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1 Introduction

Kasahara [1] defined an operator associated with a topology, namely, an a operator. He initiated some
concepts that are equivalent to those given in topological spaces when the operator is the identity operator.
Also, he studied a-closed graphs of a-continuous functions and a-compact spaces. Then, Jankovic [2] used
a operator to introduce a-closure of a set and give some characterizations on a-closed graph of functions.
Later, Ogata [3] defined the notion of y-open sets to study operator-functions and operator-separation.
Rosas and Vielma [4] investigated some features of operator-compact spaces and defined the concept of
operator-connected spaces. Kalaivani and Krishnan [5] formulated the concept of a-y-open sets in a topo-
logical space and studied their corresponding closure and interior operators. Quite recently, many notions
of operators have been investigated on different classes of open sets and generalizations of open sets;
see [6-15].

In 1983, Mashhour et al. [16] introduced supra topological spaces (STSs) by neglecting an intersection
condition of topology. This makes supra topology (ST) more flexible to describe some real-life problems
(see, [17]) and construct easily some examples that show the relationships between certain topological
concepts. Al-shami [18] investigated the classical topological notions such as limit points of a set, compact-
ness, and separation axioms on the STSs. Investigation of several types of compactness and Lindel6fness
was the goal of some papers such as [19-22]. Al-shami [23] introduced the concept of paracompactness on
STSs and explored main properties. Recently, the authors of [24—-27] have employed some generalizations of
supra open sets given in [28-31] to study limit points and separation axioms on STSs. They have provided
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various interesting examples to explain the given relationships and results. In [32-34], some new concepts
and notions were introduced using supra b-open sets and supra D-open sets.

This paper is organized as follows: after this introduction, we recall some basic definitions that are
necessary to understand this work. In Section 3, an operator y depending on supra open sets is studied and
then employed to analyze supra y-open sets. In Section 4, we introduce and discuss y,-g.closed sets on
subspace ST. In Section 5, some new M, -separation axioms are formulated using the operator y on u and the
relationships between them are elucidated. In Section 6, some new classes of functions are defined and
some characterizations of these functions are given. In Section 7, two new classes of closed graphs are
studied and some relations and properties are obtained. Section 8 concludes the paper with summary.

2 Preliminaries
Let X be a non-empty set and P(X) be the power set of X.

Definition 2.1. [16] A subfamily yu of P(X) is called an ST if it is closed under arbitrary union and X is a
member of p.

Then the pair (X, p) is called an STS. Terminologically, a member of y is called a supra open set and its
complement is called a supra closed set.

Definition 2.2. [16] For A < (X, p), int*(A) is the union of all supra open sets that are contained in A and
cl#(A) is the intersection of all supra closed sets containing A.

Remark 2.3. u is called an associated ST with a topology 7 if 7 € p.

Definition 2.4. [16,18] An STS (X, ) is said to be:
(i) supra Ty (briefly, S-Ty) if Vx # y € X, 3U € p such that either x e Uandy ¢ Uory € U and x ¢ U;

(ii) supra Tj (briefly, S-T)) if Vx + y ¢ X, U, Ve uwithx e Ubuty ¢ Uandy € V but x ¢ V;

(iii) supra T, (briefly, S-I) if Vx #y € X,3U, Ve pywithx e U,y e VandUNn V = ¢;

(iv) supra regular if for every supra closed set F and every a ¢ F, there exist disjoint supra open sets U and
V containing F and a, respectively;

(v) supra normal if for every disjoint supra closed sets F and H, there exist disjoint supra open sets Uand V
containing F and H, respectively;

(vi) S-T; (resp. S-T,) if it is both supra regular (resp. supra normal) and S-T;.

Definition 2.5. [16] The graph G(f) of a function f : X — Y is called S-closed if V(x, y) € (X x Y)\G(f), there
exist two supra open sets Uin X and Vin Ywithx € U,y € V and (U x V) n G(f) = ¢.

3 Supra y-open sets and operators

In this section, we introduce and study the concept of y operator on an ST. Then, we define supra y-regular
and supra open operators and investigate main properties. We construct some examples to show the
obtained results.

Definition 3.1. Let (X, u) be an STS. An operator y on an ST y is a mapping from y to P(X) such thatU ¢ y(U)
VU € u, where y(U) denotes the value of y at U. This operator will be denoted by y : u — P(X).
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Definition 3.2. Let (X, u) be an STS and y : p — P(X) be an operator on p. A non-empty set A of X is called
supra y-open if Vx € A, 3U € p with x € U € y(U) < A.

Suppose that the empty set ¢ is also supra y-open set for any operator y : uy — P(X).

We denote the class of all supra y-open subsets of an STS (X, y) by p,.

The identity operator id on u is a mapping id : u — P(X) such that Vi¢ = V for every V ¢ . This leads to
that a subset A is p;;-open of X iff A is supra open in X. In other words, p;; = p.

Remark 3.3. In fact, if A € Ky then Vx € A, 3U € u such that x € U € y(U) < A. Thus, x € int#(A). This
implies that A € p. That is, every supra y-open set is supra open. Hence, y, < p. But the converse of this
relation is not true as illustrated in the following example.

Example 3.4. Let X = {a, b, ¢} and u = {¢, X, {a, b}, {a, c}}. Then (X, ) is an STS. Define an operator
y : 4 — P(X) as follows: VA € u

A if A =1{a, b};

ya) = {CIV(A) if A # {a, b).

Clearly, M, = {®, X, {a, b}}. Then it can be easy to check that the set {a, c} is supra open, but not supra
y-open. So, p ¢ J,,.

Lemma 3.5. Arbitrary union of supra y-open sets are also supra y-open.

Proof. Suppose {4, : A € A} is a class of supra y-open sets in X. We have to show that | Jaca {42} € u,. For
this, let x € [JreafAr}. Then x € A,, for some Ay € A. Hence, 3U € p such that x € U and y(U) < Aj,<

UreafAr}. Therefore, | Jrea{dr} € Hy- (|

Example 3.6. Let X = {a, b, c} and u = {¢, X, {b}, {c}, {b, c}, {a, b}, {a, c}}. Define an operator y : y — P(X)
by y(A) = A, VA € u. Thus, M, = M. So, {a, b} € K, and {a, c} € Ky but {a, b} n {a, c} = {a} ¢ Hy-

Remark 3.7. Lemma 3.5 demonstrates that y, is an ST on X, and Example 3.6 shows that y, is not always a
topology.

Definition 3.8. Let (X, p) be any STS. An operator y on u is said to be supra regular if Vx € X and VU, V € u
both containing x, 3W € u containing x such that y(W) < y(U) n y(V).

