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Abstract: Let (X,⊥) be an orthogonality module in the sense of Rätz over a unital Banach algebra A and Y
be a real Banach module over A. In this paper, we apply the alternative fixed point theorem for proving the
Hyers-Ulam stability of the orthogonally generalized k-quadratic functional equation of the form

af (kx + y) + af (kx − y) = f (ax + ay) + f (ax − ay) + (2k2 − 2)f (ax)

for some |k| > 1, for all a ∈ A1 := {u ∈ A|‖u‖ = 1} and for all x, y ∈ X with x⊥y, where f maps from X to Y.
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1 Preliminaries and introduction
The orthogonality relation has various definitions in normed spaces such as Birkhoff orthogonality, isosceles
orthogonality and Pythagorean orthogonality. In this paper, we study the orthogonal stability of the func-
tional equations in the sense of Rätz as follows:

Definition 1.1. [1] Let X be a real vector space with dim(X) ≥ 2, and⊥ is a binary relation on X satisfying the
following properties:

1. x⊥0 and 0⊥x for all x ∈ X;
2. if x, y ∈ X r {0} and x⊥y, then then x, y are linearly independent;
3. if x, y ∈ X and x⊥y, then αx⊥βy for all α, β ∈ R;
4. for any two-dimensional subspace P of X, and for every x ∈ P, λ ∈ [0,∞), there exists y0 ∈ P such that
x⊥y0 and x + y0⊥λx − y0.

An ordered pair (X,⊥) is called an orthogonality space in the sense of Rätz, or shortly, orthogonality space.

Some interesting examples of orthogonality spaces are as follows:

– the trivial orthogonality on a vector space X defined by x⊥0 and 0⊥x for all x ∈ X;
– for any non-zero elements x, y ∈ X, we define⊥ by x⊥y if and only if x, y are linearly independent;
– the ordinary orthogonality on an inner product space (X, ⟨·, ·⟩) given by x⊥y if and only if ⟨x, y⟩ = 0;
– the Birkhoff-James orthogonality on a normed space (X, ‖ ·‖) defined by x⊥y if and only if ‖x+λy‖ ≥

‖x‖ for all λ ∈ R.
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The problem of stability of functional equations was first initialed by a question of Ulam [2]. Afterward,
Hyers [3] gave partial answer of Ulam’s question in the context of Banach spaces. The result of Hyers [3] was
extended by Aoki [4], Bourgin [5], and Forti [6]. In 1978, Rassias [7] attempted to weaken the condition for the
bound of the norm of Cauchy difference and proved a considerably generalized Hyers’ result in [3] by using
of a directed method as follows:

Theorem 1.2. [7] Let E1 and E2 be two Banach spaces and f : E1 → E2 be a function. If f satisfies the following
inequality

‖f (x + y) − f (x) − f (y)‖ ≤ δ(‖x‖p + ‖y‖p) (1.1)

for some δ ≥ 0, p with 0 ≤ p < 1 and for all x, y ∈ E1, then there exists a unique additive function g : E1 → E2
such that

‖f (x) − g(x)‖ ≤ 2δ
2 − 2p ‖x‖

p (1.2)

for each x ∈ E1. If, in addition, f (tx) is continuous in t for each fixed x ∈ E1, then the function g is linear.

Remark 1.3. If p = 0, then Theorem 1.2 reduces to Hyers’ result in [3].

In 1991, Gajda [8] gave the above result for p > 1 and gave an example showing that an analogous result for
p = 1 is not true. Afterward, Rassias [9, 10] motivated by Theorem 1.2 proved the following generalization:

Theorem 1.4. [9, 10] Let E1 be a normed space, E2 be a Banach space and f : E1 → E2 be a function. If f
satisfies the following inequality

‖f (x + y) − f (x) − f (y)‖ ≤ δ(‖x‖p + ‖y‖p) (1.3)

for some δ ≥ 0, p ≠ 1 and for all x, y ∈ E1 − {0E1}, then there exists a unique additive function g : E1 → E2
such that

‖f (x) − g(x)‖ ≤ 2δ
|2 − 2p| ‖x‖

p (1.4)

for each x ∈ E1 − {0E1}.

