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Abstract: We introduced a new general class of Prešić-type operators, by enriching the known class of
Prešić contractions. We established conditions under which enriched Prešić operators possess a unique
fixed point, proving the convergence of two different iterative methods to the fixed point. We also gave a
data dependence result that was finally applied in proving the global asymptotic stability of the equilibrium
of a certain k-th order difference equation.
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1 Introduction and preliminaries

A simple literature search reveals the constant interest of researchers for the so-called Prešić-type operators
since the original article [1] was published, with an obvious increase in this interest over the past decade
(see, for example, [2–6] for some of the most recent articles). This increasing number of dedicated papers is
due to the numerous directions in which the initial contraction condition can be generalized, in various
space settings and from different points of view, see, for example, [7–14] and references therein. But
another reason is the interesting application area of the operators defined on product spaces, namely in
studying the solutions of some particular types of difference equations, see, for example, [15–17].

We recall that in a metric space X d,( ), for k a positive integer, and α α α, , , k1 2 �… ∈

+

such that

α α 1i
k

i1∑ = <

=

, a mapping f X X: k
→ is called a Prešić operator if

d f x x f x x α d x x, , , , , ,k k
i

k

i i i0 1 1
1

1( ( ) ( )) ( )
∑

… … ≤

−

=

−

(1)

for all x x X, , k0 … ∈ . It is obvious that for k 1= , this reduces to a Banach contraction condition.
As we have to refer to the original result of Prešić in order to prove our main result, we shall recall it the

way it was formulated in [18], where we added some information regarding the rate of convergence of the
iterative method.

Theorem 1.1. Let X d,( ) be a complete metric space, k a positive integer, and f X X: k
→ a Prešić

operator. Then,
(1) f has a unique fixed point x∗;
(2) the sequence yn n 0{ }

≥
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y f y y y n, , , , 0,n n n n1 ( )= … ≥

+

converges to x∗;
(3) the sequence xn n 0{ }

≥

with x x X, , k0 1… ∈

−

and

x f x x x n k, , , , ,n n k n k n1 1( )= … ≥

− − + −

also converges to x∗, with a rate estimated by

d x x αd x x M θ n, , , 0,n n
n

1( ) ( )≤ + ⋅ ≥

+

∗ ∗

where M 0> and θ 0, 1( )∈ are constant.

The new general class of operators that we shall introduce in the following extends on the one hand the
Prešic operators, but on the other hand the class of enriched Banach contractions introduced in [19], where
more details about the technique of enriching an existing class of operators can be found. Several papers on
different classes of enriched operators have appeared recently (see, for example, [20–27]).

We recall that in a linear normed space X,( )‖⋅‖ , a mappingT X X: → is said to be an enriched (Banach)
contraction if there exist b 0,[ )∈ ∞ and θ b0, 1[ )∈ + such that

b x y Tx Ty θ x y x y X, , .( )‖ − + − ‖ ≤ ‖ − ‖ ∀ ∈

As shown in [19], such operators have a unique fixed point, that can be obtained bymeans of an appropriate
Krasnoselski iteration. This iteration is in fact the Picard iteration of the averaged mappingT X X T: ,λ λ→ =

λ I λT1( )− + , with λ 0, 1( ]∈ , corresponding to the initial operator T X X: → . Among the properties of the
averaged mapping Tλ, we mention the fact that it has the same set of fixed points as the initial operator T .

The article is rather concise and contains three more sections.
In Section 2, we introduce a nice generalization of the averaged mapping, corresponding to the case of

operators defined on product spaces, and the class of enriched Prešić-type contractions. In the same
section, we state the first result of the article, establishing conditions under which enriched Prešić operators
have a unique fixed point and also proving the convergence of two iterative methods to this fixed point.

In Section 3 we prove a data dependence result for enriched Prešić operators.
Based on this theorem, we prove in the last section a result concerning the asymptotic stability of

equilibria for a particular class of difference equations.
Similar research could be carried out for other classes of operators, in various frameworks, or in other

directions, having in view the results in articles like [8,9, 21,28–31].

2 Fixed points of enriched Prešić operators

As the averaged mapping plays an important role in constructing the enriched Banach contractions, see
[19], we start our approach by introducing an analogue of the averaged mapping for the case of operators
defined on product spaces.

