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1 Introduction

A proper graded ideal P of R is said to be graded prime if whenever x, y € h(R) such that xy € P, then either
x € P or y € P. Graded prime ideals have been admirably introduced and studied in [1]. Graded prime
submodules have been introduced by Atani in [2]. A proper graded R-submodule N of M is said to be graded
prime if whenever r € h(R) and m € h(M) such thatrm € N, then eitherm € N orr € (N : M). Graded prime
submodules have been widely studied by several authors, for more details one can look in [3-6]. Atani
introduced in [7] the concept of graded weakly prime ideals. A proper graded ideal P of R is said to be a
graded weakly prime ideal of R if whenever x, y € h(R) such thatO0 # xy € P, thenx € Pory € P. Also, Atani
extended the concept of graded weakly prime ideals into graded weakly prime submodules in [8]. A proper
graded submodule N of M is called graded weakly prime if forr € h(R) and m € h(M) with O # rm € N, either
meNorre (N:gp M).

Let M and S be two G-graded R-modules. An R-homomorphism f: M — S is said to be graded R-homo-
morphism if f(M,) < Sg forall g € G (see [9]). Graded second submodules have been introduced by Ansari-
Toroghy and Farshadifar in [10]. A nonzero graded R-submodule N of M is said to be graded second if for
each a € h(R), the graded R-homomorphism f: N — N defined by f(x) = ax is either surjective or zero. In
this case, Anng(N) is a graded prime ideal of R. Graded second submodules have been wonderfully studied
by Ceken and Alkan in [11]. On the other hand, graded secondary modules have been introduced by Atani
and Farzalipour in [12]. A nonzero graded R-module M is said to be graded secondary if for each a € h(R),
the graded R-homomorphism f: M — M defined by f(x) = ax is either surjective or nilpotent.

The main purpose of this article is to follow [13] in order to introduce and study the concept of graded
I-second submodules of a graded R-module M as a generalization of graded second submodules of M and
achieve some relevant outcomes. Among several results, we show that a graded second submodule is a
graded I-second submodule for every graded ideal I of R, but we prove that the converse is not true in
general (Examples 2.5, 2.6, and 2.7). We follow [14] to introduce the concept of graded I-prime ideals of a
graded ring R, we show that a graded prime ideal is a graded I-prime ideal for every graded ideal I of R, but
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we prove that the converse is not true in general (Example 2.16). We prove that if N is a graded I-second
R-submodule of M such that Anng((N : I)) € IAnng(N), then Anng(N) is a graded I-prime ideal of R
(Proposition 2.21). We show that if M is a graded comultiplication R-module and N is a graded R-submodule
of M such that Anng(N) is an I-prime ideal of R, then N is a graded I-second R-submodule of M (Proposition
2.23). We prove that if M is primary, then every proper graded {0}-second R-submodule of M is a graded
primary R-submodule of M (Proposition 2.27). In Proposition 2.28, we study graded I-second submodules
under graded homomorphism. Finally, in Proposition 2.29, we study the relation between graded I-second
submodules of M and I,-second submodules of M, when |G| = 2.

1.1 Preliminaries

Throughout this article, G will be a group with identity e and R will be a commutative ring with a nonzero
unity 1. R is said to be G-graded if R = @gg(;Rg with RgR, € Rgp, forall g, h € G, where R, is an additive sub-
group of R for all g € G. The elements of R; are called homogeneous of degree g. Consider supp(R, G) =

{g € G: Ry # O}. If x € R, then x can be written uniquely as de ¢ Xg» Where X, is the component of x in R,.

Also, h(R) = [ge Rg. Moreover, it has been proved in [9] that R, is a subring of Rand 1 € R..

Let I be an ideal of a graded ring R. Then I is said to be a graded ideal if I = @gcc(I N Ry), i.e., for x € I,
X = ZgEGxg, where xg € I for all g € G. Let R be a G-graded ring and I be a graded ideal of R. Then R/I is
G-graded by (R/I); = (R, + I)/I for all g € G.

Assume that M is a left R-module. Then M is said to be G-graded if M = @gcMg with RgM;, < Mgy, for all
g, h € G, where M is an additive subgroup of M for all g € G. The elements of M, are called homogeneous
of degree g. Also, we consider supp(M, G) = {g € G : Mg # 0}. It is clear that M, is an R.-submodule of M
for all g € G. Moreover, h(M) = | Jgec M. Let N be an R-submodule of a graded R-module M. Then N is said
to be graded R-submodule if N = @gc(N N M), ie., forx e N,x = dec;xg’ wherex, € N forall g € G.Let M
be a G-graded R-module and N be a graded R-submodule of M. Then M/N is a graded R-module by (M/N); =
(Mg + N)/N for all g € G.