Next, we give some of the results present in the literature concerning stability and orthogonally stability re-
sults. In 1995, Ger and Sikorska [11] showed the orthogonally stability result of the Cauchy functional equation
as follow:

Theorem 1.5. [11] Let (X,⊥) be an orthogonality space, Y be a real Banach space and f : X → Y be a function.
If f satisfies the following inequality

‖f (x + y) − f (x) − f (y)‖ ≤ ε

for some ε > 0 and for all x, y ∈ X with x ⊥ y , then there exists exactly one orthogonally additive mapping
g : X → Y such that

‖f (x) − g(x)‖ ≤ 163 ε

for all x ∈ X.

On the other hand, Skof [12] first sutied the stability of the quadratic functional equation and proved the
following theorem:

Theorem 1.6. [12] Let (X,⊥) be an orthogonality space, Y be a real Banach space and f : X → Y be amapping.
If f satisfies the following inequality

‖f (x + y) + f (x − y) − 2f (x) − 2f (y)‖ ≤ ε

for some ε > 0 and for all x, y ∈ X, then there is a unique quadratic mapping g : X → Y, i.e. it satisfies the
following functional equation:

g(x + y) + g(x − y) = 2g(x) + 2g(y)
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for all x, y ∈ X such that
‖f (x) − g(x)‖ ≤ ε2

for all x ∈ X.

Afterward, Vajzović [13] considered the orthogonal quadratic functional equation

f (x + y) + f (x − y) = 2f (x) + 2f (x) (1.5)

for all x, y ∈ X with x⊥y where f is a continuous mapping from a Hilbert space X into a scalar field Y and ⊥
means the Hilbert space orthogonality.

In 2008, Towanlong and Nakmahachalasint [14] investigated the Hyers-Ulam Rassias stability of the
quadratic functional equation

f (3x + y) + f (3x − y) = f (x + y) + f (x − y) + 16f (x) (1.6)

for all x, y ∈ X, where f maps from a real vector space X to a real Banach space Y.
The purpose of thiswork is to prove the orthogonal stability of the generalized quadratic functional equa-

tion of the form
af (kx + y) + af (kx − y) = f (ax + ay) + f (ax − ay) + (2k2 − 2)f (ax) (1.7)

for some |k| > 1, for all a ∈ A1 := {u ∈ A|‖u‖ = 1} and all x, y ∈ X with x⊥y in the sense of Rätz, where f
maps from an orthogonality module (X,⊥) over a unital Banach algebra A to a real Banachmodule Y over A.

2 Main result
Now, we recall the classical fundamental result from the metric fixed point theory which is the main tool of
the proof used in the main result. We refer to [15] for the proof of this result.

Theorem 2.1. [15] Let (X, d) be a complete generalized metric space and J : X → X be a contraction mapping
with the contractive constant L < 1, that is, d(Jx, Jy) ≤ Ld(x, y) for all x, y ∈ X. Then for each given element
x ∈ X, either

d(Jnx, Jn+1x) = ∞

for all nonnegative integers n or there exists a positive integer n0 such that

1. d(Jnx, Jn+1x) < ∞ for all n ≥ n0;
2. J has a unique fixed point y* in the set

Y = {y ∈ X : d(Jn0x, y) < ∞};

3. the sequence {Jnx} converges to a fixed point y* of J;
4. d(y, y*) ≤ 1

1−L d(y, Jy), ∀y ∈ Y.

Let X be an orthogonality module over a unital Banach algebra A with the unit e, Y be a real Banach module
over A and A1 := {u ∈ A|‖u‖ = 1}. Throughout this work, for a given mapping f : X → Y , |k| > 1, a ∈ A1 and
x, y ∈ X, we will use the following symbol:

Dka f (x, y) := af (kx + y) + af (kx − y) − f (ax + ay) − f (ax − ay) − (2k2 − 2)f (ax). (2.1)

For |k| > 1, a mapping f : X → Y is said to be orthogonal generalized k-quadratic if it satisfies the equation

f (kx + y) + f (kx − y) = f (x + y) + f (x − y) + (2k2 − 2)f (x) (2.2)

for all x, y ∈ X with x⊥y.
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Definition 2.2. [16] Let X be an orthogonality module over a unital Banach algebra A with the unit e, Y be a
real Banach module over A. An additive mapping f : X → Y is called an A-additive mapping if

f (ax) = af (x)

for all x ∈ X and for all a ∈ A.