Definition 2.1. Let X, ,( )+ ⋅ be a linear vector space, k a positive integer, and T X X: k
→ an operator. For

λ λ λ, , , 0k0 1 … ≥ , with λ 1i
k

i0∑ =

=

and λ 0k ≠ , the operator T X X:λ
k

→

T x x x λ x λ x λ x λ T x x x, , , , , ,λ k k k k k0 1 1 0 0 1 1 1 1 0 1 1( ) ( )… = + + ⋯+ + …

− − − −

(2)

will be called the averaged mapping corresponding to T .

Remark 2.1. One can easily see that, for k 1= , the previous definition reduces toT x λ x λ T xλ 0 0 0 1 0( ) ( )= + , for
x X0 ∈ , where λ λ 10 1+ = , that is, the averaged mapping T X X:λ → mentioned in the previous section.
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Remark 2.2. As in the case of the averaged mapping corresponding to an operator defined on X , it is not
difficult to show that x X∈

∗ is a fixed point of T X X:k
→ if and only if it is a fixed point of the corre-

sponding T X X:λ
k

→ , for some λ 0i ≥ , i k0, 1, ,= … , with λ 1i
k

i0∑ =

=

and λ 0k ≠ .
Indeed, supposing x X∈

∗ such that T x x x x, , ,λ( )… =

∗ ∗ ∗ ∗, it follows that

λ x λ x λ x λ T x x x x, , , ,k k0 1 1 ( )+ + ⋯+ + … =

∗ ∗

−

∗ ∗ ∗ ∗ ∗

so

λ x λ T x x x x1 , , , .k k( ) ( )− + … =

∗ ∗ ∗ ∗ ∗

Since λ 0k ≠ , it follows immediately that T x x x x, , , .( )… =

∗ ∗ ∗ ∗ The inverse is obvious.

Using the averaged mapping defined earlier, we can now define a new general class of Prešić-type
operators:

Definition 2.2. Let X,( ∥ ∥)⋅ be a linear normed space and k a positive integer. A mappingT X X: k
→ is said

to be an enriched Prešić operator if there exist b i k0, 0, 1, , 1i ≥ = … − , and θ i k0, 0, 1, , 1i ≥ = … − , with

θ b 1i
k

i i0
1
( )∑ − <

=

− such that:

b x x T x x x T x x x θ x x, , , , , ,
i

k

i i i k k
i

k

i i i
0

1

1 0 1 1 1 2
0

1

1( ) ( ) ( ) ∥ ∥
∑ ∑

− + … − … ≤ −

=

−

+ −

=

−

+

for all x x x X, , , k0 1 … ∈ .

Remark 2.3. For k 1= , this reduces to the definition of an enriched Banach contraction, see [19].

Remark 2.4. If b b b 0k0 1 1= = ⋯= =

−

in the previous definition, then we obtain the definition of a Prešić
operator, see (1).

Next, we prove that the enriched Prešić operators possess a unique fixed point, which can be obtained
by means of some appropriate iterative methods.

Theorem 2.1. Let X,( ∥ ∥)⋅ be a Banach space, k a positive integer, andT X X: k
→ an enriched Prešić operator

with constants b θ i k, , 0, 1, , 1i i = … − . Then,
(1) T has a unique fixed point x X∈

∗ such that T x x x, , ,( )…

∗ ∗ ∗ ;
(2) There exists a 0, 1( ]∈ such that the iterative method yn n 0{ }

≥

given by

y a y aT y y y n1 , , , , 1,n n n n n1 1 1 1( ) ( )= − + … ≥

− − − −

converges to the unique fixed point x∗, starting from any initial point y X0 ∈ .

(3) There exist λ λ λ, , , 0k0 1 … ≥ with λ 1i
k

i0∑ =

=

and λ 0k ≠ such that the iterative method xn n 0{ }
≥

given by

x λ x λ x λ x λ T x x x, , ,n n k n k k n k n k n k n0 1 1 1 1 1 1( )= + +⋯+ + …

− − + − − − − + −

or simply

x T x x x n, , , , 1,n λ n k n k n1 1( )= … ≥

− − + −

converges to x∗, for any initial points x x x X, , , k0 1 1… ∈

−

.

