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Abstract: In this article, we the study generalized family of positive linear operators based on two para-
meters, which are a broad family of many well-known linear positive operators, e.g., Baskakov-Durrmeyer,
Baskakov-Szasz, Szasz-Beta, Lupas-Beta, Lupas-Szasz, genuine Bernstein-Durrmeyer, and Paltanea. We
first find direct estimates in terms of the second-order modulus of continuity, then we find an estimate of
error in the Ditzian-Totik modulus of smoothness. Then we discuss the rate of approximation for functions
in the Lipschitz class. Furthermore, we study the pointwise Griiss-Voronovskaja-type result and also estab-
lish the Griiss-Voronovskaja-type asymptotic formula in quantitative form.

Keywords: Ditzian-Totik modulus of smoothness, Peetre’s K-functional, Griiss-Voronovskaja-type asymp-
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1 Introduction

In approximation theory, linear positive operators (LPO) play a vital contribution to approximate functions
of various classes. In this direction, several operators were constructed by various researchers, but here we
mention the operators related to work, namely, Mihesan-Durrmeyer [1], summation-integral type [2,3] and
references therein. The researchers are attempting to modify the order of approximation of their operators
as well as study their local and global approximation results.

Suppose IL[0, co) is the set of all functions ¢ that are real-valued and defined on [0, co) such that
IC(¥)| < M¢(1 + y?), where a constant M; is dependent on { and M; > 0. In addition, let C,[0, co) denote the

subspace of all continuous functions in I[0, co). Furthermore, let C3[0, co) be the space of all functions

{1
1+y?

exists and is finite. The norm on space IL,[0, co) is

1Kl = sup L4

ye[0,00) 1 + yz .

{ € G0, o) for which lim,_,
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It was shown (see [4]) that for every { € C3[0, o), there hold:
zlsii% Q(¢,6)=0
and
QU 16) <21 + DA + 6)Q, 8), 1>0, (1.1)
where Q({, 8) is the weighted modulus of continuity, given by

¢y + ) - ()
QW 6) = RALMRELAERAES
€0 = S ATy

Using the above definition and in view of (1.1), we may write

W) — (Al < (4 + 1) + (w - WA, w - ul) < 2(1 U - ')(1 + 69, )1 + WA + (W — up).

1.2)
Recently, Gupta [5] studied the general class of family of LPO for ('« C,[0, co) for parameters p, 7 > 0
as:
S0, Y) = ZY V(y)jm BV + YL O), Y20, -
where
ny \V
@, (%)
n =
Yn,v(y) - V! (1 N ﬂ)-ﬁ_v ) (14)
T
nv\WP-1
o+1,p _ n (?)
le V- 1(V) = . ,
o-B(vp,0op +1) (1 N ﬂ)up+vp+1
[0
and

T'(vp)['(op + 1)

B(vp, 1) =
wp. 0p + 1) T'vp+op+1)

having rising factorial (1), = 7(t + 1)...(r + v — 1) and (7)o = 1 (also see [6]). We see that this sequence of
LPO reproduces linear functions.

Stancu [7] presented the modification of renowned Bernstein operators by using real parameters and
discussed some approximation properties. Inspired from this modification, most recently, Alotaibi et al. [8],
Milovanovic et al. [9], Mohiuddine et al. [10], and Mohiuddine and Ozger [11] defined and discussed the
Durrmeyer-Stancu, Stancu-type modification of Szasz-Kantorovich, a-Baskakov-Kantorovich, and a-Bern-
stein-Kantorovich operators, respectively.

Motivated by the study of the above operators and their order of convergence, in the proceeding
section, we will first define the Stancu kind modification of (1.3) and then moment estimates of our newly
defined operators and their bound. An interesting property of LPO is to find the estimate of their differences
using K-functional approach and in terms of appropriate modulus of continuity, so, in Section 3, we discuss
the rate of convergence of our operators, i.e., estimation of error in terms of the usual modulus of continuity
of second order as well as in terms of Ditzian-Totik modulus of smoothness using Peetre’s K-functional
approach. For more details, we refer to [12-22].