Next, we give themain theorem about stability of the generalized quadratic functional equations in the sense
of Rätz.

Theorem 2.3. Let (X,⊥) be an orthogonality module over a unital Banach algebra A with the unit e, Y be a
real Banach module over A and ρ : X × X → [0,∞) be a function such that there exist real numbers L, k with
0 ≤ L < 1 and |k| > 1 such that

ρ(x, y) ≤ k2Lρ
(︁ x
k ,
y
k

)︁
(2.3)

for all x, y ∈ X. Suppose that f : X → Y is a mapping satisfying f (0) = 0 and

‖Dka f (x, y)‖ ≤ ρ(x, y) (2.4)

for all a ∈ A1 and x, y ∈ X with x⊥y. Then there exists a unique A-additive mapping g : X → Y satisfying the
k-orthogonal quadratic functional equation (2.2) and

‖f (x) − g(x)‖ ≤ 1
2k2 − 2k2L ρ(x, 0) (2.5)

for all x ∈ X.

Proof. Let V be the class of all mappings from X into Y and let the generalized metric d on V be defined by

d(u, v) = inf{β > 0 : ‖u(x) − v(x)‖ ≤ βρ(x, 0), ∀x ∈ X}, (2.6)

where inf ∅ = ∞. Then (V , d) is complete.
Next, we define the linear mapping J : V → V by

(Ju)(x) := 1
k2 u(kx) (2.7)

for all u ∈ V and x ∈ X. First, we claim that J is a contraction mapping. Note that for each u, v ∈ X,

d(u, v) ≤ β ⇒ ‖u(x) − v(x)‖ ≤ βρ(x, 0), ∀x ∈ X

⇒
⃦⃦⃦⃦
1
k2 u(kx) −

1
k2 v(kx)

⃦⃦⃦⃦
≤ 1
k2 βρ(kx, 0), ∀x ∈ X

⇒ ‖(Ju)(x) − (Jv)(x)‖ ≤ βLρ(x, 0), ∀x ∈ X
⇒ d(Ju, Jv) ≤ βL.

It follows that
d(Ju, Jv) ≤ Ld(u, v)

for all u, v ∈ V. Putting y = 0 and a = e in (2.4), we obtain

‖2f (kx) − 2k2f (x)‖ ≤ ρ(x, 0) (2.8)

and hence ⃦⃦⃦⃦
f (x) − 1

k2 f (kx)
⃦⃦⃦⃦
≤ 1
2k2 ρ(x, 0) (2.9)

for all x ∈ X. It follows from (2.9) that
d(f , Jf ) ≤ 1

2k2 < ∞.
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By Theorem 2.1, there exist a mapping g : X → Y satisfying the following conditions:

– g is a unique fixed point of J, that is,
g(kx) = k2g(x) (2.10)

for all x ∈ X. Also, the mapping g belong to the set

P := {v ∈ V | d(f , v) < ∞}.

This implies that g is a unique mapping satisfying (2.10) such that there exists a β ∈ (0,∞) which
satisfies

‖f (x) − g(x)‖ ≤ βρ(x, 0)

for all x ∈ X.
– d(Jn f , g) → 0 as n →∞. This implies that

lim
n→∞

1
k2n f (k

nx) = g(x) (2.11)

for all x ∈ X.
– d(f , g) ≤ 1

1−L d(f , Jf ), which implies the inequality

d(f , g) ≤ 1
2k2 − 2k2L (2.12)

for all x ∈ X.

Putting a = e in (2.4), it follows from (2.3), (2.4) and (2.11) that

‖g(kx + y) + g(kx − y) − g(x + y) − g(x − y) − (2k2 − 2)g(x)‖ = lim
n→∞

1
k2n ‖D

k
e f (knx, kny)‖

≤ lim
n→∞

1
k2n ρ(k

nx, kny)

