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Abstract: This paper aims to show new algebraic properties from the g-generalized Bernoulli polynomials
BL’""”(X; q) of level m, as well as some others identities which connect this polynomial class with the g-
generalized Bernoulli polynomials of level m, as well as the g-gamma function, and the g-Stirling numbers
of the second kind and the g-Bernstein polynomials.
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1 Introduction

Fix a fixed m € N, the generalized Bernoulli polynomials of level m are defined by means of the following
generating function [1]

T amid EB['" 1](X) |z| < 2m, (1.1)
€= 10 T no

where the generalized Bernoulli numbers of level m are defined by B[m 1, B[m 1](O) foralln > 0. We can
say that if m = 1 in (1.1), then we obtain the definition via a generating functlon, of the classical Bernoulli
polynomials Bn(x) and classical Bernoulli numbers, respectively, i.e. Bn(x) = BLO](X) and B, = %0], respec-
tively.

The g-analogue of the classical Bernoulli numbers and polynomials were initially investigated by Car-
litz [2]. More recently, J. Choi, T. Ernst, D. kim, S. Nalci, C.S. Ryoo [3-8] defined the g-Bernoulli polynomi-
als using different methods and studied their properties. There are numerous recent investigations on g-
generalizations of this subject by many others author; see [9-17]. More recently, Mahmudov et al. [18] used
the g-Mittag-Leffler function

El,m+1(Z; q) = meN,

ﬁ ’

Ehm 0 Thlit
to define the generalized g-Apostol Bernoulli numbers and g-Apostol Bernoulli polynomials in x, y of order
a and level m using the following generating functions, respectively

z™m 1.
(Aeg + Tm_l,q(z)) Z Br (A)
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S

( - )anZEyz=ZB[""1’“](x YN 2 (1.2
Ae% — Tin_1,4(2) 174 o n4q 7 nlg

where Ty-1,4(2) = X1 ﬁl,, a,A,gqeC,mecNandO<|q| < 1.
i

In the present work, we introduce some algebraic properties from the polynomials given in [18] when
a =1andA = 1, called g-generalized Bernoulli BL’”’” (x; q) of level m, and to research some relations between
the g-generalized Bernoulli polynomials of level m and g-gamma function, the g-Stirling numbers of the
second kind and the g-Bernstein polynomials.

The paper is organized as follows. Section 2 contains the basic backgrounds about the g-analogue of the
generalized Bernoulli polynomials of level m, and some other auxiliary results which we will use through-
out the paper. In the Section 3, we introduce some relevant algebraic and differential properties of the g-
generalized Bernoulli polynomials of level m. Finally, in Section 4, we show the corresponding relations be-
tween g-generalized Bernoulli polynomials of level m and the g-gamma function, as well as the g-Stirling
numbers of the second of the kind and the g-Bernstein polynomials.

2 Previous definitions and notations

In this paper, we denote by N, Ng, R, R*, and C the sets of natural, nonnegative integer, real, positive real and
complex numbers, respectively. The following g-standard definitions and properties can be found in [19-23].
The g-numbers and g-factorial numbers are defined respectively by

1-4°
1_

2], = zeC, qeC\{1}, q7=1,

q —_1 ’
[l ! =[] K, = (11,021,031, ---[n],,  [0,!=1, neN.
k=1

The g-shifted factorial is defined as

n-1
@qo=1, (@@n=][[0-da), neN,

j=o0

@ Qw=[(1-da), a,qeC; |q<1.

j=0
The g-binomial coefficient is defined by
n [nlg! (g5 Dn
= = d , (n,keNy0<k<n).
M , M (@50 D °

The g-analogue of the function (x + y)" is defined by

n
(x+y)g= m g2 MRk ne N,
k=0 q

n n-1
(1-a)f = (@@n= m ¢Vt = T[a-da).
q

k=0 j=0
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The g-derivative of a function f(z) is defined by

def (2) _ f(q2) - f(2)
qu (q - 1)2 ’

The g-analogue of the exponential function is defined in two ways

qu(Z) =

0<|gq|<1, O=zeC.

= 1 1
e = — 0< <1, z| < ,
‘ ano [n]q H(1 -agz Ot FaTy

Inn- 1) n

qZ
Z [n],!

In this sense, we can see that

-[[a+a-94*2, o<jg <1, zec.
k=0

V4 -z _
eq-Ef =1,
Z w Z+W
eq-Eq=eg".

Therefore,
z _ Z Z _ 1qz
Dgeg =ey, DqEg=E;".

Definition 2.1. Foranyt >0

oo

IGE / x“TE, M dgx
0
is called the q-gamma function.

The Jackson’s g-gamma function is defined in [20, 24] as follows

ry0 = L= (1- g1, 0<lg <,

replacing x by n + 1 we have

Fan+ 1) = LD (1o gy - (@i - @) = ()l meN.
@ g

Furthermore, it satisfies the following relations

ry(1)=1, Irq(n)=[n- 1], Tg(x+1) = [x], Tq(x).