Proof. If b 0i
k

i0
1

∑ =

=

− (which happens only if b b b 0k0 1 1= = ⋯= =

−

), then T is a Prešić operator and all the
conclusions of Theorem 1.1 follow.

Let us consider that b 0i
k

i0
1

∑ >

=

− . Denoting b bi
k

i0
1

= ∑

=

− , it follows that b 0> .

Now, we take λ 0k b
1

1= >

+

(k is a fixed positive integer) and

Fixed points of enriched Prešić operators  3



λ λ b i k, for 0, 1, , 1 .i k i= = … −

This way, we have λ λ λ, , , k0 1 … with the property that

λ λ λ λ b λ λ b 1 1.
k

i
i

i

k

i k
i

k

k i k k
0 0

1

0

1
( )

∑ ∑ ∑
= + = + = + =

= =

−

=

−

(3)

Since T is an enriched Prešić operator, by replacing the constants b i k, 0, 1, , 1i = … − in the definition
relation (2), we obtain

λ
λ

x x T x x x T x x x θ x x, , , , , , ,
i

k
i

k
i i k k

i

k

i i i
0

1

1 0 1 1 1 2
0

1

1( ) ( ) ( ) ∥ ∥
∑ ∑

− + … − … ≤ −

=

−

+ −

=

−

+

for any x x x X, , , k0 1 … ∈ . By multiplying with λ 0k > , this yields

λ x x λ T x x x λ T x x x θ λ x x, , , , , , .
i

k

i i i k k k k
i

k

i k i i
0

1

1 0 1 1 1 2
0

1

1( ) ( ) ( ) ∥ ∥
∑ ∑

− + … − … ≤ −

=

−

+ −

=

−

+

Now, by denoting α λ θi k i= , for i k0, 1, , 1= … − , this can be written as

λ x λ T x x x λ x λ T x x x α x x, , , , , , ,
i

k

i i k k
i

k

i i k k
i

k

i i i
0

1

0 1 1
0

1

1 1 2
0

1

1( ) ( ) ∥ ∥
∑ ∑ ∑

+ … − − … ≤ −

=

−

−

=

−

+

=

−

+

so having in view the definition of the averaged operator Tλ, this means that

T x x x T x x x α x x, , , , , ,λ k λ k
i

k

i i i0 1 1 1 2
0

1

1∥ ( ) ( )∥ ∥ ∥
∑

… − … ≤ −

−

=

−

+

(4)

for any x x x X, , , k0 1 … ∈ . As T is assumed to be an enriched Prešić operator, according to the definition
θ b 1i

k
i i0

1
( )∑ − <

=

− , so

θ b b1 1.
i

k

i
i

k

i
0

1

0

1

∑ ∑
< + = +

=

−

=

−

It follows that

α λ θ λ θ λ b 1 1,
i

k

i
i

k

k i k
i

k

i k
0

1

0

1

0

1
( )

∑ ∑ ∑
= = < + =

=

−

=

−

=

−

and thus by (4), Tλ is a Prešić operator.
By Theorem 1.1 and having in view Remark 2.2, we have the following conclusions:

(1) Tλ has a unique fixed point x X∈

∗ , which is in the same time the unique fixed point of T .
(2) x∗ can be obtained starting from any y X0 ∈ by means of the iteration

y T y y y n, , , , 1,n λ n n n1 1 1( )= … ≥

− − −

that is, as the limit of the sequence

y λ y λ y λ y λ T y y y n, , , , 1,n n n k n k n n n0 1 1 1 1 1 1 1 1( )= + +⋯+ + … ≥

− −

−

− − − −

equivalent to

y λ y λ T y y y n1 , , , , 1,n k n k n n n1 1 1 1( ) ( )= − + … ≥

− − − −

or simply

y a y aT y y y n1 , , , , 1,n n n n n1 1 1 1( ) ( )= − + … ≥

− − − −

with a 0, 1( ]∈ .
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(3) As practice shows, k-step iterations converge faster than one-step methods. This is possible also in the
case of enriched Prešić contractions, as by Theorem 1.1 applied for Tλ, it follows that the unique fixed
point x∗ can be obtained also starting from any x x x X, , , k0 1 1… ∈

−

by means of the iteration

x T x x x n, , , , 1,n λ n k n k n1 1( )= … ≥

− − + −

that is, as the limit of the sequence

x λ x λ x λ x λ T x x x, , , .n n k n k k n k n k n k n0 1 1 1 1 1 1( )= + +⋯+ + …

− − + − − − − + −

□

3 Data dependence of the fixed point

First, we note a simple but useful property of the averaged mappings corresponding to operators defined on
product spaces.

