii) a BS Tz-space if for every  + x € R, there are BS open sets (g;, &, Z) and (g,, &, 2) with n € (g, 8, 2)
and € (g, 8, £) and (g;, &, 2)1(8,, §, 2) = (@, &, D).

Furthermore, we examine some results related to BS ﬁ-space.

Proposition 3.2. Let (R, Tgs, X, =X) be a BSTS and n + k € R. If there is a BS open set (g,8, %) with
ne(,g,2andxe(g,8,% orxke(g,g8,%) andn ¢ (g, 8, L), then (R, Tgs, £, %) is a BS i—space.

Proof. Letn # x € Xand (g, g, Z) be a BS open set withn € (g, g, X)andk € (g, g, 2)°. Ifx € (g, &, X)°, then
k € g°(¢) for all £ € . This means that x ¢ g(¢) for all ¢ € Z. Hence, x ¢ (g, &, Z). Similarly, we may verify

ke (g,8,%) andn ¢ (g, g, X). Therefore, (R, Tgs, £, -X) is a BS ﬁ-space. O
Proposition 3.3. If (N, Tgs, Z, —X) be a BS ﬁ—space, then (R, Ts, 2) is a soft Ty-space.

Proof. Let n # k € R. Since (R, Tgs, Z, =%) is a BS T~"0-space. Then, there is a BS open set (g, g, ) with
ne(gg,2butk ¢ (g,8,X)orke(g,8,X)butn ¢ (g,8,%).Say,n € (g,8,Z) butk ¢ (g, g, Z). This means
that n € g(¢) for all ¢ € ¥ and « ¢ g(¢) for some ¢ € £. Hence, 1 € (g, £) and k ¢ (g, Z). Similarly, we may
verify x € (g, 2) and 11 ¢ (g, Z). Therefore, (X, Ts, Z) is a soft T-space. O

Remark 3.4. If (R, Tgs, Z, -Z) be a BS ﬁ-space. Then, (R, T;) need not be Ty-space for each € € .

Example 3.5. Let X = {n,, n,} and £ = {&, &}. Let Tys = {(@, R, %), (R, D, %), (g, §, )}, where (g, §,Z) =
{8, iy}, {n,)), (&, R, @)}. Then, (R, Tgs, Z, ~X) is a BS Tb-space. Also, we have

I, = {2, X, {n;}}, and

T, = {@, N}.

Then, T,, is not Tj-space.

To fix the problem in Remark 3.4, we propose the following condition.

Proposition 3.6. Let (X, Tgs, £, ~Z) be a BSTS and 1 + k € NX. If there is a BS open set (g, g, %) with
neg,% and ke (g,8,%)° or x€(g,8,%) and n € (g, &, ), then (R, Ts, X) is a soft Ty-space and
(R, Tp) is a Ty-space for each ¢ € .

Proof. By Propositions 3.2 and 3.3, it is obvious that (R, Ts, X) is a soft Ty-space. Now, forany ¢ € Z, (R, T) is
a topological space and sincen € (g, 5, Z)andk € (8,8, Z)ork € (g,8,%)andn € (g, g, 2)°, thenn € g(e)
but x ¢ g(¢) or k € g(£) but n ¢ g(¢). Hence, (R, T) is a Ty-space. O

Proposition 3.7. Let (R, Tgs, , X) be a BSTS andn # k € X and let X be a finite set. If there is a BS open set
(g,8,%)withne (g,8,2)andk e (g,8,%)¢ orxke(g,8,%) andn € (g, 8, 2, then (R, = Ts, = X) is a soft
To-space and (R, T.,) is a Ty-space for all -£ € - .

Proof. Let n € (g,8,%) and x € (g, 8, £)°. This means that n € g(¢) and x € g¢(¢) for all ¢ € X. Then,
n¢g(-t)andk € g(-¢) forall¢ € £. So, x € (§, -%) and n ¢ (g, —Z). Similarly, we may verify € (g, -X)
and x ¢ (g, ~X). Hence, (R, ~Ts, ~X) is a soft To-space. Now, for any —€ € =%, (R, T.;) is a topological
space, and since n € (g,g,%) and k € (g,8,%) or k€ (g,8,%) and n € (g, g, 2)°, then n ¢ g(-¢) and
K € §(-2) or k ¢ g§(—¢) and n € g(-¢). Hence, (R, T,) is Ty-space. O
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Proposition 3.8. Let (R, Ts, X) be an STS and (R, Tgs, Z, =Z) be a BSTS constructed from (R, Ts, X) as in
Proposition 2.19. If (R, Ts, X) be a soft Ty-space, then (R, Tgs, %, ~Z) is a BS T:(;—space.