Lemma 1.1. [15] Let R be a G-graded ring and M be a G-graded R-module.

1. If I and ] are graded ideals of R, then I + J and I n J are graded ideals of R.

2. If N and K are graded R-submodules of M, then N + K and N n K are graded R-submodules of M.

3. If Nis a graded R-submodule of M, r € h(R), x € h(M), and I is a graded ideal of R, then Rx, IN, and rN are
graded R-submodules of M. Moreover, (N :g M) = {r € R : rM < N} is a graded ideal of R.

Similarly, if M is a graded R-module, N a graded R-submodule of M, and m € h(M), then (N :x m) is
a graded ideal of R. Also, it has been proved in [16] that if N is a graded R-submodule of M, then Anng(N) =
{r e R : rN = {0}} is a graded ideal of R.

In [17], a proper Z -graded R-submodule N of M is said to be graded completely irreducible if whenever
N = (Nkea Nk, where {Ni}xea is a family of Z -graded R-submodules of M, then N = N for some k € A. In [16],
the concept of graded completely irreducible submodules has been extended into G-graded case, for any
group G. It has been proved that every graded R-submodule of M is an intersection of graded completely
irreducible R-submodules of M. In many instances, we use the following basic fact without further
discussion.

Remark 1.2. Let N and L be two graded R-submodules of M. To prove that N < L, it is enough to prove that if
K is a graded completely irreducible R-submodule of M such that L ¢ K, then N ¢ K.
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2 Graded /-second submodules

In this section, we introduce and study the concept of graded I-second submodules.

Let Q(M) be the set of all graded completely irreducible R-submodules of M. Assume that P is a graded
prime ideal of R and N is a graded R-submodule of M. Then we define I}JV’(N ) = Nkeaan{K : ¥N ¢ K for some
r € h(R) — P}. The following lemma gives some characterizations for graded second R-submodules.

Lemma 2.1. Let N be a graded R-submodule of a graded R-module M. Then the following are equivalent.

1. If N + {0}, K is a graded completely irreducible R-submodule of M andr € h(R) such thatrN < K, then either
rN ={0} or N c K.

2. N is a graded second R-submodule of M.

3. P = Anng(N) is a graded prime ideal of R and I}(N) = N.

Proof. (1) = (2): Suppose that r € h(R) and rN # {0}. If rN € K for some graded completely irreducible
R-submodule K of M, then by assumption, N ¢ K. Hence, N € rN.

(2) = (3): By [10], P = Anng(N) is a graded prime ideal of R. Now, let K be a graded completely
irreducible R-submodule of M and r € h(R) — P such that rN € K. Then N ¢ K by assumption. Therefore,
N ¢ IM(N). The reverse inclusion is clear.

(3) = (1): Since Anng(N) is a graded prime ideal of R, N # {0}. Let K be a graded completely irreducible
R-submodule of M and r € h(R) such that rN ¢ K. Suppose that rN # {0}. Then r € h(R) — P. Therefore,
IM(N) ¢ K. But I¥(N) = N by assumption. Hence, N < K, as desired. ]

Lemma 2.2. Let M be a G-graded R-module and N a graded R-submodule of M. If r € h(R), then (N :y 1) =
{m e M : rm € N} is a graded R-submodule of M.

Proof. Clearly, (N :) r) is an R-submodule of M. Let m € (N :); r). Then rm € N. Now, m = de(; mg,
where mg € Mg for all g € G. Since r € h(R), r € Ry, for some h € G and then rmg € My < h(M) for all

g € G such that dec mg = r(zgeGmg> =rm € N. Since N is graded, rm,; € N for all g € G, which implies
that mg € (N :y 1) for all g € G. Hence, (N 3y r) is a graded R-submodule of M. O

Similarly, if N is a graded R-submodule of M and I is a graded ideal of R, then (N :; I) is a graded
R-submodule of M.