In [23], Griiss introduced an inequality, nowadays called Griiss inequality, in which he discusses the
difference between the product of the integrals of two functions and the integral of the product of the same
functions. Furthermore, Andrica and Badea [24] studied Griiss inequality by taking into account positive
linear functionals. Acu et al. [25] extended this inequality for the Bernstein operators, convolution-type
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operators, and Hermite-Fejer interpolation operators. Motivated by the study in this direction (cf. [25-28]),
it is very interesting topic to study Griiss-Voronovskaja asymptotic result for general family of our newly
aforementioned operators. In continuation, we derive the Griiss-Voronovskaja-type approximation theorem
and also establish Griiss-Voronovskaja-type asymptotic result in quantitative form in the last section.

2 Construction of operators and estimates of moments

For real parameters a, b (0 < a < b), we define the Stancu generalization of operators (1.3) as follows:

nv+a

. a
m)dv + Y"’O(y)((—n N b)’ y > 0. 2.1

Sopab( ) = ZY;,v(ijz;E@(v)((
0

v=1

For specific values a = b = 0 in (2.1), we obtain
SEEOC,Y) = Y YE) [ YWY + Y58 0),
v=1
0

which is (1.3).
Equivalently, our operators £32*b(¢, y) can also be written as follows:

Ve (I N (D il ()

v=0

where Y; () is as given in (1.4) and

IY;{}I—’?(V)C( il +;)dv, 1<v<oo
,0,a,b _ n+
o) =10
a
) V=O.
((n+b)

We can obtain the following lemma with the help of Remark 4 of [5].

Lemma 1. The r-th moment is defined as follows:
e, y), e =V, r=0,1,2...

Using the definition of operators (2.1), we obtain

ny +a

e y) =1, LR e y) = T

and

a,p,a,b _ 1 ny _ l
Lal®2(ey y) = 1 D) [az + . 1{(Za(op 1) +0+p)+ op(l + T)ny}}.

Remark 1. Let us define the central moments of r-th order by A,/ ’TP”,""’(y) = ngﬁ’“’b((v - y),¥). Then, central

moments of operators of order 1 and 2 are given as follows:
by

,p,a,b a-
A’?’EIH ) = n+b
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and

NG (Y)_(n+b)2la2+0p {(Za(op 1)+0(1+P))+UP(1+ )”y}] (n+b)

respectively.

Remark 2. We have

lal + Ibly

Aapab <
| W= —=—

3 Direct results
We start this section by discussing the pointwise convergence theorem for (2.1).

Theorem 1. Let { € C,[0, c0). Then, for each y € [0, o), we have

lim Lopabe,y) = {(y). 3.1)

Proof. From Lemma 1, it is evident that

lim £92%b(e;, y) = y™, m=0,1,2.

n—oo

Hence, (3.1) follows by applying the universal Korovkin theorem (see [29]). O

Let Cg[0, 0o) denote the class of bounded and continuous functions on [0, co), normed by

161 =" sup [£(y)I.

ve[0,00)

For & € Cp[0, 00) = {£ € C[0, 00) : £ is uniformly continuous on [0, co)} and § > 0, the modulus of con-
tinuity of order j is given as follows:

wj(§, 8) = sup sup |AJEWI,
0<n<bye[0,00)

where Aé is the jth order forward difference of step length 5. For j = 1, we call it the usual modulus of
continuity which is denoted by w(¢, 8).

Furthermore, let ¥2 = {p € C5[0, 00) : p', p" € Cg[0, c0)}. For & € C3[0, 00), the x-functional is defined
as

(¢, 6) = ;gfjllf— pll + 68lp" 11},

where 6 > 0.
By Theorem 2.4 of [30], there is an absolute constant C > 0 such that

(&, 8) < Cwy(¢, V6),

where w;,(&, ) is the modulus of continuity of the second order of £.
Let us define

AZPEP(y) = sup ATPAP(Y) (1=1,2).
y€[0,00)
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We are now ready to estimate the error of approximation by (2.1) in terms of first- and second-order
moduli of continuity.