Proof. Let 7 # k € N. Since (X, Ts, X) is a soft T-space, then there is a soft open set (g, £) with 17 € (g, Z) but
K¢ (g, X)orke (g,L)butn ¢ (g, ). Say,n € (g, %) and k ¢ (g, ). This means thatn € g(¢) forall¢ € £ and
K ¢ g(2) for some ¢ € Z. Since g(-¢) = X\g(¢) for all ¢ € X, then n ¢ g(~¢) for all ¢ € T and x € g(—¢) for
some ¢ € X. Therefore, n € (g, 8, Z) and x ¢ (g, g, X). Similarly, we may verify x € (g, g, Z) butn ¢ (g, 8, 2).

Hence, (R, Tgs, Z, ~X) is a BS T:(;-space. O

Proposition 3.9. Let (R, Tgs, Z, 7Z) be a BSTS and Y ¢ X. If (R, Tgs, £, -Z) be a BS T:E,—space, then
(Y, Tgs,, 2, -Z) is a BS Ty-space.

Proof. Let 1 + x € Y. Since (R, Tgs, Z, -X) is a BS ﬁ-space, then there is a BS open set (g, g, ) with
ne(g,% but x¢(g,8,%) or xe(g,8,%) but n¢(g,8,%). Say, ne(g,g,%) and x¢(g,8,2).
As, n€(g,8,%), then n € g(¢) and n ¢ g(-¢) for all ¢ € X. Since n € Y, then n € Y n g(€) = g,(¢) and
K ¢Yng(-e)=gy(-e) for all ¢ € £. Hence, 1 € (gy, 8y, Z). Now, if x ¢ (g, 8, Z), then x ¢ g(¢) for some
¢ € £. This means that x ¢ Y n g(€) = gy(¢) for some ¢ € . Hence, « ¢ (gy, 8y, £). Similarly, we may

verify k € (gy, 8y, Z) but n ¢ (gy, &y, Z). Hence, (Y, Tgs,, Z, -X) is a BS ﬁ-space. a

In the following result, we present a complete description of a BS f-space and then establish several
characteristics of this space.

Proposition 3.10. If (g, gAn, ) be a BS closed set of (R, Tgs, Z, - ) foreachn € R, then (R, Tgs, Z, = X) is a
BS T, -space.

Proof. Let foreachn € N, (gn, §,1, ¥) is a BS closed set of (R, Tgs, X, =X). Then, (gn, §,1, ¥)¢is a BS open set in
Tgs. Let n # x € X. For n € R, (g,, §,, £)° is a BS open set such that x € (g, §,, 2)° and n ¢ (g, §,, 2)°.
Similarly, (g, &, $)€Tss is such that neg,8,2r and x ¢ (g, &, XL)°. Thus, (X, Tzs, Z, -Z) is a BS
T~]-Space. (|

Remark 3.11. The converse of Proposition 3.10 is incorrect as the next example illustrates.
Example 3.12. Let X = {n;, n,} and X = {&}, &}. Let Tgs = {(®, R, %), (R, ®, £), (g}, &, D) (&> &> ), (& &> D)}

be a BST defined on X, where

(81, 8> 2) = {(t, {my}, Im}), (&, {my, imD},
(gz, ./g\z’ Z) = {(El’ {)’ll}, {712})’ (eZa N, @)}, and
(gB’ §37 Z) = {(21’ N’ Q), (82’ {rlz}x {rll})}'

Then, (R, Tgs, Z, = Z) is a BS f-space.
We note that for (g,h, §,h, %), (g,lz, §,12, ) over R, where

(8 8y Z) = {(t, Iy}, 1), (&2, {3}, ()}, and
(80,2 80 Z) = {0, I}, D), (&, I} D)},

the BS complements (gm, §nl, 2)¢, and (g,b, gA,b, Z)¢ over N are defined as follows:

(g’h’ é\'h’ Z:)C = {(ela {712}, {’11})’ (22’ {1’12}, {711})}, and
(grlz’ §;12’ Z:)C = {(21’ {711}, {1’12}), (22’ {’11}’ {’lz})}
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Neither (g,h, §nl, Z)¢ nor (g,b, §,12, X)¢ belongs to Tgs. Thus, (g,h, §m, Z) and (g,b, gA,IZ, Z) are not BS closed sets
of (N, Tgs, Z, - Z)

Proposition 3.13. Let (R, Tgs, £, = £) be a BSTS andn € RX. If X be a BS ﬁ—space, then for every BS open set
(g,8,%) such thatn € (g, 8, X):

@) (g, 8, DEIf(E, 8, D)];

(ii) Forallx + 1, x ¢ fi(g, 8, %).

Proof.

(i) Sincen € fig, 8, %), then (g, Y 2E[fig, g, )] by Corollary 2.21.

(i) Forn, x € X with n+, then there are BS open sets (g, g, Z) such thatn € (g,8, %) and x ¢ (g, g, Z). So,
for some ¢ € X, k ¢ g(®), and hence, k ¢ Neezg(¢). Thus, k ¢ ﬁ(g, g, 2. O

Remark 3.14. The equality in Proposition 3.13 (i) is false in general.