Example 3.9. Let X = {a, b, c} and u = {¢, X, {a}, {b, c}}. Let y : u — P(X) be the mapping defined by:
VA epu

A if a € A;

ve) :{x if a¢A.

Thus, it can easily check that y : p — P(X) is a supra regular operator.

Theorem 3.10. Let y : u — P(X) be supra regular operator on p. If A, B € i, then An B € p,.

Proof. Assume that A, B ¢ K, and let x e A n B. Then x € A and x € B. So, 3U, V € u such that U < A and
V ¢ B. Since y : u — P(X) is a supra regular operator on yu, then 3W € u containing x such that y(W)c

yWU) ny(V) cAnB.Hence, ANB € p,. O

Remark 3.11. If y is a supra regular operator on y, then H, is a topology on X.
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Example 3.12. Let X = {a, b, c;and u = {¢, X, {a}, {a, c}, {b, c}}.Lety : u — P(X) be the mapping defined by:
VA e

_[ta,b} if A= {ah
wm_{A if A # {a}.

Clearly, y is not a supra regular operator on p. Thus, H, = {®, X, {a, c}, {b, c}} is not a topology on X.

Definition 3.13. An STS (X, p) with an operator y on y is said to be supra y-regular if Vx € X and VU € y with
xeU,3W e pwithx e Wand y(W) c U.

Theorem 3.14. Let (X, u) be an STS and y : u — P(X) be an operator on . Then the following statements are
equivalent:

L p=p,.

2. (X, p) is supra y-regular.

3. Vx e X and VU € pwithx € U, 3W € p, withx € W and W € U.

Proof. (1) = (2) Let x € X and U € p with x € U. It follows from assumption that U € - This implies that
IW € yu with x ¢ W and y(W) < U. Thus, (X, u) is a supra y-regular space.

(2)= (3) Let x € X and U € p with x € U. Then by (2), AW € p such that x ¢ W ¢ y(W) < U. Again, by
using (2) for the set W, we obtain W ¢ K, such that x e W and W c U.

(3) = (1) By using (3) and Lemma 3.5, we obtain U € Hy- That is, u ¢ Hy- Since M, SH in general. Thus,
M=H,. O

Definition 3.15. A subset B of an STS (X, p) is called supra y-closed if X\B is supra y-open in (X, p).

Definition 3.16. Let A be any subset of an STS (X, y) and y be an operator on y. Then
L VxeX,xeclf(A)ify(UynA+ ¢ VU e pwithx e U.
2. The supra y-closure of A is denoted by p,-cl*(A) and is defined as

yy-cli‘(A) = (){F : F is a supra y-closed set in X and A ¢ F}.

Theorem 3.17. Let A be any subset of an STS (X, u) and y be an operator on p. Then x € p -cl(4) iff
AnU#¢VUep, withxel.

Proof. Let x ¢ yy-clV(A) and AN U= ¢ for some U € My, with x € U. Then A < X\U and X\U is a supra
y-closed set in X. Hence, yy-cl"(A) ¢ X\U. Thus, x € X\U. This is a contradiction. Hence, the proof is

complete.
Conversely, let x ¢ yy-cI“(A). So 3 a supra y-closed set F containing A with x ¢ F. Thus, X\F ¢ H, with
x € X\F and (X\F) n A = ¢. This is a contradiction. Therefore, x ¢ ,uy—cl”(A). O

Lemma 3.18. Let (X, u) be an STS and y be an operator on u. Then the following statements are true for any
subsets A,B ¢ X:
1. yy—cI“(A) is supra y-closed set in X and Cl)f‘(A) is supra closed set in X.
2. Ac cl;‘(A) C yy—cl"(A).
3. (a) A is supra y-closed iﬁyy—cIV(A) = A and
(b) A is supra y-closed iff cl}'(A) = A.
4, If A € B, then yy—clV(A) c yy—cI“(B) and cl}'(A) < cl}(B).
5. (a) ,uy-clV(A N B) ¢ yy-clV(A) n yy-clV(B) and
(b) cl}'(An B) < cl}(A) n cl}(B).
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6. () m,-cl(A) U p,-cl*(B) < p,-c(A U B) and
(b) cl}(A) u cl}'(B) < cl}(A U B).
7. yy-cl“(yy-cI“(A)) = yy-cI“(A).

Proof. Straightforward. O

Lemma 3.19. Let A, B be subsets of an STS (X, ) and y be a supra regular operator on u. Then
L p,-cl*(A) U p,~cl¥(B) = p,-cl(A U B).

2. clj/(A) U cl}(B) = cl}(A U B).

Proof.
(1) It follows directly from Lemma 3.18 (6) that yy-clV(A) u yy—cl”(B) C yy—clV(A U B). Then it is enough to

prove that yy-clV(A UB) ¢ ,uy—clV(A) U yy-cIV(B). Let x ¢ ,uy-clV(A) U yy-clV(B). Then 3U, V € K, with
xeU,xeV,AnU=¢ and Bn V = ¢. Since y is a supra regular operator on y, then by Theorem 3.10,
Un Ve p, such that

(UnV)n(AuB)=¢.

This means that x ¢ yy—cl“(A U B). Hence,
yy-cli‘(A UB) C yy-clV(A) u yy—cl”(B).

(2) Let x ¢ cl}(A) U cl}'(B). Then 3U; € p and U, € p with x € Uy, x € Uz, A n y(Uy) = ¢ and A n y(Us) = ¢.
Since y is a supra regular operator on u, then 3W ¢ y with x ¢ W and y(W) < y(U;) n y(Us). Thus,
we have

(AU B) ny(W) < (Au B)n (y(U) nyl)).

The disjoint of (A U B) and (y(Uy) n y(Us)) leads to (A U B) N y(W) = ¢. This means that x ¢ Cl)l‘(A U B).
Therefore, cl}'(A U B) < cl}/(A) U cl}/(B). From Lemma 3.18 (6), we obtain the equality. (|

Lemma 3.20. Let (X, p) be an STS andy be a supra regular operator on p. Then p,-cl*(A) n U < p,-cl(A n U)
holds VU € p,, and VA ¢ X.

Proof. Suppose that x € u,-cl"A) NUVU € p,, thenx € p,-cl(A)and x € U.LetV € p, with x € V. Sincey
is supra regular on p. So by Theorem 3.10,U N V € p, withx € U n V. Since x € p,-cl*(A), then by Theorem

3.17, we find that A n (Un V) # ¢. Therefore, (A n U) N V # ¢. Thus, by Theorem 3.17, we have that
X € yy-clﬂ(A n U). Hence, ;uy—cI“(A) nUCc ;uy—cIV(A n U). O

Theorem 3.21. If A ¢ (X, p) and y is an operator on u, then the next four properties are equivalent:
1. Aep,.
y

2. cl}(X\A) = X\A.
3. yy-cl"(X\A) = X\A.
4. X\A is supra y-closed.