≤ lim
n→∞

Lnρ(x, y)
= 0

for all x, y ∈ X with x⊥y. This implies that

g(kx + y) + g(kx − y) − g(x + y) − g(x − y) − (2k2 − 2)g(x) = 0

for all x, y ∈ X with x⊥y, that is,

g(kx + y) + g(kx − y) = g(x + y) + g(x − y) + (2k2 − 2)g(x)

for all x, y ∈ X with x⊥y. Thus g : X → Y is a unique orthogonally k-quadratic additive mapping.
Putting y = 0 in (2.4), it follows from (2.3), (2.4) and (2.11) that

‖2ag(kx) − (2k2)g(ax)‖ = lim
n→∞

1
k2n ‖D

k
a f (knx, 0)‖

≤ lim
n→∞

1
k2n ρ(k

nx, 0)

≤ lim
n→∞

Lnρ(x, 0)
= 0

for all a ∈ A1 and for all x ∈ X. Then
2ag(kx) − 2k2g(ax) = 0

for all a ∈ A1 and for all x ∈ X, and thus

g(ax) = a
k2 g(kx) = ag(x)
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for all a ∈ A1 and x ∈ X. For each a ∈ A with a ≠ 0, we have

g(ax) = g
(︂
‖a‖ a

‖a‖ x
)︂
= ‖a‖g

(︂
a

‖a‖ x
)︂
= ‖a‖ a

‖a‖ g(x) = ag(x)

for all x ∈ X. Since f (0) = 0, we get A(0) = 0. Then g : X → Y is a unique A-additive mapping satisfying the
orthogonal generalized k-quadratic functional equation. From (2.12), we have (2.5) holds. This complete the
proof.

Corollary 2.4. Let X be an orthogonality module over a unital Banach algebra A with the unit e, Y be a real
Banach module over A, c > 0 and 0 ≤ p < 2. Suppose that f : X → Y is a mapping satisfying f (0) = 0 and there
exists a real number k with |k| > 1 such that

‖Dka f (x, y)‖ ≤ c(‖x‖p + ‖y‖p)

for all a ∈ A1 and for all x, y ∈ X with x⊥y. Then there exists a unique A-additive mapping g : X → Y satisfying
the k-orthogonal generalized quadratic functional equation (2.2) and

‖f (x) − g(x)‖ ≤ c
2k2 − 2|k|p ‖x‖

p

for all x ∈ X.

Proof. Letting ρ(x, y) = c(‖x‖p + ‖y‖p) for all x, y ∈ X and choose L = |k|p−2 < 1 in Theorem 2.3. Then we
obtain this result.

Corollary 2.5. Let X be an orthogonality module over a unital Banach algebra A with the unit e, Y be a real
Banach module over A, c > 0, p, q ≥ 0 with p + q < 2. Suppose that f : X → Y is a mapping satisfying f (0) = 0
and there exists a real number k with |k| > 1 such that

‖Dka f (x, y)‖ ≤ c‖x‖p‖y‖q

for all a ∈ A1 and for all x, y ∈ X with x⊥y. Then there exists a unique A-additive mapping g : X → Y satisfying
the k-orthogonal generalized quadratic functional equation (2.2) and

‖f (x) − g(x)‖ ≤ c
2k2 − 2|k|p+q ‖x‖

p

for all x ∈ X.

Proof. Letting ρ(x, y) = c‖x‖p‖y‖q for all x, y ∈ X and choose L = |k|p+q−2 < 1 in Theorem 2.3. Thenwe obtain
this result.

Corollary 2.6. Let X be an orthogonality module over a unital Banach algebra A with the unit e, Y be a real
Banach module over A, c1, c2 > 0 and 0 ≤ p < 2. Suppose that f : X → Y is a mapping satisfying f (0) = 0 and
there exists a real number k with |k| > 1 such that

‖Dka f (x, y)‖ ≤ c1(‖x‖p + ‖y‖p) + c2‖x‖
p
2 ‖y‖

p
2

for all a ∈ A1 and for all x, y ∈ X with x⊥y. Then there exists a unique A-additive mapping g : X → Y satisfying
the k-orthogonal generalized quadratic functional equation (2.2) and

‖f (x) − g(x)‖ ≤ c1 + c2
2k2 − 2|k|p ‖x‖

p

for all x ∈ X.