Example 3.15. Let X = {n,, 1,}, and = {&;, &, &, &,}. Let Ts ={(®, R, ), (R, @, £), (g}, &> 2), (&» &» %),
(8,8, %), (84, 84 2), (85, 8, 2)} be a BST defined on R, where

(815 81, 2) = (&1, R, @), (&, {m}, (), (&5, {my}s D), (s {mi}s DN
(& 8, 2) = {(t, {n,}, (), (&, {na}, (D), (&, {myd, ), (8s, R, D)},
(83,8, 2) = {(t, R, @), (&, X, D), (&, {m}, {1,1)s (s {3}, 1}

(84 84 D) = {(t, I}, (), (&2, D, N), (&, T, ), (&, {my}, .}, and
(85, 85, D) = {(&, o}, ImyD)s (&, {1}, {m})s (&5, B, R, (&4, {13}, D}

Then, (R, Tgs, Z, -X) is a BS ﬁ-space. But, for all BS open sets 1, € (g;, 8, %) and 1, € (g, &, %),
we haVe (g]’ g-]’ Z)ﬁ(g:}, ‘%; Z) = (gl’ §19 Z) :/: (g)h9 grh’ Z)'

Proposition 3.16. Let (R, Tgs, X, ~Z) be a BSTS and n + k € X. If there are BS open sets (g, 8, ) and
(828, %) with 1 € (8,8, %) and k € (g}, §, £)° and x € (8§, &, L) and 1 € (, &, L), then (R, Ts, Z, %)

is a BS ﬁ-space.

Proof. Similar to the proof of Proposition 3.2. O
Proposition 3.17. If (R, Tgs, X, -Z) be a BS ﬁ—space, then (R, Ts, %) is a soft T,-space.

Proof. Similar to the proof of Proposition 3.3. O
Remark 3.18. If (R, Tgs, £, -X) be a BS ﬁ-space, then (R, T) need not be T;-space for each ¢ ¢ .

Example 3.19. Assume that (R, Tgs, Z, =X) be the same as in Example 3.12. There we showed that
(N, Tgs, Z, =X) is a BS T{-space. In addition, we have
Tzl = {Q) N’ {rh}} and Tb = {@, N; {rlz}}'

Then, T, and T;, are not T-spaces.

The next proposition gives us the conditions to fix the problem in Remark 3.18.
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Proposition 3.20. Let (R, Tgs, Z, =Z) be a BSTS and n + x € N. If there is a BS open set (g, g, Z) with
ne(gg, 2 andxe(g,8,%)° and x € (g,8,%) and n € (g, &, L), then (R, Ts, %) is a soft T-space and
(R, T) is a T-space for each ¢ € X.

Proof. By Propositions 3.16 and 3.17, it is obvious that (R, Ts, X) is a soft T]-space. Now, forany ¢ € Z, (R, Ty)
is a topological space, and since 1 € (g}, 8, £) and x € (g, 8, £)° and x € (8, &, %) and 1] € (g, &, Z)°, then
n € g(0) but x ¢ g(¢) and k € g,(£) but 7 ¢ g,(¢). Hence, (X, T;) is a T;-space. O

Proposition 3.21. Let (R, Tgs, 2, %) be a BSTS and n + x € X and let X be a finite set. If there is a BS open
set(g,g,Z)withn e (g,8,%)andk € (g,8,%)°ork € (g,8,X)andn € (g, 8, 2), then (R, = Ts, -X) is a soft
Ti-space and (R, T.,) is a T;-space for each =€ € - X.

Proof. Similar to the proof of Proposition 3.7. O

Proposition 3.22. Let (R, Ts, Z) be an STS and (R, Tgs, Z, —X) be a BSTS constructed from (R, Ts, Z) as in
Proposition 2.19. If (R, Ts, X) be a soft T,-space over X, then (R, Tgs, £, %) be a BS ﬁ-space over R.

Proof. Similar to the proof of Proposition 3.8. O

Proposition 3.23. Let (R, Tgs, Z, =X) be an BSTS and Y ¢ X. If (R, Tgs, Z, -X) be a BS f -space, then
(Y, Tgs,» Z, ) is a BS T;-space.

Proof. Similar to the proof of Proposition 3.9. O

In the following results, we characterize a BS i-space and investigate some of its properties.

Proposition 3.24. Let (R, Tgs, ¥, =Z) be a BSTS andn € X. If X be a BS T:;-space, then for each BS open set
(g,8,%) such thatn € (g, &, 2):

(i) (g8, DEf(e, &, D);

(ii) x ¢ (g, 8, %) for all k # n.

Proof. Similar to the proof of Proposition 3.13. O
Remark 3.25. The equality in Proposition 3.24 (i) is incorrect in general.