Definition 3.22. Let (X, p) be any STS. An operator y on y is said to be supra open if Vx € X and VU € p with
xe€U,3IWep, withx € Wand W < y(U).

Theorem 3.23. Let A be any subset of an STS (X, u). If y is a supra open operator on u, then
L cl}'(A) = yy—cl“(A),

2. cly(cll(A)) = cli(A),

3. cl}(A) is supra y-closed in X.
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Proof.
(1) First we need to show that yy—cll‘(A) ¢ cl}'(A). By Lemma 3.18 (2), we have cl}'(4) ¢ yy—cIV(A). Now let

x ¢ cl}(A), then 3U € u with x € U and A n y(U) = ¢. Since y is a supra open on y, then I3W € u with
x € WandW ¢ y(U).SoA n W = ¢p and hence by Theorem 3.17, x ¢ yy-cl“(A).Therefore,yy-clV(A) C cl;‘(A).
Hence, cl}(A) = yy-CIV(A).

(2) By (1) and Lemma 3.18 (7), we have cl}(cl}(4)) = cl}(A).

(3) By (2) and Lemma 3.18 (3b), we get Cl)f‘(A) is supra y-closed in X. O

4 py-g.closed sets and operator on subspace ST
Through this section, we present the concept of yy-generalized closed and give some characterizations.

Definition 4.1. A subset A of an STS (X, p) with an operator y on p is called u,-generalized closed (briefly,
yy-g.closed) if Cl)l‘(A) cUVUEe H, satisfies that A c U.

Lemma 4.2. Let (X, ) be an STS and y be an operator on u. A set A in (X, y) is p,-g.closed iff
An yy-cll‘({x}) # ¢V x e cll(A).

Proof. Let A be a yy-g.closed set in X and suppose (if possible) that 3x € cl}((A) such that A n yy-cl“({x}) =
¢. This follows that A ¢ X \yy—clV({x}). Since yy-cl”({x}) is supra y-closed and hence X \yy—clﬂ({x}) € p,. Now,

yy-g.closedness of A in X implies that cl;‘(A) cX \yy-clﬂ({x}). Therefore, x ¢ cl;‘(A), which is a contradiction.
Thus, A N yy—cll‘({x}) # .

Conversely, let U € H, with A € U. To show that cl}i‘(A) cU. Let x ¢ cl;‘(A). Then by hypothesis,
An yy-cll‘({x}) # ¢.So,IJy € An yy—cl“({x}).Thus,y €eAcUandy e yy—clﬂ({x}).ByTheorem 317,x} n U # ¢.
Therefore, x € U. Thus, cl;‘(A) c U. Hence, A is ,uy-g.closed. O

Theorem 4.3. Let y be an operator on p. If A is uy-g.closed subset of (X, u), then CI)F(A) \A does not contain
any non-empty supra y-closed set in (X, p).

Proof. Suppose that F # & is a supra y-closed set in X with F ¢ cl}'(A)\A. Then F ¢ X\A. Obviously,
A c X\F. Since X\F ¢ K, and A is yy-g.closed, then cl}(A) < X\F. That is, F ¢ X\cl}'(A). Therefore, F ¢ X\

cll(A) n cl}(A)\A < X\cl}((A) n cl)(A) = ¢. Thus, F = ¢. But this is a contradiction. Hence, F ¢ cl}(A)\A. O
Theorem 4.4. The converse of Theorem 4.3 is true when the operator y : u — P(X) is supra open.

Proof. Let U € K, with A ¢ U. Sincey : y — P(X) is a supra open operator, then by Theorem 3.23 (3), Cl)i‘(A)
is supra y-closed set in X. Hence, we have cl}/(A) n X\U is a supra y-closed set in (X, u). Since X\U < X\A4,
cl}'(A) n X\U ¢ cl}'(A)\A. By using the assumption of the converse of Theorem 4.3, cl}'(A) < U. Thus, A is
u,-8.closed set in (X, p). O

Corollary 4.5. Let A be a p,-g.closed subset of STS (X, p) and let y be an operator on p. Then A is supra
y-closed iff cl}'(A)\A is supra y-closed set in (X, u).

Proof. (Necessity) Let A be a supra y-closed set in (X, p). It follows from Lemma 3.18 (3b) that Cl)i‘(A) =Aand
hence cl}'(A)\A = ¢ which is supra y-closed.
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(Sufficiency) Suppose cl}/(A) \A is supra y-closed and A is yy-g.closed. It follows from Theorem 4.3 that
cl}‘(A) \A does not contain any non-empty supra y-closed set in (X, p). Since cl}i‘(A)\A is supra y-closed
subset of itself, then cl}'(A)\A = ¢ implies cl}'(A4) N X\A = ¢. Hence, cl}(A) = A. By Lemma 3.18 (3b), we
obtain A is a supra y-closed set in (X, u). O

Theorem 4.6. Let (X, u) be an STS and y be an operator on u. If A is ]Jy-g.closed and supra y-open subset of X,
then A is supra y-closed.

Proof. Since A is yy-g.closed and supra y-open set in X, then cl}'(A) < A and hence by Lemma 3.18 (3b), A is
supra y-closed. O

Theorem 4.7. For any STS (X, u) with an operator y on u, X\{x} is M,-g.closed or supra y-open Vx € X.

Proof. Let X\{x} ¢ . Then the only supra y-open set containing X\{x} is X. Automatically, we have
clix \{x}) < X. This ends the proof that X\{x} is a yy-g.closed set in X. O

Corollary 4.8. For any STS (X, p) with an operatory on p, {x} is a supra y-closed set or X\{x} is a yy-g.closed
set Vx € X.

Proof. Let {x} be not supra y-closed. Then X\{x} is not supra y-open. Therefore, it follows from Theorem 4.7
that X\{x} is yy—g.closed. O

Definition 4.9. Let A ¢ (X, p) and y be an operator on y. Then the u -kernel of A, denoted by u,-ker(A), is
defined as follows:
yy—ker(A) =N{U:AcU and U € M}

ie., yy—ker(A) is the intersection of all supra y-open sets of (X, u) containing A.

Theorem 4.10. Let A < (X, u) and y be an operator on p. Then A is p,-g.closed iff cl}(A) ¢ u,-ker(A).