Lemma 3.1. Let X,( ∥ ∥)⋅ be a linear normed space, k a positive integer, andT U X X, : k
→ two operators. Let

λ λ λ, , , 0k0 1 … ≥ be fixed, such that λ 0k > and λ 1i
k

i0∑ =

=

.
If there exists η 0> such that T x x x U x x x η, , , , ,∥ ( ) ( )∥… − … ≤ , for any x X∈ , then

T x x x U x x x λ η, , , , , , ,λ λ k∥ ( ) ( )∥… − … ≤

for any x X∈ .

Proof. Suppose there is η 0> such that T x x x U x x x η, , , , ,∥ ( ) ( )∥… − … ≤ , for any x X∈ . Let x X∈ . Then,

T x x x U x x x λ x λ x λ x λ T x x x λ x λ x λ x
λ U x x x

λ T x x x U x x x
λ η

, , , , , , , , ,
, , ,

, , , , , ,
.

λ λ k k k

k

k

k

0 1 1 0 1 1( ) ( ) ( )

( )

( ) ( )

‖ … − … ‖ = ‖ + + ⋯+ + … − − − ⋯−

− … ‖

= ‖ … − … ‖

≤

− −

□

Based on this lemma, the following data dependence result can be proved.

Theorem 3.1. Let X,( ∥ ∥)⋅ be a Banach space, k a positive integer, andT X X: k
→ an enriched Prešić operator

with constants b θ i k, , 0, 1, , 1i i = … − . Let U X X: k
→ be an operator satisfying the following conditions:

(i) U has at least a fixed point x XU ∈

∗ ;
(ii) there exists η 0> such that for any x X∈ ,

T x x x U x x x η, , , , , , .( ) ( )‖ … − … ‖ ≤

Then,

x x λ η
α1

,T U
k

‖ − ‖ ≤

−

∗ ∗

where xFix T T( ) { }=

∗ , λk b
1

1i
k

i0
1=

∑ +

=

−

, and α λ θk i
k

i0
1

= ∑

=

− .

Proof. For b 0i
k

i0
1

∑ =

=

− , this reduces to the data dependence of Prešić operators, which has been studied in

[18] in a metric space setting. So, further on we study the case b 0i
k

i0
1

∑ >

=

− .
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Similarly to the proof of Theorem 2.1, we denote b bi
k

i0
1

= ∑

=

− . Then, we take λ 0k b
1

1= >

+

and λ λ bi k i= ,

for i k0, 1, , 1= … − , thus having that λ 1i
k

i0∑ =

=

.

For these values of λ λ λ, , , k0 1 … , we consider the averaged mappings T U X X, :λ λ
k

→ corresponding to
the operators T and U , respectively.

According to Remark 2.2, xT
∗ and xU

∗ are fixed points for Tλ, and Uλ respectively, as well. Then,

x x U x x x T x x x
U x x x T x x x T x x x T x x x

, , , , , ,
, , , , , , , , , , , , .

U T λ U U U λ T T T

λ U U U λ U U U λ U U U λ T T T

( ) ( )

( ) ( ) ( ) ( )

‖ − ‖ = ‖ … − … ‖

≤ ‖ … − … ‖ + ‖ … − … ‖

∗ ∗ ∗ ∗ ∗ ∗ ∗ ∗

∗ ∗ ∗ ∗ ∗ ∗ ∗ ∗ ∗ ∗ ∗ ∗

By Lemma 3.1, this becomes

x x λ η T x x x T x x x
λ η T x x x T x x x x

T x x x x T x x x x x
T x x x x T x x

, , , , , ,
, , , , , , ,

, , , , , , , , ,
, , , , , , .