Example 3‘26' Let N = {711’ rlz}’ and Z = {21’ 82}' Let TBS = {((/135 ﬁ; Z)’ (E\\zy 6) z)’ (gp g‘p 2)5 (gZ’ g\-Zy Z): (g3)
g, Z)} be a BST defined on R, where

(81> 81> 2) = {(ty, {m}, {m), (&2, {my}, D)},
(g2, :g\z’ Z) = {(81’ {)’12}, {’11})’ (€2a {I’lz}, Q)}’ and
(g37 :g\B) Z) = {(81’ g, N)7 (€2’ g, Q)}

Then, (R, Tgs, Z, %) is a BS i-space. We note that (g, §;, Z) is the only BS open set with n € (&, 8,2,
but (g, 8, Z) # (8, &, D).

Proposition 3.27. Let (R, Tgs, X, ~X) be a BSTS and n + x € RX. If there are BS open sets (g, 8, £) and
(8,8,%) withn € (g,8,%) and x € (8, 8, 2)° and k € (g, 8, %) and 1 € (g, &, X)°, then (R, Tgs, Z, %)

is a BS ﬁ-space.
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Proof. Letn + x € Xand (g}, §, ), and (g,, &, ) be two BS open sets with 1 € (g}, &}, Z) and x € (g, §, )¢
andk € (g, &, ) andn € (g, &, X)°. This means thatn € g,(€),x € g () and x € g,(¢),n € g;(¢) forall ¢ € X.
Then, n € g(¢) but x ¢ g,(¢) and x € () but n ¢ g(¢) with g,(¢) N g(¢) = . So that n ¢ g(-¢) and
K € g(-2)andk ¢ g(—¢)andn € g(—¢) with g(—¢) U g,(~) = Nforall-€ € - £. Then, we haven € (g, §, Z)

and x € (g,, &, Z) with (g, g, Z)ﬁ(gz, 8,2 = (@, ], 2). Thus, (R, Tgs, £, ~%) is a BS i-space. O

Proposition 3.28. If (R, Tgs, Z, - Z) be a BS TE -space, then (R, Ts, 2) is a soft -space and (R, T,) is T-space
for each t € .

Proof. Let n #+ x € N. Since (X, Tgs, Z, -X) is a BS T;-space, then there are BS open sets (g, g, £) and
(85, 8, X) such that n € (g}, 8, %) and x € (g, &, 2) with (g, §, %) I"lwv(gz, 8,2 = (®, g, £). This means that
n € g(&) and x € g,(¢) with g;(&)ng,(¢) = P foralle € . Consequently, n € (g, Z) and k € (g,, ) with (g}, Z) I
(8,2 = (®, %). Hence, (R, Ts, 2) is a soft T-space. Now, for any € € 2, (R, T,) is a topological space and
since n € (g, 8, Z) and x € (g, &, £) with (g, §, Z) ﬁ(gz, 8,2 = @,g, Z). Then, we have 7 € g,(¢) and
K € g(¢) with g,(¢) n g,(¢) = & for all ¢ € X. Thus, (R, T;) is T;-space for each € € X. O

Proposition 3.29. Let (R, Tgs, £, %) be an BSTS and 1 + k € RX. If there are BS open sets (g, g, £) and
(8,8,%) withn € (g,8,%) and x € (8,8, 2)° and x € (8,, 8, Z) and 1 € (8, &, L), then (R, Ts, X) is soft
T-space and (R, T,) is Ty-space for all € € Z.

Proof. Follows from Propositions 3.27 and 3.28. O

Proposition 3.30. Let (R, Tgs, 2, -X) be a BSTS and n + k € X and let R be a finite set. If there are BS open
sets (8, 8, %) and (g,, &, Z) withn € (g, 8, X) and k € (g;, 8, £)° and x € (8,, &, Z) and n € (8, &, ), then
(R, = Ts, =2) is soft T-space and (R, T.,) is Tr-space for each =€ € —X.

Proof. Let 1 # k € N and (g, &, %) and (g,, &, £) be two BS open sets with i € (g, 8, Z) and x € (g, §;, )¢
andx € (g5, 8, £) and 1 € (8,, &, X)°. This means thatn ¢ g () and x € g(-¢) and k ¢ g(-¢) and n € g,(~¢)
with g,(-€) N g(-¢) = @. Then, we have k € (g, ~X) and 1 € (8, ~%) with (g, %) 7 (&,, %) = (@, -3).
Thus, (X, = Ts, =X) is a soft Tz-space. Now, for any —€ € =%, (R, T.,) is a topological space and since
ne(,8,% and x € (g, 8,2)F and x € (8, 5, X) and 1 € (8, &, Z)°. Then, we have n ¢ g(-¢) and
K € §(-¢) and k ¢ g,(~) and 1 € g,(~¢) with g,(-8)ng,(~L) = &. Hence, (X, T.;) is Tr-space. O

Proposition 3.31. Let (R, Ts, 2) be an STS and let (R, Tgs, Z, =X) be a BSTS over N constructed from
(R, Ts, ) as in Proposition 2.19. If (R, Ts, X) be a soft T-space, then (R, Tgs, =, ~Z) is a BS T-space.