Proposition 2.3. Let M be a graded R-module, I be a graded ideal of R, and N be a nonzero graded R-sub-

module of M. Then the following statements are equivalent:

1. For each r € h(R), a graded R-submodule K of M, re€ (K :g N) — (K :g (N :y I)) implies that NCK orr €
Anng(N);

2. Foreachr ¢ (rN :g (N :y 1)) N h(R), we have rN = N or rN = {0};

3. (K :g N) = Anng(N) U (K :g (N 3 I)), for any graded R-submodule K of M with N ¢ K;;

4. (K :g N) = Anng(N) or (K :g N) = (K :g (N :p 1)), for any graded R-submodule K of M with N ¢ K.

Proof. (1) = (2): Letr ¢ (rN :x (N :y I)) n h(R). Then as rN < rN, we have N € rN or rN = {0} by part (1).
Thus, rN = N or rN = {0}.

(2) = (1): Let r € h(R) and K be a graded R-submodule of M such that r € (K :x N) — (K ;g (N ;1 I)).
Thenifr € (rN :g (N ) I)), thenr € (K :g (N :1 I)), which is a contradiction. Thus,r ¢ (rN :z (N :3; I)). Now,
by part (2), rN = N or rN = {0}. So, N € K or rN = {0}, as desired.

(1) > (3): Letr e (K:g N)and N ¢ K.Ifr ¢ (K :g (N :y I)), thenr ¢ Anng(N) by part (1). Hence, (K :g N)
Anng(N).Ifr € (K :g (N:y I)),then(K: gN) € (K: r(N :p I)). Therefore, (K :z N) € Anng(N) U (K :z (N :1 I)).
The other inclusion is clear.

(3) = (4): If a graded ideal is a union of two graded ideals, then it is equal to one of them.

(4) = (1): Obvious. O
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Definition 2.4. Let M be a graded R-module, I be a graded ideal of R, and N be a nonzero graded
R-submodule of M. Then N is said to be a graded I-second R-submodule of M if N satisfies the equivalent
conditions of Proposition 2.3.

Clearly, every graded second submodule is a graded I-second submodule for every graded ideal I of R.
However, the following examples prove that the converse is not true in general.

Example 2.5. Every graded R-module M is a graded I = {O}-second R-submodule of itself, but not every
graded R-module is a graded second R-submodule of itself.

Example 2.6. Consider R = Z, M = Z[i], and G = Z,. Then R is trivially G-graded by Ry = R and R, = {0}.
Also, M is G-graded by My = Z and M; = iZ. Now, N = Z is a graded R-submodule of M. If I = R, then N is
a graded I-second R-submodule of M that is not a graded second R-submodule of M.

Example 2.7. Consider R = Z, M = Zy,|i], and G = Z,. Then R is trivially G-graded by R = Rand R = R, =
R; = {0}. Also, M is G-graded by My = Z,, M, = iZ,, and M; = M5 = {0}. Now, N = 3Z, is a graded R-sub-
module of M. If I = 47 ,then Nis a graded I-second R-submodule of M that is not a graded second R-submodule
of M.

Remark 2.8.

1. IfI = R, then every graded R-submodule of M is a graded I-second R-submodule of M. So in the rest of our
article, we can assume that I # R.

2. If Condition (1) in Proposition 2.3 holds for graded completely irreducible submodules, that is, if for each
r € h(R), and a graded completely irreducible R-submodule L of M, r € (L :zg N) — (L :g (N :) I)) implies
that N € L or r € Anng(N), we cannot achieve that N is a graded I-second R-submodule of M (as in
Lemma 2.1 for graded second submodules), see the following example:

Example 2.9. Consider R = Z, M = Z[i], and G = Z,. Then R is trivially G-graded by Ry = R and R, = {0}.
Also, M is G-graded by My = Z and M, = iZ. Now, N = 27 is a graded R-submodule of M. If I = 47, then N
is not a graded I-second R-submodule of M, but Condition (1) in Proposition 2.3 holds for graded completely
irreducible R-submodules of M.

Proposition 2.10. Let M be a graded R-module and I, I, be graded ideals of R such that I, € L. If Nis a graded
I-second R-submodule of M, then N is a graded L-second R-submodule of M.

Proof. Since I, ¢ I,, we conclude that N ;g N) — (r{N :g (N :;y b)) € (rN :g N) — (rN ;g (N ;31 L)) for each
r € h(R). So, the result holds. (|

Corollary 2.11. Let M be a graded R-module. Then every graded {0}-second R-submodule of M is a graded
I-second R-submodule of M for each graded ideal I of R.