Proof. Suppose that A is p,-g.closed. Then cl}'(A) < U, whenever A c U and U ¢ M, Let x € cl}'(A). Then
by Lemma 4.2, A N py-cll‘({x}) # ¢.SoJapoint z € X suchthatze An yy-clﬂ({x}) implies thatze A c U

and z € yy—cl"({x}). By Theorem 3.17, {x} n U # ¢. Hence, we show that x € yy-ker(A). Thus, cl}'(A) < M-

ker(A).
Conversely, let cl)f‘(A) c yy-ker(A). Let U € H, with A € U. Let x be a point in X such that x € Cl;‘(A).

Then x € yy—ker(A). We have x € U, because A € U and U ¢ Hy- That is, cl;‘(A) c yy—ker(A) c U. Thus, A is
M,-8-closed in X. O

Now we define an operator on subspace ST as follows:

Definition 4.11. Let (4, j1,) be a subspace of an STS (X, u) and y : u — P(X) be an operator on . We define
the restriction of y to u,, denoted by y,, to be the mapping from y, into P(X) such that VU € y,,
va(U) = y(V) n A for some V e y withU = V n A.

Lemma 4.12. Let (A, i,) be a subspace of an STS (X, u) and p, be the restriction of y to p,. If B € p,, in X, then
B n A is supra y,-open in A.

Proof. Let x ¢ Bn A. SinceB ¢ M, in X, then3U € pwithx € U and y(U) < B. So,U n Ais supra y,-open set
with x e Un A and

YaUnA)=yU)nAcBnA.
Thus, B n A is supra y,-open in A. O
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Lemma 4.13. Let (A, u,) be a subspace of an STS (X, u) and y, be the restriction of y to p,. If the mapping y is
supra open and the set B is supra y,-open in A, then 3C ¢ My, with B = C n A.

Proof. Since B is supra y,-open in A, then Vx € B, 3U, € u with x € U, and

ValUy nA) = y(U) n A c B.
Since y is supra open, then W, € M, with x € W, and W, < y(Uy). Put C = Jxep W. So, C € K, in X and
BgCnA:(U ijmA - (Uy(Ux)]mA c [UyA(UXnA)] C B.
xeB xeB xeB
This completes the proof. O

Theorem 4.14. Let (A, y,) be a subspace of an STS (X, u) and B € A < X. If u, is the restriction of y to p,,
then cl}i(B) = cl}'(B) n A.

Proof. Let x € cl;;(B) and U € p with x € U. Theny,(Un A) n B = y(U) N B # ¢ and hence x € (cl}'(B) n A).
On the other hand, let x ¢ (cl)f‘(B) NA)andV e py, withx € V. Then V= U n A for some U € u with x € U.

Since x € cl}{(B),
YaV)nB = (yU)nA)nB=yU)nB % .
Thus, x € cl)’,i (B). O

Theorem 4.15. Let (A, u,) be a subspace of an STS (X, u) and p, be the restriction of y to u,. If the mappingy is
supra open, the set B is Hy,-8 closed in A and A is M-8 closed in X, then B is M-8 closed in X.

Proof. Let U € p, in X with B ¢ U. Then by Lemma 4.12, U n A is supra y,-open in A and B ¢ U n A. By
hypothesis, cl%1 (B) = cI;‘(B) NAcUnA. . Hence, AcU|J (X\cly“(B)). Since A is yy-g.closed in X, y is supra
open and X\cl}/(B) € H,- So cl}'(A) < UUX\cl}(B)). Hence,

cl}'(B) < cl}(A) < UUJX\cL)(B)).

Thus, cl}/(B) < U. Therefore, B is yy-g.closed in X. O

Corollary 4.16. Ify is supra open, A is u,-8.closed in X and F is supra y-closed in X, then A n F is p,-g.closed
in X.

Proof. By Lemma4.12, A n F issupray,-closedin A and hence A n F is yy-g.closed in A. Thus, by Theorem 4.15,
ANF isp,g.closed in X. O

Theorem 4.17. If y is supra open, A is yy-g.closed in X and A ¢ B ¢ cl}(A), then B is yy-g.closed in X.

Proof. Since cl}(B) \B ¢ cl)i‘(A)\A and cl,i‘(A)\A has no non-empty supra y-closed set in X, neither does
cl}(B)\B. So, by Theorem 4.4, B is u,-g closed in X. O

Theorem 4.18. Let (A, y,) be a subspace of an STS (X, ), p, be the restriction of y toy, and B < A < X. Ify is
supra open, B is yy—g.closed in X, then B is pyA-g.closed in A.

Proof. Let Ube supray,-openinAand B ¢ U.Then3V € p, inXwithU = A n V and hence B ¢ V. Thus, by
hypothesis, cl}'(B) < V. By Theorem 4.14, CI)Z (B) = clf(Byn A c Vn A = U. Therefore, Bis Wy, closed in A.
O
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5 p,-Separation axioms

In this section, we investigate some types of M,-separation axioms. Some results and examples of these
spaces are studied.

Definition 5.1. An STS (X, p) with an operator y on y is said to be:
@) yy-Tg‘ if Vx,y € X with x # y, 3U € p such that either x e U and y ¢ y(U) ory € U and x ¢ y(U).

(i) p,-To ifvx,ye X withx +y,3U ¢ H, such that either x e Uandy ¢ Uory e U and x ¢ U.
(iii) yy-Tl* ifvx,ye X withx #y,3U,Vepuwithxe Ubuty ¢ y(U)andy € V but x ¢ y(V).
(iv) p,-TiifVx,y e X withx #y,3U, Vep, withxe Ubuty ¢ Uandy e Vbutx¢ V.

V) p, Ty ifVx,y e X withx #y,3U, Ve pwithx e U,y € V and y(U) ny(V) = ¢.

(vi) yy-Tz ifvx,y e X withx #y,3U, V € K, withxe U,ye VandUnV = ¢.
(vii) ;uy-Tg if every p,-g.closed set in X is supra y-closed.

Theorem 5.2. An STS (X, ) with an operator y on p is u,-Tt iff the set {x} is supra y-closed or supra
y-open Vx € X. ’

Proof. Suppose that {x} is not supra y-closed set in a H, T1 space (X, p). Then Corollary 4.8 implies that
X\{x} is a p,-g.closed set. Since (X, p) is p, Tl, then {x} is a’supra y-open set.