U T k λ U U U λ T T T

k λ U U U λ U U U T

λ U U U T λ U U U T T

λ U T T T λ T T

( ) ( )

( ) ( )

( ) ( )

( ) ( )

‖ − ‖ ≤ + ‖ … − … ‖

≤ + ‖ … − … ‖+

+‖ … − … ‖+

+⋯+‖ … − … ‖

∗ ∗ ∗ ∗ ∗ ∗ ∗ ∗

∗ ∗ ∗ ∗ ∗ ∗ ∗

∗ ∗ ∗ ∗ ∗ ∗ ∗ ∗ ∗

∗ ∗ ∗ ∗ ∗ ∗

Since T is an enriched Prešić operator, it follows that Tλ is a Prešić operator with constants α λ θi k i= ,
i k0, 1, , 1= … − (see the proof of Theorem 2.1).

Then,

x x λ η α x x α x x α x x λ η α x x ,U T k k U T k U T U T k U T1 2 0‖ − ‖ ≤ + ‖ − ‖ + ‖ − ‖ + ⋯+ ‖ − ‖ = + ‖ − ‖

∗ ∗

−

∗ ∗

−

∗ ∗ ∗ ∗ ∗ ∗

where α α 1i
k

i0
1

= ∑ <

=

− .
The conclusion follows immediately. □

4 Stability for discrete population models. A discussion

In many articles on Prešić-type operators, various nonlinear difference equations of order k which model
population dynamics are traditionally mentioned. An important step for any researcher developing new
iterative methods, including operators on product spaces, is to have a closer look at this wide field of
(potential) applications, understand the language in which it is described, see what kinds of problems are
formulated there, and which are the most used techniques. The literature is very generous in this direction
and the approaches are very diverse.

While the first-order difference equations appear generally in connection with discrete single-species
models, there are also delayed-recruitment models, which involve higher-order difference equations, and
age-class models, which lead to systems of difference equations, some of which can be written in an
equivalent form as higher-order difference equations.

There is a standard approach of models that involve a k-th order difference equation (see, for example,
[32–34]), that is, an equation of the form

x f x x, , .n k n k n1( )= …

+ + −

(5)

The equilibrium is x
∞

such that f x x x x, , ,( )… =

∞ ∞ ∞ ∞

, which is actually a fixed point of f . The
behavior of the solutions xn near an equilibrium x

∞

is of great importance, once x
∞

is determined. An
equilibrium is asymptotically stable if a small change in the initial size x0 of a solution has a small effect on
the behavior of the solutions when n → ∞ or, in other words, if every solution with x0 close enough to x

∞

remains close to x
∞

and tends to x
∞

as n → ∞. Close enough is dictated actually by the second-order term,
which is to be neglected when Taylor’s theorem is applied.

Furthermore, linearization theorems state that an equilibrium is asymptotically stable if and only if all
solutions of the corresponding linearization tend to zero, which basically means that xn → ∞ as n 0→ , if
one starts close enough to x

∞

.
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Now, looking at all this from the position of fixed point theory, we recall a result from [35], see also [18].
The equation (5) has a global asymptotically stable equilibrium (that is, the solutions are stable for any x0,
not only when starting close to the equilibrium) if and only if the operator A X X:f

k k
→ , where

A u u u u u u f u u u, , , , , , , , , ,f k k k1 2 2 3 1 2( ) ( ( ))… = … … is a Picard operator.
Having in view the results proved in this article, the following is obvious:

Theorem 4.1. Let X,( ∥ ∥)⋅ be a Banach space, k a positive integer, andT X X: k
→ an enriched Prešić operator

with constants b θ i k, , 0, 1, , 1i i = … − . Then, the equation

x λ x λ x λ x λ T x x x, , , ,n n k n k k n k n k n k n0 1 1 1 1 1 1( )= + +⋯+ + …

− − + − − − − + −

where x x x X, , , k0 1 … ∈ , has a global asymptotically stable equilibrium.

Although fixed point techniques seem more powerful, at least from a theoretical point of view, as they
enable determining the equilibrium of such an equation-offering error estimates, data dependence results,
etc., they still do not seem to be very popular in the practical approaches, at least not in the literature on
mathematical biology. As the computational instruments have evolved over the past years, it would be
interesting and probably rewarding to re-evaluate what fixed point results could offer regarding methods
and techniques currently used in the study of various population models. This remains an open problem.
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