Proof. Let 1 # x € R. Since (R, Ts, ) is a soft T,-space, then there are soft open sets (8, ) and (g, %) such
that n € (g, Z) and x € (g, Z) with (g, 2)i(g,, ) = (®, ¥). This means that n € g(¢) and x € g,(¢) with
g(®) N g(8) =@ for all ¢ € X. Then, we have n ¢ g(-8) and x ¢ g(-¢) with g(-ug,(-¢) = X for all
- € - X.Therefore,n € (g, 8, L) andx € (g,, &, ) with(g,, &, Z)ﬁ(gz, 8,%)= (@, R, %).Thus, (R, Tgs, £, = %)

is a BS T-space. O

Proposition 3.32. Let (R, Tgs, X, =X) be a BSTS and Y ¢ R. If (R, Tgs, Z, =) be a BS i-space, then
(Y, Tgsy, Z, ) is a BS T-space.

Proof. Let n # k € Y. Since (R, Tgs, Z, %) is a BS Tz-space, then there are BS open sets (g;, §, Z) and
(8, 8, %) such that 1 € (g, 8, £) and x € (g, &, X) with (g, g, Z)ﬁ(gz,g‘z, ) = (®, g, ¥). This means that
n € g(8) and x € g(¢) with g,(¢) n g,(¢) = & for all € € £. Then, we have 1 ¢ g,(-¢) and x ¢ g,(—¢) with
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8 (-0ugy(~t) = X for all ¢ € . Since n,k € Y, then n € Y n g(¢) = g, (¢) and x € Y n g(¢) = g, (¢) with
8, (0Ng, (¢) = @ for all € € X. In addition, ¢ Y N g(~¢) = g, (=) and k ¢ Y N gy(~¢) = &, (=¢) with g, (=)
Ug,,(—¢) = Rforall¢ € Z. Then, 7 € (g, §,» Z) and k € (g, §,,, Z) With (g, &y,» Z)ﬁ(gzy,g}y, %) = (D, R, 2).
Hence, (Y, Tgs,, =, ~ %) is a BS B-space. m|

Proposition 3.33. Every BS f-space is BS f,l—space, fori=1,2.

Proof. Let (R, Tgs, 2, %) be a BSTS and n + x € N. For the casei = 1, let (R, Tgs, %, -Z) be a BS ﬁ-space,
then there are BS open sets (g;, §, Z) and (g,, &, X) withn € (g;, §, Z) butk ¢ (g}, §, X) and k € (g,, &, X) but
n ¢ (8, 8, X). Obviously, we haven € (g, 8, £) and x ¢ (g}, 8, Z) or k € (85, 8, 2) and 1] ¢ (8, &, Z). Thus,
(RN, Tgs, Z, Z) isa BS ﬁ-space. Now, for the casei = 2, let (R, Tgs, Z, =X) be a BS T:Q—space, then there are
BS open sets (g, 8,%) and (g,,8,%) with n€(g,8,%) and x € (g,8,%) and (g, &, Z)ﬁ(gz, 8,%) =
(@, g, ). This means that 7 € g;(¢) and x € g,(¢) and g;(£)ng,(¢) = @ for all ¢ € £. Then, we have 1 € g,(¢)
but x ¢ g,(¢) and x € g,(¢) butn ¢ g,(¢) forall € € X. Thus, 1 € (g, 8, ) butk ¢ (g, 8}, £) and k € (g, 8, L)

butn ¢ (8,, &, X). Therefore, (X, Tgs, Z, ~X) is a BS f-space. a
Remark 3.34. The opposite of Proposition 3.33 does not hold.

Example 3.35. Assume that (R, Tgs, Z, =Z) is the same as in Example 3.12. Then, (R, Tgs, Z, =X) is a BS
i—space but not a BS i-space since, for n;, n,€ N, there are not any two BS open sets (g;, g, ) and (g,, &, %)

with 1, € (g, 8, %) and 1, € (g, &, %) and (g, &, 2 11 (8, &, %) = (D, &, 2).
Now, if we consider (R, Tgs, Z, 7%) as in Example 3.5. Then, we saw that (R, Tzgs, Z, -Z) is a BS

%-space. But, for n;, n,€R, there do not exist BS open sets (g, &, Z) and (g,, &, ) with n; € (g;, &, Z) but
n, ¢ (g,8,%)andn, € (g, &, %) butn, ¢ (g, &, X). Hence, it is not a BS ﬁ-space

4 Bipolar soft regular and bipolar soft normal spaces

We define and study in detail the BS regular and BS normal spaces in this section.