Conversely, let F be any p,-g.closed set in the STS (X, u). We have to show that F is supra y-closed (i.e.,
cl}'(F) = F by Lemma 3.18 (3b)). It is sufficient to show that cl}(F) < F. Let x € cl}/(F). By hypothesis {x} is
supra y-closed or supra y-open Vx € X. So there are two cases:

Case 1: If {x} is supra y-closed. Let x ¢ F, then x € Cl;‘(F )\F contains a non-empty supra y-closed set {x}.
Since Fis yy-g.closed and according to Theorem 4.3, we obtain a contradiction. Hence, it must be that x € F.
This follows that Cl;‘(F ) € F and so Cl)f‘(F ) = F. Hence, by Lemma 3.18 (3b) F is supra y-closed in (X, y).
Therefore, (X, p) is yy—T;* space.

Case 2: If {x} is supra y-open. Then by Theorem 3.17, F n {x} # ¢ which implies that x € F. So cl/'(F) < F.
Thus, by Lemma 3.18 (3b), F is supra y-closed. Thus, (X, u) is yy—Tg space. O

Theorem 5.3. Suppose that y is a supra open operator on yu. An STS (X, p) is a yy-T{; iff CI;‘({X}) + cl)i‘({y}),
Vx,y € X with x # y.

Proof. (Necessity) Let x,y € X with x # y, where (X, p) be a u,-T; space. Thus, 3U € p, with x € U and
y ¢ y(U). Since y is a supra open operator on y, then 3W ¢ H, with x € W and W ¢ y(U). So, y € X\y(U)

c X\W. Since X\W is a supra y-closed set in (X, u).Therefore, we obtain that cl/({y}) < X\W and hence
clf(ix}) # c(iy)).

(Sufficiency) Suppose that Cl)t‘({x}) + cl)f‘({y})Vx, y € X with x # y. Now, we assume that 3z € X such
that z € clJ/({x}), but z ¢ clJ'({y}). If x € cl}'({y}), then {x} < cl}'({y}), which implies that cl}'({x}) < clJ'{y})
(by Lemma 3.18 (4)). Therefore, z € cl)i‘({y}). This contradiction shows that x ¢ cl)i‘({y}). Thus, 3U € p such
that x € U and y(U) n {y} = ¢ Hence, we obtain x € U and y ¢ y(U). It gives that the STS (X, u) is yy-Tg. (|

Theorem 5.4. An STS (X, p) is u,-To iﬁyy-cl"({x}) + yy-clﬂ({y}), Vx,yeXwithx+y.

Proof. (Necessity) Let X be a p,-To space and x, y € X with x # y. Then 3U € p, (say x € U, but y ¢ U). So
X\U is a supra y-closed set, which does not contain x, but contains y. Since yy—cli‘({ y}) is the smallest supra

y-closed set containing y, yy—clV({y}) c X\U, and so x ¢ yy-clﬂ({y}). Therefore, yy—cl“({x}) + yy—clﬂ({y}).
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(Sufficiency) Let yy-clﬂ({x}) + yy-cl“({y}) Vx,y € X with x # y. Now, let z € X such that z ¢ yy-cll‘({x}),
but z ¢ yy—clﬂ({y}). Now, we claim that x € yy—cl"({y}). For, if x € yy-cl"({y}), then {x} ¢ yy—cl”({y}), which
implies that yy-cl"({x}) C yy—cl"({y}). This is contradiction to the fact that z ¢ yy-cll‘({y}). Hence, x belongs

to the supra y-open set X \yy-cll‘({y}) to which y does not belong. It gives that X is u,-To space. O
From Theorem 5.3, Theorem 5.4 and the fact that cl}'(4) = yy—cll‘(A)VA ¢ X holds under Theorem 3.23 (1)
that y is a supra open operator on u, so we have the following corollary.

Corollary 5.5. Suppose that y is a supra open operator on p. An STS (X, p) is p,-To iff (X, ) is p,-To.

Theorem 5.6. For an STS (X, u) with an operator y on u. Then the following conditions are true:
L (X, is p,-T7.

2. The set {x} is supra y-closed Vx € X.

3. (X, pis Ily-T1-

Proof. (1) = (2) Let x be a point of a yy-Tl* space. Then Vy € X\{x}, 3V, € p such thaty € j, but x ¢ y(V}).
Thus, y € y(V;) < X\{x}. This implies that

X\{x} = Uly() : y € X\{x}}.

It is shown that X\{x} € u,. Hence, {x} is supra y-closed in (X, y).
(2) = (3) Suppose every singleton set in X is supra y-closed. Let x, y € X with x # y. Then by (2), the sets
X\{x} € u, and X\{y} € u, with y € X\{x} but x ¢ X\{x} and x € X\{y} but y ¢ X\{y}. Thus, (X, p) is - Th.
(3) = (1) It is shown that if x € U, where U € Ky then 3V € p with x e V ¢ y(V) ¢ U. Hence, by using
(3), we have that (X, p) is yy-Tl*. O

Theorem 5.7. Let (X, pu) be an STS and y be an operator on u. Then the following statements are equivalent:
L Xisp, L.

2. Ifx e X, then AU € K, withx e Uandy ¢ yy-cll‘(U) Vy € X with x #y.
3. ﬂ{yy—cl“(U) :Uep}={xtvxeX.

Proof. (1) = (2) Let X be any ],ly—Tz space and Vx, y € X with x # y, then3U, V € H, with x € U,y € V and
U N V = ¢. This implies that U < X\H and hence yy-cli‘({U}) ¢ X\V since X\V is supra y-closed in X and
y ¢ X\V. Thus, y ¢ yy-cll‘(U).

(2) = (3) Obvious.

3)= (1) Letx,y e Xwithx # y.By (3),3U € H, withx e Uand y ¢ yy-cIV(U). Theny € X\yy—cl"(U) and
X\yy—clV(U) €Yy Thus,

Un X\yy-clV(U) = ¢.

Hence, X is yy-Tz. O

Theorem 5.8. For any STS (X, u) and any operator y on u, the following properties hold.
. Each yy-Tj space is py-Tj_l, where j € {2,1}.

. Each yy-T} space is yy-Tf, where j € {2,0}.
. Each p,-T; space is p,-Ty.
. Each p,-Ty space is yy—T%*.
. Each yy—T%* space is p,-Ts.
. Each yy-T%‘ space is p,-To.

N o i~ W

. Each ],ly—T;‘ space is S-T;, where j € {2,1, 0}.
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Proof. The proofs are obvious from their definitions and hence they are omitted. O
Observe that the converse of each part of Theorem 5.8 is not true as shown by the following examples.
Example 5.9. Suppose X = {a, b, c} and u = P(X). Define an operator y on u as follows:

VA epu

A if c € A;
A) = ’
“ {X if ¢ ¢ A.