Theorem 2. If g € C[0, c0) and y € [0, c0), then

Upab*( 0,p,a,b, 2
»+@ (67)]
I£5245(g) - gl < Cwj| g, V7 . ne + w(g, AZPEP(y))

for any constant C > 0.

Proof. Define the auxiliary operators 2‘,1;?’“""* as

Lopabr(g y)y = eoab(g, y) - g(s) + g(y), 3.2)

ny+a

where s = , ¥ € [0, 00).

By Lemma 1, we see that the operator SZ;TP’“'b’* is linear and preserves the linear functions. Hence,
L2 u —y,y) = 0. (3.3)

Let ¢ € 2. From Taylor’s expansion,
£6) =) + O -y) + [ = w"n)dw, e [0, o)
Using (3.3), we have

SOPabA(C ) = ((y) + Lgpab:s j(u — W wydw, y |-

Hence, by (3.2), one has

Lopabr yy — {(y) = £opob '[(u -w){"(w)dw, y | - f(s - w){"(w)dw.
y y

Now,

22200, y) - Sl < 22 | [ = wi"wdw),y [+ | [ 6= wig"ondw

<[€52%P((u - y)%5 y) + (s - v)AIC"I
< AZPEP () + AZPEP ()OI

For { € ¥? and g € Cp[0, co0), we have

|S02%b(g, y) - g IER2P (g = § )| + 1327, y) = (I + 18() = ()] + 18(s) - g0
<4lg - ¢l + AZPEP(y) + AZEEP I + wg, AZPEP*(y)).

Taking inf.,2, we obtain

opab* + Aop,a,b,* 2
( n,t,2 (y) 4( n,t,1 (Y))) n w(g, A;lf’,f’,la,b,*(y)).

I1£52®b(g) — gl < 4] g,
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In view of 16(g, §) < w,(g, \/5), we obtain

JAZEEPA(y) + AZEEP(1))?

. w(g, AP (y)),

I£52%b(g) - gll < 4w)| g,

which completes the proof. O
For the choice of a = b = 0 in the last Theorem 2, we obtain the following corollary:

Corollary 1. If g € C[0, c0) and y € [0, co), then

JAZEDO () + ATELO(y))?

1£5:2%%g) - gll < Cwy| g, >

w(g, ALY (y)

for any constant C > 0. Note that the operators 22;?’0’0 were discussed in [5].

For { € Cg[0, c0) and § > 0, the Ditzian-Totik modulus of smoothness of second order is defined as
follows:

wy(§,8) = sup  sup  [{(y + o) - 20(y) + {(y - np()I,
0<n<8y+np(y)€[0,00)

where @(y) = y(1 - y).
The corresponding kx-functional is given as follows:

1,0, 6% = inf {I{- gl + 89"},
8ex5(9)

where ¥2(¢) = {g € C3[0, 0) : g' € ACio[0, 0), p?g" € C5[0, 00)} and ¢ is an admissible step-function on
[0, c0).
By Theorem 2.11 of [31], there is an absolute constant C > O such that

Clwp(§, 8) < 16,4(§, 62) < Cw({, 6).

Now, we estimate an error in terms of weighted Ditzian-Totik modulus of smoothness using x-func-
tional approach.

Theorem 3. Let { € C3[0, 00) and y € (0, co). Then,

ntd W) + ARt )y
5890, ) GO0 = G g, VI O+ BREEPG e

o(y)
where ¢(y) = y(1 - y) and Y(x) = |a| + |bly.

Proof. Let the operator Sﬁ;’;’“’b’* be defined as in (3.2). For p € 2 (@) and by Taylor’s series expansion, we
obtain

PO = p(y) + (v - YY) + j(v ~ wp" (wdu. (3.4)
y

Applying Sﬁjﬁ’“’b’* on both sides of (3.4) and in view of (3.2), we obtain
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v S
|eoeabx(p, y) - p(y)| < | £5p%P Ilv —ullp"ldul|,y | + fls — ullp" (w)|du
y y

- Lreb((v - y)2,y)
- P*(y)

S
. (3.5)
o1+ 1921 [l

L ¢ )

_ el
< “’zf’) AZPEY(y) + AZEEP ()2,
since I~ z(u)l < 'V y | for u between v and y.
Now, for ( e CB[O 00) and any p € x2 (@), we write

1S322, y) = (I L5242 = p, I + 1€32%P(p, y) - pW)| + I{(y) — pPW)] + 1{(8) = (W)

< 41¢ - pl + "4"2(1” )" AZEEB(y) + ATLEP D) + (5) - (.