Definition 2.12. Let M be a G-graded R-module, I be a graded ideal of R, N be a nonzero graded R-sub-
module of M, and g € G. Then Nis said to be a g-I-second R-submodule of M if for eachr € R,, and a graded
R-submodule K of M, r € (K :g, N) — (K :g, (N :y, I)) implies that N € K or r € Anng,(N).

Definition 2.13. Let M be a G-graded R-module and g € G. A nonzero graded R-submodule N of M is said to
be a g-second R-submodule of M if K is a graded R-submodule of M and r € R; such thatrN ¢ K, then either
rN ={0}or Nc K.

Proposition 2.14. Let M be a G-graded R-module and g € G. If N is a g-I-second R-submodule of M which is
not graded g-second, then Anng (N)(N :p, I) < N.
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Proof. Suppose that Anng (N)(N :p, I) ¢ N. We show that N is a g-second R-submodule of M. Let rN € K
for some r € R, and a graded R-submodule K of M. If r ¢ (K :g, (N :pg, I)), then N is a graded g-I-second
R-submodule implies that N ¢ K or r € Anng(N) as required. Assume that r € (K :g, (N :p, I)). Suppose
that r(N :p, I) ¢ N. Then there exists a graded R-submodule L of M such that N ¢ L with r(N :g, I) ¢ L,
and thenre (KNL:g, N) - (KNL:g (N:py I). So, NcKnLorre Anng(N) and hence Nc K orr €
Anng (N). Assume that r(N :p, I) € N. If Anng (N)(N :p, I) ¢ K, then there exists t € Anng (N) such that
t ¢ (K:g, (N:y, I)). Then t + 1€ (K:g, N) - (K :g, (N :p, I)). Thus, NC K or t + r € Anng(N) and hence,
Nc K or r e Anng(N). Assume that Anng (N)(N :y, I) € K. Since Anng (N)(N :y, I) £ N, there exist
t € Anng(N), and a graded R-submodule T of M such that Nc T and #(N :y, I) ¢ T. Now we have
r+te(nT: N)-(KnT:g, (N:y D). So, N is a g-I-second R-submodule of M gives Nc Kn T or
r +t € Anng,(N). Hence, N € K orr € Anng(N), as needed. O

In the following definition, we follow [14] to introduce the concept of graded I-prime ideals of a graded
ring R.

Definition 2.15. Let R be a graded ring and I be a graded ideal of R. Then a proper graded ideal P of R is said
to be graded I-prime if for x, y € h(R) such that xy € P — IP, then either x ¢ P or y € P.

Clearly, every graded prime ideal is a graded I-prime ideal for every graded ideal I of R. However,
the following example shows that the converse is not true in general.

Example 2.16. Consider R = Zp[iland G = Z,. Then Ris G-graded by Ry = Z15, B, = iZ3,and Ry = R; = {O}.
If we take P = I = {4), then Pis a graded I-prime ideal of R which is neither graded prime nor graded weakly
prime.

Lemma 2.17. Let R be a G-graded ring, I be an ideal of R, and ] be a graded ideal of R such that J < I. Then I is
a graded ideal of R if and only if I/] is a graded ideal of R/J.

Proof. Suppose that I is a graded ideal of R. Clearly, I/] is an ideal of R/J. Let x + J € I/]. Then x € I and

since Iis graded, x = deﬁxg, where x; € [ forall g € Gand then(x + J); = x; + J € I/] forall g € G. Hence,
I/] is a graded ideal of R/J. Conversely, let x € I. Then x = )

(xg +]) € Ry +])/] = (R/])g for all g € G such that

Y (x+ ) = Z(xgu):(z ng+J=x+Je1/].

geG geG 8eG

<G Xg» Where Xg € Rg for all g € G and then

Since /] is graded, x; + J € I/] for all g € G, which implies that x, € I for all g € G. Hence, I is a graded
ideal of R. O

Proposition 2.18. Let P be a proper graded ideal of R. Then P is a graded I-prime ideal of R if and only if P/IP
is a graded weakly prime ideal of R/IP.

Proof. Suppose that P is a graded I-prime ideal of R. By Lemma 2.17, P/IP is a graded ideal of R/IP. Let
x + IP,y + IP € h(R/IP) such that O + IP # (x + IP)(y + IP) € P/IP. Then x, y € h(R) such that xy € P — IP,
and then x e Pory € P. So, x + IP € P/IP or y + IP € P/IP. Hence, P/IP is a graded weakly prime ideal
of R/IP. Conversely, let x, y € h(R) such that xy € P — IP. Then x + IP, y + IP € h(R/IP) such that O + IP #
(x + IP)(y + IP) € P/IP, and then x + I[P € P/IP or y + IP € P/IP. So, x € P or y € P. Hence, P is a graded
I-prime ideal of R. O
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Proposition 2.19. Let I and ] be two graded ideals of R such that I < ]. Then every graded I-prime ideal of R is
graded J-prime.