Thus, the space (X, p) is u,-To, but (X, p) is not u,- T
Example 5.10. Let X = {a, b, c} and u = P(X). Define an operator y on u as follows:
VAepu

A if A ={a, b} or {a,c} or {b,c};
X otherwise.

y) = {

(i) Thus, STS (X, p) is yy—Tl space, but (X, y) is not yy—B.
(ii) Thus, STS (X, p) is p,-T;" space, but (X, p) is not p,-T5.

Example 5.11. The STS (X, p) in Example 3.12 is both y -To and p,-Tg, but (X, ) is not p,-T7.
2
Example 5.12. Let X = {a, b, ¢} and p = P(X). Let y : u —> P(X) be an operator on u defined as follows:

VA e

A if A ={a} or {b} or {a, b} or {b,c};
X otherwise.

y(4) = {
Obviously, M, = {®, X, {a}, {b}, {a, b}, {b, c}}. Thus, the STS (X, p) is yy-Tf, but (X, p) is not yy—Tf.
2
Example 5.13. Consider X = {a, b, c} and u = P(X). Define an operator y on u as follows:

VA ey

{a, b} if A = {b};
y(A) =<{b, c} if A={c} or {b,c};
X otherwise.

Thus, the STS (X, ) is p,-Tg, but (X, p) is not p,-To.

Example 5.14. Let X = {a, b, c} and u = {¢, X, {a}, {b}, {a, b}, {a, c}, {b, c}}. Define an operatory : u — P(X)
by y(4) = X, VA € u. Thus, the STS (X, p) is S-Tj, but (X, p) is not yy-T;“ forje {2, 1, 0}

Remark 5.15. By Theorem 5.6 and Theorem 5.8, we obtain the following diagram of implications.

py-To —— py-T4 py-To
pin-Ty —— py-TY pry-T 1y-Tg

]

S—TQ S—T1 S‘TO
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6 S(y,p-Continuous functions

Throughout this section and Section 7, let (X, ) and (Y, v) be STSand lety : y —» P(X)and 8 : v — P(Y) be
operators on ST u and ST v, respectively.

Definition 6.1. A function f: (X, ) — (Y, v) is said to be S, g)-continuous if Vx € X and VV € v in Y with
f(x) € V,3U € pin X with x € U and f(y(U)) < (V).

Theorem 6.2. Let f: (X, u) — (Y, v) be an S, p)-continuous function, then,
L f(clf(A) < clg(f(A), YA < (X, ).

2. f7(F) is supra y-closed set in (X, ), ¥V supra B-closed set F of (Y, v).

Proof.
(1) Lety € f(cl}'(A)) and V € v in Y with y € V. Then by hypothesis, 3x € X and 3U € p in X with x € U and

f(x) =y and f(y(U)) < B(V). Since x € cl}/(A), then y(U) n A # ¢. Hence, ¢ # f(y(U) n A) < f(y(U)) n
f(A) < B(V) n f(A). This implies that y € clg(f(A)). Therefore, f(cl;‘(A)) C cl};”(f(A)).
(2) Let F be any supra f-closed set of (Y, v). So, f1(F) < (X, u). Then by using (1), we have

f(H(fHF)) < cly(F) = F.

Hence, cl)'(f"'(F)) = f~!(F). Therefore, f!(F) is supra y-closed in (X, ). O

Theorem 6.3. Items (1) and (2) in the aforementioned theorem are equivalent to each other if either the space
(Y, v) is supra -regular or the operator 3 is supra open.

Proof. The implications: “S,, g)-continuity of f” = (1) = (2) follow from the proof of Theorem 6.2. Then,
when the space (Y, v) is supra -regular, we prove the implication: (2) = S, g)-continuity of f. Let x ¢ X and
let Ve vin Y with f(x) € V. Since (Y, v) is a supra f-regular space, then by Theorem 3.14, V € g in Y. By
using (2) of Theorem 6.2, f1(V) ¢ K, in X with x € f1(V).So3U € pin X with x € U and y(U) ¢ f~1(V). This
implies that f(y(U)) ¢ V ¢ B(V). Therefore, fis S, g)-continuous.

Now, when § is a supra open operator, we show the implication: (2) = S,,5-continuity of f. Let x € X
and let V € v in Y with f(x) € V. Since B is a supra open operator, then 3W € v in Y with f(x) € W and
W < B(V). By using (2) of Theorem 6.2, f"{(W) ¢ W, in X with x € fY(W). So 3U € u in X with x € U and
y(U) < f1(W) < f1(B(V)). This implies that f(y(U)) < (V). Hence, fis S, p)-continuous. O

Definition 6.4. A function f: (X, u) — (Y, v) is said to be
1. vg-closed if the image of each supra y-closed set of X is supra -closed in Y.

2. Sia,p)-closed if the image of each supra closed set of X is supra S-closed in Y.

Theorem 6.5. Suppose that a function f: (X, p) — (Y, v) is both S, g)-continuous and Sq,p)-closed, then:
1. The image f(A) is vg-g closed in (Y, v), vu,-g closed set A of (X, p).

2. The inverse set f1(B) is Mg closed in (X, p), Vvp-g closed set B of (Y, v).

Proof.

(1) LetU e vgwith f(A) c U. Since fis S,p-continuous function, then by using Theorem 6.2 (2), f(U) € K,
in X. Since A is Mg closed and A ¢ f1(U), then we have cl#(A) c f-4(U), and hence f(cly”(A)) ¢ U.Thus,
by Lemma 3.18 (1), cl}((4) is a supra closed set and since f is an S g)-closed, then f(cl}'(4)) is supra
B-closed set in Y. Therefore, Cll‘;/( fa) ¢ cl,§’( f (cl;‘(A))) =f (cl}i‘(A)) c U. This implies that f(A) is
vg-g.closed in (Y, v).
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(2) LetV e p, in X with f1(B) ¢ V. LetC = cl)'(f"(B)) n (X\V), then by Lemma 3.18 (1), C is a supra closed
set in (X, p). Since f is the S(q g)-closed function, then f(C) is supra B-closed in (Y, v). Since f is the
S(y.p-continuous function, then by using Theorem 6.2 (1), we have f(C) = f(cl)( FAB)NFX\V) ¢ clg(B)n
fX\V) ¢ clg(B) n (Y\B) = clg(B) \B. This implies from Theorem 4.3 that f(C) = ¢, and hence C = ¢. So,
cl)(f*(B)) ¢ V. Thus, f(B) is H,-g closed in (X, ). O

Theorem 6.6. Let f: (X, u) — (Y, v) be a surjective, S p)-continuous and Sq,p)-closed function. If (X, p) is
u,-Tt, then (Y, v) is vg-Tt.
2 2