Proof. Letting ρ(x, y) = c1(‖x‖p + ‖y‖p) + c2‖x‖
p
2 ‖y‖

p
2 for all x, y ∈ X and choose L = |k|p−2 < 1 in Theorem

2.3. Then we obtain this result.



Orthogonal stability of the generalized quadratic functional equations | 529

In the same way of the proof of Theorem 2.3, we can prove the following results:

Theorem 2.7. Let X be an orthogonality module over a unital Banach algebra A with the unit e, Y be a real
Banach module over A, and a ∈ A. Let ρ : X × X → [0,∞) be a function such that there exist a nonnegative real
number L, k with 0 ≤ L < 1 and |k| > 1 such that

ρ(x, y) ≤ L
k2 ρ (kx, ky)

for all x, y ∈ X. Suppose that f : X → Y is a mapping satisfying f (0) = 0 and

‖Dka f (x, y)‖ ≤ ρ(x, y) (2.13)

for all a ∈ A1 and x, y ∈ X with x⊥y. Then there exists a unique A-additive mapping g : X → Y satisfying the
k-orthogonal quadratic functional equation (2.2) and

‖f (x) − g(x)‖ ≤ L
2k2 − 2k2L ρ(x, 0) (2.14)

for all x ∈ X.

Proof. Let (V , d) be the generalized metric space defined in the proof of Theorem 2.3. Now we consider the
linear mapping J : V → V such that

(Ju)(x) := k2u
(︁ x
k

)︁
for all u ∈ V and for all x ∈ X. The remain of the proof is similar to the proof of Theorem 2.3.

Corollary 2.8. Let X be an orthogonality module over a unital Banach algebra A with the unit e, Y be a real
Banach module over A, c > 0, and p > 2. Suppose that f : X → Y is a mapping satisfying f (0) = 0 and there
exists a real number k with |k| > 1 such that

‖Dka f (x, y)‖ ≤ c(‖x‖p + ‖y‖p)

for all a ∈ A1 and for all x, y ∈ X with x⊥y. Then there exists a unique A-additive mapping g : X → Y satisfying
the k-orthogonal generalized quadratic functional equation (2.2) and

‖f (x) − g(x)‖ ≤ c
2|k|p − 2k2 ‖x‖

p

for all x ∈ X.

Proof. Letting ρ(x, y) = c(‖x‖p + ‖y‖p) for all x, y ∈ X and choose L = |k|2−p < 1 in Theorem 2.7. Then we
obtain this result.

Corollary 2.9. Let X be an orthogonality module over a unital Banach algebra A with the unit e, Y be a real
Banach module over A, c > 0, p, q ≥ 0 and with p + q > 2. Suppose that f : X → Y is a mapping satisfying
f (0) = 0 and there exists a real number k with |k| > 1 such that

‖Dka f (x, y)‖ ≤ c‖x‖p‖y‖q

for all a ∈ A1 and for all x, y ∈ X with x⊥y. Then there exists a unique A-additive mapping g : X → Y satisfying
the k-orthogonal generalized quadratic functional equation (2.2) and

‖f (x) − g(x)‖ ≤ c
2|k|p+q − 2k2 ‖x‖

p

for all x ∈ X.

Proof. Letting ρ(x, y) = c‖x‖p‖y‖q for all x, y ∈ X and choose L = |k|2−p−q < 1 in Theorem 2.7. Thenwe obtain
this result.
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Corollary 2.10. Let X be an orthogonality module over a unital Banach algebra A with the unit e, Y be a real
Banach module over A, c1, c2 > 0 and p > 2. Suppose that f : X → Y is a mapping satisfying f (0) = 0 and there
exists a real number k with |k| > 1 such that

‖Dka f (x, y)‖ ≤ c1(‖x‖p + ‖y‖p) + c2‖x‖
p
2 ‖y‖

p
2

for all a ∈ A1 and for all x, y ∈ X with x⊥y. Then there exists a unique A-additive mapping g : X → Y satisfying
the k-orthogonal generalized quadratic functional equation (2.2) and

‖f (x) − g(x)‖ ≤ c1 + c2
(2|k|p − 2k2)‖x‖

p

for all x ∈ X.

Proof. Letting ρ(x, y) = c1(‖x‖p + ‖y‖p) + c2‖x‖
p
2 ‖y‖

p
2 for all x, y ∈ X and choose L = |k|2−p < 1 in Theorem

2.7. Then we obtain this result.
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