Letting inf,,2 (,, we obtain

A2 () + At ()2 e )
1E5242(, y) - ()| < b | ¢, 02 W(y';’“ wlely + pon? l,,l( |

AvBst () + AgPi> (1) 0.pab

<416, ¢, ') + wy| §, e )I/tnrp,l 62
A5 () + Q™ () 1

< 4K2,g0 (y T2 4(p2(y;,r’l + (Ulp(( + b )y

in view of Remark 2.
Using the equivalence between 1,,({, 6?) and w (( 6), the theorem follows. O

We consider the Lipschitz-type space (see [32]) for parameters ¢, d > O to investigate the approximation
of functions as follows:

Lip§ (@) = {( € Cl0,00): ) - {l s M— Xy y e o, oo)},
v+ cy?+dy):

where a constant M > 0and 0 < p < 1.
The proceeding result gives the degree of approximation for £79'% b¢) for ¢ e Llp(c ().

Theorem 4. Let O < p < 1 and { € Lip{*? (o). Then,

Upab
1890, y) - ()] < [227(”
oy

Ty ] (Vy > 0).

Proof. We first consider to obtain our result for p = 1. Then, for { € Llp(c d)(g) and y > O, we have
|25, y) = (I < £72*P1CW) = WL y)
cmerpa WA
T ((v +cy? + dy)»? y
M

WEU‘D“’(W -yl y),
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since

1 1
< .
v+cey’ +dy  cy?+dy

Using Cauchy’s Schwarz inequality together with Lemma 1, we obtain

apab
120205, y) = ()] < 4 )]

(LR =y YD)V < M( n

LM
(cy? + dy)V? cy? + dy

Thus, result is true for p = 1.
Now, let us prove the result for the case O < p < 1. So,

LR, ) = S < LIS = WL y)

vl
<megpa| WV -IP__
T ((v + cy? + dy)?? y

M
Wzgf Py —yl, y).

In view of Lemma 1 and Hélder’s inequality with p = é and g = ﬁ, we obtain

1S322, ) = I < EF24PACW) = ¢, y) < W@” “(v = yl, ).

It follows from the Cauchy’s Schwarz inequality and Lemma 1 that

apab
ISR, y) ~ ()] < [27(")]
cy? + dy

which completes the proof. O

In the last result of this section, we consider the Lipschitz-type maximal function of order p (see [33]) as

¢y = sup BOZEDL 1o 00) and g e 0,1) 66
v#y,ve[0,00) |V - )’|

to study the local direct estimate for (2.1).
Theorem 5. Let 0 < p < 1 and { € Cg[0, c0). Then,

17242 y) = W < Ca(G, ATES ()2 (¥ € [0, 00)).
Proof. From (3.6), we have

(V) = {W)I < @o({, VIV -yl

and

1E729M(E, ) = I < E724PACW) = SO, ) < @, VTRV = YIR, ).

It follows by using Holder’s inequality with

and Lemma 1 that

1222, y) = S| < @o(S, YIEREVE(W = ¥)2, y))R? < @o(§, YIATES P (y)):.

Consequently, the proof follows. O
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4 Griiss-Voronovskaja-type asymptotic result

We establish the Griiss-Voronovskaja-type theorem for (2.1). First, we derive a Griiss-type approximation
theorem and then prove the Griiss-Voronovskaja-type asymptotic result.
The weighted modulus of continuity is given as follows:

{y+ &) - ()
QW 6) = AN LA A
o= S ATy

for the functions { € C3[0, c0).
Theorem 6. If {, p, {?, p?, and {g € C3[0, co) then for fixed y > O, there holds:
1S322 b(p, y) - La2 (¢, )PP (p, y)| < 0, 00E,(¥),

where

0(y) = 320 + YDA AZLEP ) + 3201 + O + y2PAE, ATLP ()™,

pp(y) is the analogue of p((y), and C is a constant.