Proof. Let V be a v3-g closed set of (Y, v). Since f is S, g)-continuous and S, g)-closed function. Then by
Theorem 6.5 (2), f~1(V) is yy—g.closed in (X, p). Since (X, p) is yy-Tf, then we have f~1(V) is supra y-closed
2

set in X. Again, since f is the S4 p)-closed function, then f( f1(V)) is supra B-closed in Y. Therefore, V is
supra f-closed in Y since fis surjective. Hence, (Y, v) is vg-T; space. O
2

Theorem 6.7. Let f : (X, u) — (Y, v) be an injective, S, g)-continuous and S, p)-closed function. If (Y, v) is
vg-Tt space, then (X, p) is yy—T;‘ space.
2 2

Proof. Let U be any p,-g closed set of (X, y). Since fis S,p-continuous and Sq,p-closed function. Then by
Theorem 6.5 (1), f(U) is vp-g closed in (Y, v). Since (Y, v) is vg-T7, then f(U) is supra -closed in Y. Again,
2

since f is S(,p)-continuous, so by Theorem 6.2 (2), fI(f(U)) is supra y-closed in (X, ). Thus, U is supra
y-closed in (X, p) because f is injective. Thus, the space (X, p) is p,-T7. O
2

Theorem 6.8. If a function f: (X, p) = (Y, v) is injective S, p)-continuous and the space (Y, v) is vg-T5, then
the STS (X, p) is p,-T;.

Proof. Let x, X, € X with x; # X. Since fis an injective function and (Y, v) is a v3-T; space. Then 3U, € v and
U, e vin Ywith f(x) € Uy, f() € U; and B(Uy) N B(U,) = ¢. Since fis Sy p)-continuous, 3V, € pand V; € u
in X with xy € W, % € V5, f(y(W) € B(Uy) and f(y(V5)) < B(U>). Hence, B(U;) n B(U,) = ¢. Thus, (X, ) is
u,-T3. O

Theorem 6.9. If a function f : (X, p) — (Y, v) is injective Sy, p)-continuous and the space (Y, v) is vg-T;, then
the space (X, p) is yy—T]f‘ for j € {0,1}.

Proof. The proof is similar to Theorem 6.8. O

Definition 6.10. A function f: (X, u) — (Y, v) is said to be S, g-homeomorphism if f is bijective, Sy, g-
continuous and f! is Mg, -continuous.

Theorem 6.11. Suppose that a function f : (X, u) — (Y, v) is an S, p-homeomorphism. If (X, p) is yy-Tf, then
(Y, v) is vg-Tt. ’
2

Proof. Let {y} be any singleton set of (Y, v). Then 3x € X with y = f(x). Then by hypothesis and Theorem 5.2,

we get {x} is supra y-closed or supra y-open in (X, u). By using Theorem 6.2, we obtain {y} is supra -closed

or supra f-open. Thus, by Theorem 5.2, the space (Y, v) is v;-T7. |
2

7 Sy,p-closed graphs and strongly S, g-closed graphs

In this section, we further investigate general operator approaches of closed graphs of functions. Let (X x Y,
T x 0) be the product space of the STS (X, u) and (Y, v), and let p : y x v —» P(X x Y) be an operator
on u xv.
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Definition 7.1. The graph G(f) of a function f: (X,pu) — (Y,v) is called Sy p-closed if V(x,y) €
X xY\G(f),IU e pinXandVevin Ywithx € U,y € V and (y(U) x B(V)) n G(f) = ¢.

Lemma 7.2. A function f: (X, p) — (Y, v) has S, p)-closed graph iff v(x, y) € (X x Y)\G(f), 3U € pin X and
VevinYwithx e U,y e Vand f(y(U) n BV) = ¢.

Proof. The proof is directly from the above definition. O

Theorem 7.3. If f : (X, u) — (Y, V) is an S, p)-continuous function and (Y, v) is a vg-T; space, then f has an
Sy,p)-Closed graph.

Proof. Let (x, y) € (X x Y)\G(f). Theny # f(x), and since (Y, v)isvg-T5,3U, Ve vin Ywith f(x) e U,y € V
and B(U) n B(V) = ¢. Since fis S, p-continuous, then AW € u in X with x ¢ W and f(y(W)) < B(U). Thus,
fly(W)) n B(V) = ¢. Therefore, by using Lemma 7.2, f has an S g)-closed graph. O

Theorem 7.4. If f : (X, u) — (Y, v) is an Sy p)-continuous injective function with an S, g)-closed graph, then
X, ) is a p,-T; space.

Proof. Let x;, x, € X with x; # %. Then f(x) # f(x). This implies that (x;, f(%)) € (X x Y)\G(f). Since f has
an S, p-closed graph, then by using Lemma 7.2, 3U e pin X and Ve v in Y with x; € U, f(x) € V and
f(y(U)) n B(V) = ¢. Since fis S, g-continuous, then IW € p in X with , € W and f(y(W)) < B(V). Thus,
fy(U) n f(y(W)) = ¢. Therefore, y(U) n y(W) = ¢. Hence, (X, u) is yy-Tz*. O

Definition 7.5. The graph G(f) of a function f: (X, u) — (Y, v) is called strongly S, g)-closed if V(x, y) €
X x H\G(f),3U ¢ K, inXandV ey in Ywithx e U,y € Vand (U x V) n G(f) = ¢.

Lemma 7.6. A function f : (X, u) — (Y, v) has strongly S, p)-closed graph iffv(x, y) € (X x Y)\G(f),3U ¢ H,
inXandVevyinYwithx e U,y e Vand fU) NV = ¢.

Proof. Obvious. O

Definition 7.7. A function f: (X, u) — (Y, v) is said to be S, g-irresolute if Vx € X and VV € v with
f(x) e V,3U € K, with x € U and f(U) c V.

Theorem 7.8. If f: (X, u) — (Y, V) is an S, p)-irresolute function and (Y, v) is a vz-T, space, then f has a
strongly Sy, p)-closed graph.

Proof. Let (x,y) € (X x Y)\G(f). Then y # f(x), and since (Y, v) is vg-T, 3U, Ve in Y with f(x) € U,
y € V and B(U) n V = ¢. Since f is S, p)-irresolute, then IW ¢ H, in X with x € W and f(W) < U. Thus,

f(W) n V = ¢. Therefore, by using Lemma 7.6, f has a strongly S, g)-closed graph. O

Theorem 7.9. If f : (X, u) — (Y, v) is an S, g)-irresolute injective function with a strongly S, g)-closed graph,
then (X, u) is a yy-Tz space.