Proof. Let P be a graded I-prime ideal of R. Then the result follows from the fact that P - JP c P - IP. O

The following example shows that if I and J are two graded ideals of R such that I ¢ J and P is a graded
J-prime ideal of R, then P does not need to be graded I-prime.

Example 2.20. Consider R = Zy[x] and G = Z. Then R is G-graded by R; = Z,px for j > 0 and R; = {0}
otherwise. Choose I = {0}, J = <4), and P = {4x), then I, ], and P are graded ideals of R such that I c J,
P — IP = {4x) - {0}, and P - JP = &. Clearly, P is a graded J-prime ideal of R but not graded I-prime.

Proposition 2.21. Let M be a graded R-module and N be a graded R-submodule of M. If N is a graded I-second
R-submodule of M such that Anng((N :3; I)) € IAnng(N), then Anng(N) is a graded I-prime ideal of R.

Proof. By [16], Anng(N) is a graded ideal of R. Let xy € Anng(N) — IAnng(N) for some x, y € h(R). Then
XN € (0 31 y). As xy ¢ IAnng(N) and Anng((N :p I)) € IAnng(N), we have xy ¢ Anng((N :p I)). This implies
that x ¢ ((0 ;1 ¥) (N :y I)). Thus, x € Anng(N) or N € (0 :; y). Hence, x € Anng(N) or y € Anng(N), as
required. O

Corollary 2.22. If M is a graded faithful R-module and N is a graded {0}-second R-submodule of M, then
Anng(N) is a graded weakly prime ideal of R.

Proof. Apply Proposition 2.21 with I = {0}. O

Graded comultiplication modules have been introduced by H. A. Toroghy and F. Farshadifar in [18];
a graded R-module M is said to be graded comultiplication if for every graded R-submodule N of M,
N = (0 : I) for some graded ideal I of R, or equivalently, N = (O :)y Anng(N)). The concept of graded
comultiplication modules has been studied by several authors, for example, see [19,20].

Proposition 2.23. Let M be a graded comultiplication R-module and N be a graded R-submodule of M.
If Anng(N) is an I-prime ideal of R, then N is a graded I-second R-submodule of M.

Proof. Let r € (K:x N) — (K :g (N :)y I)) for some r € h(R) and a graded R-submodule K of M. As M is
a graded comultiplication R-module, there exists a graded ideal J of R such that K = (0 :); J). Thus,
r] € Anng(N). Since r ¢ (K :g (N iy 1)), we have Jr(N i I) # {0}. This implies that Jr ¢ Anng((N 3 I).
Since clearly, IAnng(N) < Anng((N :) I)), we have rJ ¢ IAnng(N). Thus, r € Anng(N) or J € Anng(N) by
([14], Theorem 2.12), and so N € (0 ;)1 J) = K. O

Corollary 2.24. Let M be a graded comultiplication R-module and N be a graded R-submodule of M.
If Anng(N) is a weakly prime ideal of R, then N is a graded {0}-second R-submodule of M.

Proof. Apply Proposition 2.23 with I = {0}. O

The next example shows that the condition “M is a graded comultiplication R-module” in Corollary 2.24
is necessary.

Example 2.25. Let R = Z and M = Z & Z. Consider the trivial graduation of R and M by any group G. Then
M is not a graded comultiplication R-module. Now, N = 2Z & {0} is a graded R-submodule of M such that
Anng(N) = {0} is a weakly prime ideal of R, but N is not a graded {0}-second R-submodule of M.
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Proposition 2.26. Let I be a graded ideal of a graded ring R and M be a graded R-module. Let N be a graded
I-second R-submodule of M. If L is a graded R-submodule of M with L c N, then N/L is a graded I-second
R-submodule of M/L.