Proof. Define £32*b({, p, y) = £32%Y({p, x) — L34, y)L3P%P(p, y). Using Cauchy-Schwarz inequality,
one obtains

IS9P, p,y)l < S5EE(L, ¢, y)\E52 P (p, p. ).

In view of (1.2), we reach to

CoRaB, ) — {(y)] < 21 + Y1 + DA, 6) x £I0wb ((1 . %)(l +z =P, y). @)

Let us define @(y, z, 6) = (1 + %)(1 + (z - ¥)?. So,
2(1 + 6%), lz-yl <6

a(y, z,06) < 5) (z _4},)4

21 + , lz—-yl=6.

Now, combining both cases for all y, z > 0, we obtain
3y, z,6) <201 + 52)[ (- y)“] (4.2)
Combining (4.1)—(4.2), for 0 < § < 1, we obtain
S22, ) - ¢ <1601+ )1+ AT ) 0 G 6) 43)

We can write

SRS, ) = SRR ONER ) - ) + §H) — (L7240, v))?
= SRR y) = ) + €)= L724PE IC W) + £, y)).

Now,

S, y) ISR+ £y) _ Ig1CA +y?)
1+y?2 1+y? 1+y?

= CI¢ll.

So, we have

|59, ¢l < 1E5L%P2, y) = QDL+ 1§(y) = £5295¢, I + MISh)A + y).
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Furthermore, using (4.3), we obtain

1 1
|E72%0(, ¢, y)l < 16(1 + yZ)(l + Wiﬁf’%y))o((z, 8) +16(1 + O)lI¢l(1 + y2>2(1 + yfl,:’:#’:f’b(y))o((, 8).
Choosing 6 = (A,Zﬁf’b(y))%, we obtain

2020, ¢yl < 3201+ y)0(§2 AZEE (D) + 320 + OIS + y27 0(¢, AL ())).

We find similar estimate for |£52*P(p, p, y)|. o

Next, we discuss the quantitative Voronovskaja-type result with a view of (2.1) for functions belonging
to C3[0, c0).

Theorem 7. If {, {', and {" € C3[0, 00), then for y € [0, 0o0), there holds

areeta)”
< 16(1 + yz)g[(", (A’;;;;’b(y) ATP(y).

n,t,2

L2, y) - ¢(y) - %(”(V)yri}pfza’b(Y)

Proof. We obtain our result by proceeding along the similar lines of the proof of Theorem 2 of [26], hence
the details are omitted. O

Finally, we prove the following Griiss-Voronovskaja-type quantitative result for Sg;’;’“’b .

Theorem 8. Let {, p, {p, {', p', ({p)', {", p", and ({p)" € C3[0, 00), then at any point y € [0, co), we have
n|E3L P (p, y) — L2V, LT (p, y) - Ari'f,'za'b(J’)('()’)p'()’)|

aeeton ) Areeton )™
2 g,p,a,b " n1,6 2 " n,t,6
< 16(1 + yOn AZP5 " (y) Q[((p) , (Aa,p,a,b(y) + 1€ + yHQ| p”, AopaTy,

n,t,2 n,T,2

Apparon )
+ Il + y)e ¢, | 2= + nh({h(p),
Anes ()
where
_ l " 2 ZAa,p,a,b 2y Aa,p,a,b 1 Aa,p,a,b
hn(() = "C "2(1 4 ) n,t,2 ()/) + 2| n,t,3 ()/)| + 2 'n,1,4 (Y)
2 1+y 1+y

and hy(p) is the analogue of hy(().