Definition 4.1. A BSTS (R, Tgs, £, =) is said to be BS regular space if for every BS closed set (f, f %) with
rzsé(f,f, %), there are BS open sets (g;, 8, £) and (g,, &, Z) such that e (g;, &, £) and (f,f, %) E (8, 8,%)
with (g, 8, (g, &, %) = (D, &, %).

Corollary 4.2. Let (f, f , £) be a BS closed subset of BSTS (R, Tgs, =, = &) withne(f, f , £). If(R, Tgs, =, = %)
be a BS regular space, then there is a BS open set (g, g, Z) such that ne(g, g, %) and (g, g, SF(f, f,5) =
(@,8,2).

Proposition 4.3. Let (X, Tgs, £, = X) be a BSTS and n € XR. If X be a BS regular space, then:
(i) for a BS closed set (f,f , %), n¢(f.f , %) if and only if (g,, &, DA, f , £) = (@, &, 0);
(i) for a BS open set (g, §, %), n¢(g, §, %) if and only if (g, &, oNi(g, §,2) = (®,8, ).

Proof.
(i) Let nn ¢ (f,f,Z). Then, by Corollary 4.2, there is a BS open set (g, g, %) with ne(g, g, %) and
(g, 8, O(f,FLE) = (@, g,%).Sincen € (g, g, %), then (8, §n, Z)E(g, g, %) by Corollary 2.21 (i). Hence,
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(8 & DA(f,f,2) = (@,8,9).
The converse is obtained by Corollary 2.21 (ii).
(i) Let n¢(g, g, Z). Then, we have two cases: (1) for all ¢ € X, n¢g(€) and (2) for some ¢, B € X, n¢g(¢) and

neg(B). In case (1), we have (g,, g, 2Xig, 8,%) = (@, 8, %). In case (2), neg(B) implies n¢gc(B) for some
B € X. Hence, (g,8,Z)° is a BS closed set such that n¢(g, §, £)%, and by (i), (g, 8 (g, §, D) =
(@,8,%). So (gn,gn, Z)E(g,g,Z) but this is contradiction. Hence, (g,],g,l, Z)ﬁ(g,g,Z) =(®,8,).
The converse is obvious. O

Proposition 4.4. Let (R, Tgs, £, ~X) be a BSTS over X and n € X. Then, the following are equivalent:
(1) (R, Tgs, Z, = X) is a BS regular space.

(i) Foreach BS closed set(f,f , %) with(g,, g, S(f, f, %) = (@, 8, %), there are BS open sets (8, 8, %) and
(8» & %) such that (g,, §,» DE(g;, &, %) and (. f , DE(g» &, ©) and (,, &, D8, 8, ©) = (@, 8, 2.

Proof. Follows from Proposition 4.3 (i) and Corollary 2.21 (i). O

Proposition 4.5. Let (g, §, Z) be a BS open subset of (R, Tgs, £, =) and n € R. If X be a BS regular space,
thenn € (g,8,2) if and only if n € g(€) for some € € Z.

Proof. Suppose that n € g(¢) for some ¢ € X, and n¢(g, g, Z). Then, 8y §n, Z)ﬁ(g, 2,9 =(,8,%) by
Proposition 4.3 (ii). But this contradicts our assumption and so ne(g, g, X). The converse is obvious. [

Proposition 4.6. If (R, Tgs, X, ~X) be a BS regular space, then the following are equivalent:
(i) (R, Tzs, L, ~%) is a BS T -space.
(ii) For n + x € R, there are BS open sets (g, 8,%) and (8,8, %) such that (g ,§,1, Z)E(gl,gfl, %) and

(g;(y §K’ Z)ﬁ(gly g‘p Z) = (a\)’ ./g\’ Z)a and (gK, §K9 Z)E(gZ’ §2’ Z) and (g ’ g\rl’ Z)ﬁ(gZ’ §2’ Z) = (6’ g\’ Z)'

Proof. n < (g, g, %) if and only if (g ’§n’ &g, g, %) and n¢(g, g, &) by Proposition 4.3 (ii) if and only if
(g,l, §,1, Z)ﬁ(g, g,2)= (@, g, X). Hence, the aforementioned statements are equivalent. O

Definition 4.7. A BSTS (R, Tggs, Z, -X) is said to be BS i-space if it is BS regular and BS ﬁ-space.
Proposition 4.8. If (R, Tgs, X, ~X) be a BS i-space, then (R, Ts, %) is a soft T-space.