Proof. Similar to the proof of Lemma 2.17, one can prove that N/L is a graded R-submodule of M. The result
follows by r ¢ (r(N/L) :g (N/L :py1 I)) implies thatr ¢ (rN :zg (N 3 I)). O

Graded primary ideals have been introduced and studied in [21]. A proper graded ideal P of R is said to
be graded primary if for x, y € h(R) such that xy € P, then either x € P or y € Grad(P), where Grad(P) is the
graded radical of P, and is defined to be the set of all r € R such that for each g € G, there exists a positive
integer ng that satisfies rgf'g € P. One can see that if r € h(R), then r € Grad(P) if and only if r" € P for some
positive integer n. In [22], a proper graded R-submodule N of M is said to be graded primary if whenever
r € h(R) and m € h(M) such that rm € N, then eitherm € N orr € Grad((N :zx M)). An R-module M is said to
be a primary R-module if {0} is a primary R-submodule of M.

Proposition 2.27. Let M be a graded R-module. If M is primary, then every proper graded {0}-second
R-submodule of M is a graded primary R-submodule of M.

Proof. Let N be a proper graded {0}-second R-submodule of M and rm € N for some r € h(R) and m € h(M).
If r ¢ *N :g M), then rN = {0} or rN = N since N is a graded {0}-second R-submodule of M. If rN = {0},
then r?m ¢ rN = {0}. Now as M is primary, m = 0 or r € Grad((0 :x M)). This implies that m ¢ N or
r € Grad((N :z M)), as required. If rN = N, then rm = ra for some a € N. This implies that m = a € N or
r € Grad((0 ;g M)) < Grad(N :x M)) since M is primary. Suppose that r € (rN ;g M). Then rm € rM < rN.
Therefore, similar to the pervious case we are done. O

Let M and S be two G-graded R-modules. An R-homomorphism f: M — S is said to be graded R-homo-
morphism if f(Mg) < S, for all g € G (see [9]).

Proposition 2.28. Let I be a graded ideal of a graded ring R, M and S be graded R-modules, andlet f : M — S
be an injective graded R-monomorphism. If K is a graded I-second R-submodule of S such that K ¢ Im(f), then
fYK) is a graded I-second R-submodule of M.

Proof. Since K + {0} and K < Im(f), we conclude that f~1(K) # {0}. Letr ¢ (rf 1(K) :r(f1(K) :)1 I)) for some
r € h(R). Thenr ¢ (1K :g (K :s I)). Thus, rK = {0} or rK = K. This implies that rf1(K) = {0} or rf1(K) = f1(K),
as needed. O

Proposition 2.29. Let G = {e, g}, where g + e. Suppose that R is a nontrivially G-graded ring withR = R, & R,
I'is a graded ideal of R, and M is a nontrivially G-graded R-module by M = M. ® M. Assume that N is an
R.-submodule of M,. Then N & {0} is a graded I-second R-submodule of M if and only if N is an I,-second
R-submodule of M, and forr € (N :g, (N :y, L)) withrN # {0} and rN # N, we have r € Anng,((0:p, ).

Proof. Suppose that N @ {0} is a graded I-second R-submodule of M. Let r ¢ (rN :g, (N :p, I.)). Then r ¢
(r(N @ {0}) :g (N @ {0} :)y I)). Since N & {0} is graded I-second, either r(N @ {0}) = N @ {0} or r(N & {0}) =
{0} @ {0}. Thus, either rN = N or rN = {0}, so N is I,-second. Assume that r € (rN:g,(N :p, o)) with rN # {0}
and rN # N. Suppose thatr ¢ Anng,((0 :y, L)). Then there exists x € M such that Ix = {0} and rx # 0. This
implies thatr(0, x) e r(N & {0} 3y I) — r(N & {0}). So, since N & {0} is graded I-second, either r(N @ {0}) = N & {0}
or r(N @ {0}) = {0} ® {O}. Thus, either rN = N or rN = {0}, which is a contradiction. So, r € Anng,((0 :p, L)).
Conversely, letr ¢ (r(N @ {0}) :x (N @ {O} :p; I)). ThenifrN = N orrN = {0}, the result is clear. So, suppose that
rN # Nand rN # {0}. We show thatr ¢ (rN :z, (N :y, L)), and this contradiction proves the result because N is
an I-second R.-submodule of M,. Assume on the contrary that r € (rN :g, (N :p, I)). Then by assumption,
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r € Anng,((0 M, I.)). This implies that if (x, y) € N & (0 3y I), thenr(x, y) € r(N & {0}). Therefore,r € (r(N & {0})
:R(N @ {0} 3 I)), which is a desired contradiction. O

Acknowledgement: The authors gratefully thank the referees for the constructive comments, corrections,
and suggestions, which definitely help to improve the readability and quality of the article.
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