Proof. Let x;, x, € X with x; # x. Then f(x) # f(x). This implies that (x, f(x%)) € (X x Y)\G(f). Since f has
a strongly Sy, p)-closed graph, then by using Lemma 7.6, 3U € H, inXandVewinYwithx e U, f(xp) € V

and f(U) n V = ¢. Since fis S, pg-irresolute, then IW ¢ H, in X with x, € W and f(W) ¢ V. Thus, f(U) n
f(W) = ¢. Therefore, U n W = ¢. Hence, (X, p) is yy—Tz. Oa
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Lemma 7.10. Suppose y : u — P(X) and 8 : v — P(Y) are operators on u and v respectively. Then we have
1L If f: (X, u) — (Y,v) has a strongly S, p)-closed graph, then it has an S, p)-closed graph.
2. If f: (X, ) — (Y, V) has an S, p)-closed graph, then it has an S-closed graph.

Proof.

(1) Letx € X,y € Y with f(x) # y. Since fhas a strongly S, 5)-closed graph, then by Lemma 7.6, 3U € y, in
XandV e yinYwithx € U, f(y) € Vand f(U) n V = ¢. Thus, IE € pin X withx € E ¢ y(E) < U, and
FevinYwithyeFc B(F) ¢ V. Therefore, f(y(E)) n B(F) = ¢. Hence, by Lemma 7.2, f has an S p)-

closed graph.
(2) Letx € X, y € Y with f(x) # y. Since f has an S, g)-closed graph, then by Lemma 7.2, 3U € y in X and

VevinYwithx € U, f(y) € V and f(y(U)) n B(V) = ¢. Thus, f(U) n V = ¢. Hence, f has an S-closed
graph. O

Remark 7.11. From Lemma 7.10, we obtain the following diagram.

strongly S, g)-closed graph — S(, g)-closed graph —
S-closed graph

Theorem 7.12. Suppose that y and 8 are operators on u and v respectively. If STS (X, u) and STS (Y, v)
are supra y-regular and supra B-regular spaces, then the following are equivalent for any function
fi W — (Y, v):

1. f has strongly Sy, p)-closed graph.

2. f has Sy pg)-closed graph.

3. f has S-closed graph.

Proof. Follows directly from Theorem 3.14 and the above diagram. O

Definition 7.13. An operator p: uy xv —» P(X x Y) is said to be supra associated with y and g if
pUxV)=yU) x B(V) holds VU e pand V V € v.

Definition 7.14. The operator p : u x v — P(X x Y) is said to be supra regular with respect to y and S if V(x, y)
eXxYandVWe (uxv)inX x Ywith (x,y) e W, 3U e yin Xand Vevin Ywithx e U,y € Vand y(U) x B(V) ¢

p(W).

Theorem 7.15. Let p : u x uy — P(X x X) be a supra associated operator withy andy.If f: (X, u) — (Y, v)is
an S, p)-continuous function and (Y, v) is a vg-T; space, thenthe set A = {(x,y) € X x X : f(x) = f(y)} is supra
p-closed of (X x X, u x W).

Proof. We have to show that cI}”#(4) ¢ A. Let (x, y) € (X x X) \A. Since (Y, v)is vs-T5. Then3U, Vevin Y
with f(x) € U, f(y) € V and B(U) n B(V) = ¢ . Furthermore, for Uand V,3G,H e yin Xwithx € G,y ¢ H
and f(y(G)) < B(U) and f(y(H)) < B(V) because fis S, g-continuous. Thus, we obtain (x, y) € y(G) x y(H) =
p(G x H)n A = ¢ since G x H € u x . This gives that (x, y) ¢ cl}”¥(A). Hence, the proof is complete. [

Corollary 7.16. Suppose p : u x u — P(X x X) is supra associated operator with y and y, and it is supra
regular with y and y. An STS (X, p) is p,-T; iff the diagonal set A = {(x, x) : x € X} is supra p-closed of
X x X, ux .
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Theorem 7.17. Let p : u x v — P(X x Y) be a supra associated operator withy and B.If f : (X, p) — (Y, v)is
Sy,p-continuous and (Y, v) is vg-T, then the graph of f, G(f) = {(x, f(x)) € X x Y} is a supra p-closed set
of X x Y, uxv).

Proof. Similar to Theorem 7.15. O

Definition 7.18. Let (X, p) be an STS and y be an operator on p. A subset S of X is said to be y -compact if
V supra open cover {U, i € N} of S, 3 a finite subfamily {Uj, U,..., Uy} with S € y(U;) U y(U,) U ... U y(Up).

Theorem 7.19. Suppose that y is supra regular and p : 4 x v — P(X x Y) is supra regular with respect to y
and . Let f : (X, u) — (Y, v) be a function whose graph G(f) is supra p-closed in (X x Y, u x v). If a subset S
is S¢,p-compact in (Y, v), then f7US) is supra y-closed in (X, p).

Proof. Suppose that f!(S) is not supra y-closed, then 3 a point x with x € cI}'(f"(S)) and x ¢ f~(S). Since
(x,8) ¢ G(f)and Vs € S and cl}”*(G(f)) < G(f),3IW € (u x v)in X x Y with (x, s) € W and B(W) nG(f) = ¢.
By supra regularity of p, Vs € S we can take U(s) e v and V(s) e v in Y with x € U(s), s € V(s) and
y(U(s)) x B(V(s)) < p(W). Then we have f(y(U(s)) n B(V(s)) = ¢ . Since {V(s) : s € S} is supra open cover
of S, then by M,-compactness 3 a finite number sy, s,,..., s, € Swith S € B(V(sy)) U B(V(s2)) U...UB(V(sp). By
the supra regularity of y, 3 a supra open set U € u in X with x € U and y(U) < y(U(sy) n y(U(s2)) N ... N
y(U(sn)). Therefore, we have y(U) n f(S) < U(s;) N f(B(V(sy)) = ¢. This shows that x ¢ cl}/(f(S)). This is
a contradiction. Thus, f~1(S) is supra y-closed in X. O

8 Conclusion

In this paper, the notion of an operator y on supra open sets has been studied and the notion of supra
y-open sets of an STS (X, p) has been defined. The notions of uy-g closed sets and operator on subspace ST
have been presented and investigated. New uy-separation axioms have been introduced and explored.
Some characterizations of S(y,f)-continuous functions have been studied and some properties of S(y,f3)-
closed graph and strongly S(y,)-closed graph have been given. Several examples have been exhibited to
validate the discussed results.

In the upcoming works, we plan to study these concepts on the contents of supra soft topological
spaces [35] and binary STS [36].
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