Proof. Since (R, Tgs, Z, =X) be a BS i-space, then it is BS ﬁ-space. By Proposition 3.17, (R, Ts, ) is soft
T,-space. Now, let (f ,f, %) be a BS closed set such thatn ¢ (f ,f, ). This implies n ¢ f(£) for some ¢ € X,
and hence, 1 ¢ (f, X) as a soft closed set. As (R, Tgs, £, —X) is BS regular, then there are BS open sets

(1, 8, £) and (g,, &, T) such thatne (g;, §, L and (f, f , DE (g, &, ) with (g, &, )11 (g, &, ) = (D, 8, 2.
Then, we haven € g,(¢) and f(£) < g,(¢) with g;(¢) N g,(¢) = S forall¢ € X. It follows that for a soft closed set

(f, Z)withn ¢ (f, £), wehavene (g;, ) and (f, £)E(g,, ) with(g;, £)fi(g,, X) = (®, £). Thus, (X, Ts, %) is soft
regular, and hence, (R, Ts, 2) is soft T;-space. O

Proposition 4.9. Let (R, Ts, X) be an STS and let (R, Tgs, X, ~X) be a BSTS constructed from (X, Ts, Z) as in
Proposition 2.19. If (R, Ts, Z) be a soft T;-space, then (R, Tgs, Z, -%) is a BS ﬁ-space.

Proof. Since (R, Ts, Z) be a soft T;-space, then it is soft T;-space. By Proposition 3.22, (R, Tgs, =, -%) is BS
ﬁ-space. Now, let (f, Z) be a soft closed set such that n ¢ (f, £). This implies that n ¢ f(¢) for some ¢ € X,
and hence, n ¢ (f ,f, %) as a BS closed set. As (X, Ts, %) is soft regular, then there are soft open sets (g;, Z)
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and (g,, Z) such that ne(g;, 2) and (f, £)E(g,, ¥) with (g}, £)i(g,, 2) = (®, %). Then, n € g(¢) and f(£) < g(¢)
with g,(8) n g,(¢) = S forallt € X.Inaddition, wehaven ¢ g(-~¢)and g,(—¢) € f (=0 with g(=¢) U g(—-¢) = R
for all ¢ € X. It follows that for a BS closed set (f,f, Y) with n ¢ (f,f, Y), we have ne(g;, g, ) and
(f. f » DE(g, 8, ) with (g, 8, (g, &, %) = (D, R, ). Thus, (R, Tzs, £, ~%) is BS regular, and hence,
(R, Tgs, T, ~%) is BS T-space. O

Proposition 4.10. Let (R, Tgs, 2, 7X) be a BSTS and Y ¢ N. If (R, Tgs, 2, ~X) be a BS i—space, then
(Y, Tgs,, Z, ~Z) is a BS ﬁ-space.

Proof. Since (R, Tgs, X, =X) be a BS i—space, then it is BS T{-space. By Proposition 3.23, (Y, Tgs,, Z, -X) is
a BS ﬁ-space. Letn € Y and let (f,f, ¥) be a BS closed set in Y with ngé(f,f, %). Then, n ¢ f(¢) for some
£ € X. Since ( f,f, ¥) be a BS closed set in Y, then there is a BS closed set (h, h, ¥) in R such that
£(®) = h(®)nY and f (~¢) = h(-)NY. Since 1 ¢ f(¢) for some € € £, then n ¢ h()NY = f(¢), and hence,
n ¢ (h, h, Y). As (R, Tgs, Z, = Z) is BS regular space, there are BS open sets (g;, §;, £) and (g,, &, Z) such
that n € (g, 8, L) and (h, h, £)E(g,, &, L) with (g;, §, 2Fi(g, &, 2) = (D, §, L). Now, if we take (g, , &, , L)
and (g,,, §,» Z) as two BS open sets in Y, then g; (¢) = g(ONY, §, (—&) = §(-¢)NY, and g, (&) = &(O)NY,
8, (=) = &(-0)NY. This implies 7 € (g, &, Z) and . f, Z)E(ng,ng, ) with (g, &, Z)ﬁ(ng, 8,2 =
(@, g, %). Thus, (Y, Tgs,, Z, -Z) is a BS regular space, and hence, (Y, Tgs,, Z, -Z) is a BS i—space. O

Definition 4.11. A BSTS (R, Tgs, X, =) is said to be BS normal space if for every BS closed sets ( fl,fl, %)
and (fz,ﬁ, ¥) with (fl,fl, Z)ﬁ(fz,fz, %) = (@, g, ¥), there are BS open sets (81, 8 Z) and (g,, &, Z) such that
(fis i D 8, D) and (S, fo, DE(S,, & T) with (g, 8, DN(g,, §, D) = (@, 8, 9.

Proposition 4.12. Let (R, Tgs, Z, =X) be a BSTS. If (R, Tgs, Z, ~Z) be a BS normal space and if (g,,, §,l, Z)bea
BS closed set for each n € R, then (R, Tgs, =, —Z) is a BS T-space.