Proof. By Taylor’s series expansion, we have
SR, y) = LN, TR D, y) - L3N - Y2 Y (P (Y)
LRt (v -y, y)
= LR, y) = Sp(y) - (DD

Ea,p,a,b _ 2,
—((y)[ opab(p,y) - p(y) - ==~ ((‘; ) Y)p”(y)]

Sg,;f),a,b _ 2’ Y
—p(y)[sz;e’“”’«,y)—ay)— P -y) ”cm]

2
+ (p(y) = L5322 (p, y)). (E32*2(,y) - ¢(y) =L+ L+ T + L.
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Using Theorem 7, we obtain

Modified summation-integral type operators

— 11

AZLEb) )
T < 16(1 + y)Qf (¢p)", W Ats (),
n,t.
e OO
Il <16[¢(»)IA + y)HQ P, (W /l;gf,’za’b(y%
n,t,2
P e I T
5| < 16]p(y)I(1 + y)Q| ", A0paB(y Aty ()
n,t,2
Next, since { € C3[0, co0), we can write
1
SRR Ey) = () = SRR = )% ),

and hence, we obtain

1£7242, y) = Sl < Sﬁjf’“’b(l("(f)l(v -V4Y)

wherev < £ < y.

If ¢ lies between v and y, then we obtain 1 + £2 < 1 + y2.

15" I2(1

1S322, y) = Sl <

Moreover, if & lies between y and v, then we obtain 1 +

1
< ||(”||25£z:$’“”’((1 +EDW -2 y),

So, in this case, we obtain

+Y)Aapab

n,t,2

).

&2 <1+ v2 So, we obtain

n
252G, y) - ¢l R azped@ s v -y y)
n
IEE @ yngpet) + e ) + 43880,
Therefore, by combining the two cases of &, we obtain
"lL(1 + y?
2844 y) - ()] < W{mm ") + —2oATEEHy) + A ”(y)} )
Analogously, we determine Iﬂg;/}’“’b(p, y) = p(y¥)| < hy(p). Thus, we reach to
e P (o, y) - LR, LT (p, y) AZEEP NS (P ()
At b))
< 16(1 + y»)n Of (¢(p)", “—b 725 (y)
Ants”"(¥)
o280y
n,t o,p,a,b
+ 16]|¢1.(1 + yH)?nQ| p (Agp ab(y) A 25" (y)
n,7,2
AZ2eby) )
+ 16Iplb(1 + y)Qf ¢", [ 22t MTP(Y) + nin(Ohn(p).
An fz ()/)

Hence, the result of the theorem is established.
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5 Conclusion

In our discussion, we defined the Stancu-type modification of £72(¢, y) with the help of parameters by

AN X nv \VP-1
ey =50 G [« o0+ (%)
n,t ’ = V! (1 " %>T+v ) ol'(vp)I'(op + 1)' (1 N ﬂ)o'p+vp+1

X ((Y;V:;)dv+ ; +1%>T((n Z b).

We discussed several approximation results for (5.1), namely, pointwise convergence, degree of approx-
imation, error estimations by means of suitable moduli of continuity as well as moduli of smoothness,
Griiss-Voronovskaja-type results, etc.

By taking different values and limiting conditions of parameters 7 and o in (5.1), we obtain various
linear positive operators, which were studied by several authors. In Table 1, we see that our operators
,eg;f;»a’b(( , ¥) reduced to several previously studied operators.

(5.1)

Table 1: The operators 22;?'""’((, y) for some specific values

For the choice of (5.1) reduces to Studied in
a=b=0 The operators £32(Z, y) [5]
a=b=0,p=1,7T=0—> o0 Phillips operators [34] (also see [35])
a=b=0,p=11=0=n Baskakov-Durrmeyer type operators [36]
a=b=0,p=1,71#0,71=n,0 > oo Baskakov-Szasz type operators [37]
a=b=0,p=1,1+0,0=n,T—> o0 Szasz-Beta type operators [38]
a=b=0,p=1,t1#0,1=ny,0=n Lupas-Beta integral operators [39]
a=b=0,p=1,1+0,T=ny,0 > oo Lupas-Szasz operators [40]
a=b=0,p=1,1=0="-n Genuine Bernstein-Durrmeyer operator [41] (also see [42])
a=b=0,p>0,1=0—> o0 Paltanea operators [43]

It is worth noting to the reader that one can further modify these operators to improve the order of
approximation by taking their linear and iterative combination and studying their approximation properties.
Moreover, the g-variant of these operators may also be constructed and studied.
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