Proof. Since (g,, §,, £) is a BS closed set for each 1 € X, then by Proposition 3.10, (R, Tgs, Z, -Z) is a BS
1’ &n

ﬁ—space. It is also BS regular space by Propositions 4.4 and 4.11. Hence, (R, Tgs, Z, =X) is a BS i-space.
O

Definition 4.13. A BSTS (R, Tgs, Z, -X) is said to be BS ﬁ-space if it is BS normal and BS T:{-space.
Proposition 4.14. If (R, Tgs, 2, %) be a BS i—space, then (R, Ts, %) is a soft T,-space.

Proof. Since (R, Tggs, Z, —X) be a BS i-space, then it is BS T~1-space, and hence, (R, Ts, X) is soft T}space by
Proposition 3.17. Furthermore, since (R, Tgs, Z, =X) be a BS normal space, then for every BS closed sets

(fi. fi» D) and (o, o, &) with (£, f, DA, f» T) = (B, &, %), there are BS open sets (g}, §, %) and (g,, &, %)

such that (fi, fi, DEg;, 8, %) and (%, o, DES,, &, ) with (g}, &, DFi(g,, 8, ) = (@, &, 2). This implies
that, for all ¢ € £, f(ONH() = @ and fi(®) € g,(2), f(8) € (&) with g,(0)ng,(¢) = &. Then, for two soft

closed sets (fi, £) and (f, £) with (fi, 2Fi(f, £) = (D, £), there are soft open sets (g;, 2) and (g, X) such
that (fi, £)E(g;, Z) and (f>, £) E (g,, 2) with (g, 2)(g,, Z) = (®, %). Thus, (X, Ts, ¥) is soft normal, and hence,
(R, Ts, %) is soft T,-space. O

Proposition 4.15. Let (R, Ts, X) be an STS and let (R, Tgs, X, - X) be a BSTS constructed from (R, Ts, X) as in
Proposition 2.19. If (R, Ts, £) be a soft T,-space over R, then (R, Tgs, X, ~X) is a BS T,-space over X.
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Proof. Since (R, Ts, T) be a soft T,-space, then it is soft ;-space, and so, (R, Tgs, £, — £) is a BS 7, -space by
Proposition 3.22. Furthermore, since (R, Ts, Z) be a soft normal space, then for every soft closed sets (f;, X)
and (f5, £) with (fi, 2Fi(f, ) = (O, L), there are soft open sets (8, ) and (g,, Z) such that (f;, £)E(g;, Z) and
(f, D)E(g, 2) with (g}, 2)i(gy, 2) = (D, Z). This implies that fi(O)Nf(0) = @ and f(€) < g,(8), £(£) <€ g,(0)
with g,(0)ng,(e) = @. Then, we have f(~0)uf (=€) = X and §(=€) < fi(~2), &(-8) < r(~) with §(-e)
ug () = R. It follows that for two BS closed sets (fl,fl, Y) and (fz,fz,Z) with (fl,fl, Z)ﬁ(fz,fz,Z) =
(@, R, T), there are BS open sets (g;, §;, £) and (g,, §), ) such that (f;, fi, Z)E(gl, 8, L) and(f, b, Z)E(gz, 5, %)
with (g, &, Z)ﬁ(gz, 8,2 = (6, R, ¥). Thus, (R, Tgs, Z, = %) is BS normal, and hence, (R, Ts, X) is BS
i-space. O

Remark 4.16. A BS ﬁ—space need not be BS i—space.

Example 4.17. Let X ={n, 1.}, and I ={&, &, &}. Let Tys ={(®, R, %), (R, D, %), (g, &> L), (8 &» %),
(8, 8,2, (84,8, L), (85, 85, L), (8> 86 %), (87, &, Z)} be a BST defined on R, where

(81> 8, T) = {t, i}, D), (&, i} D), (&, {1y}, {14,

(82 &, 2) = {(&, {n,}, (), (&, I}, Imd)s (&, {m,} iy D}

(8,8, D) ={(&, 3, N), (&, {m}, {m), (&, {n}, Im,H},

(84> 84, D) = {(t, @, R), (&, {n,}, (D> (&, i}, D},

(85, 85, 2) = {(&y, {ny}, (), (&2, R, 9), (&, R, D)},

(865 86> 2) = (&1, I}, (D), (&, R, @), (&, R, @)}, and

(g,8,2)={t, 3, R), (&, R, D), (&, X, D)}

Then, it is easy to see that (R, Tgs, Z, = X) is BS ﬁ-space but not BS ﬁ-space.

5 Conclusion

This study is dedicated to introducing new BS separation axioms called BS f-space (i=0,1,2,3,4). This
type is formulated with respect to ordinary points. We investigated the relationship between these spaces
and their counterparts in both soft topology and classical topology. We also studied how these new spaces
behave in terms of BS subspace. In the literature (see, for example, [33,35]), there are different types of
belong and non-belong relations between ordinary points and BS sets, so some other types of BS separation
axioms can be studied.

Conflict of interest: The authors state that there is no conflict of interest.
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