Definition 2.2. [25] For a, 8,y € C, Re(a) > 0, Re(B) > 0, Re(y) > 0 and |q| < 1 the function
defined as

(C] Q)n zZ"
Z’Q)_Z (g;@)n Tqlan+p)’

Note that when v = 1 the equation above is expressed as

“
Ean@9 = X Fan sy

From (2.2), setting a = 1 and 8 = m + 1, we can deduce that

= z" i z" 1 — 2"
Z = 1 Zm Z 1 m
— Tgn+m+1) ourd [n+m]g! =z P~ [h]q! z

(2.1)

E,pz:q) is

(2.2)

(2.3)
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The g-Stirling number of the first kind s(n, k)4 and the g-Stirling number of the second kind S(n, k)4 are the
coefficients in the expansions, (see [26, p.173])

n

(X)n;q = Z s(n, k)qu,

k=0

x" = Z S(n, k)g(X),q» (2.4)

k=0

k-1
(g = [ JOc - [nly).
n=0

where

Let C[0, 1] denote the set of continuous functions on [0, 1]. For any f € C[0, 1], the g- Ba(f; x) is called
the g-Bernstein operator of order n for f and is defined as (see [15, p.3 Eq. (28)])

n n-r-1 n
B0 -3 H ¢ TL-a0=3 fiburto,
q r=0

r=0 s=0
where f; = f([r]4/[nlq). The g-Bernstein polynomials of degree n or a g-Bernstein basis are defined by

n-r-1

bur(x) = m « [ -0
q

s=0

n-j

We know that Z b, x(x) =1, and so

k=0 ) n-j n—i ] n-j-k-1
X =Z [ k]} Xk H (1 -g'%).
k=0 q t=0
By using the identity
1 [,
-
9 n ’
k= q mq
we have
N
¥ =" = by (). 2.5)

k=j H a
Otherwise, setting a = A = 1 in the equation (1.2), we have the following definition:

Definition 2.3. Letm € N, q,z € C, 0 < |q| < 1. The g-generalized Bernoulli polynomials ngm_l](x; q) of level
m are defined in a suitable neighborhood of z = 0 by means of the generating function

e i B U(x +y; q)—zn |z| < 27 (2.6)
—1 q ~q — n ’ 1° 5 .
eg - Z;ZO ﬁq! n=0 [n]q'
where the g-generalized Bernoulli numbers of level m are defined by
B (g) = B (05 9).

Furthermore,

B (x, y;9) := By Ux +y; ),

B Y(x,0;9) == BY" (x; 9),

B (0,y;q) == By (s ).
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The first three q-generalized Bernoulli polynomials of level m (cf. [18, p.7]) are
B H(x; q) = [m]g!,

B[1m71](x; q) = [mlg! (X - ﬁ) s

[2]gx . [2lgg™*! )
m+1]g  [m+2]glm+1]2)°

By 05 ) - ! (-
Also, the first three q-generalized Bernoulli numbers of level m are

By Y(g) = [mlq!,

m-1], ~ _ __[mlg!
B"Y(q) = [m+‘11]q,

m+1

m-1, _ [2lqlmlq!q
B @)= [m + 2]g[m+ 113"

— 515

Definition 2.4. [14] Let q,a € C, 0 < |q| < 1. The g-Bernoulli polynomials in x, y of order a are defined by

means of the generating function

2 \“ = o
_Z XZpyz _ a .
<e‘21 — 1) eq Ey néo By (x, y; Q)i[n]q!’ |z| < 27,

where the q-Bernoulli numbers of order a are defined by
B (g) == BY(0,05 q).

Furthermore
BP(x, q) := BY (x, 0; g),

B@(y, ) := BP0, y; q).

(2.7)

3 Properties of the g—generalized Bernoulli polynomials of level m

In this section, we show some properties of the g-generalized Bernoulli polynomials BLm_l](x; q) of level m.
We demonstrated the facts for one of them. Obviously, by applying a similar technique, other ones can be
determined. The following proposition summarizes some properties of the polynomials BL"H](X; q). We will

only show in details the proofs to (2), (5) and (7).

Proposition 3.1. Leta fixedm € N,n,k € Nyandq € C,0 < |q| < 1. Let {BL’""I](X; q)}m0 be the sequence
n=

of q-generalized Bernoulli polynomials of level m. Then the following statements hold.

1. Summation formula. For everyn > 0

BE{m—l] (q)xn—k.
q

n
B ) =)
k=0

n
k

2. Forn>1
n

+ _
[n km] B;(m U(g) = o0.
k=0 q

(3.1)
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3. Addition formulas

n
_ n 1 (n-k)(n-k- - -
By cryi) =) |, g OB )y, (3-2)
k=0 L lgq
W
- niln-kn-k-1) glm- -
Bl U +yiq) = h g2 Rk glm-1ly, gk, (3.3)
k=0 L lg

n

-1y 4 ve gy = S || gim-1l K
By Noc+ys) =) || B @0+ y)g

k=0 L lgq
0T
[m-1] . ) = n [m-1] . -k
By Nic+ysg) =) || B X"
k=0 L lgq
4. Inversion formulas
n
n_ n [k]q [m 1]
X = P [k} [k +m],! Brie (6 ), G4)
[n],! n+m _
Me B (3 q), (35)
y qzn(n 1)[n+m] |§ k . k

L [n)g!BY I (x q)

= .6
X! Z[k]q‘I“qu k+m+1) (3.6)
5. Difference equations
n-1
_ _ n-1
B (1 +y;q) - B Hyiq) = Inlg { 0 } By Uy, B Y ().
k=0 q
6. Differential relations. For m € N and n, j € Ng, where 0 < j < n, we have
DB @) = [+ 1], B 0 ), (3.7)
G plm-1,.. ~ _  [nlg! 1.
DY B () = [n_;?]q!BL’T]- 9.
7. Integral formulas
X1
B[m 1] : B[m 1] ;
/B[m 1](X q)d x = —ntl (O [?l)+ 1]n+1 (xo q), n e No, (3.8)

Xo
x

B&{"‘”(x; q) = [n]q/B[m Uy, q)dqx+B[m 1](q) neN,
0
+1-k _ ,n+l-k

q

%o k=0

Proof. To prove (2), we start with (2.1) and (2.6), from which it follows that

> h o j+m
[m-1] z _ [m 1] 4
(ZB @ ) (,;n [h]q!) (ZO Vg ) (Z e, )

and therefore
(ZB[m 11(q) ) (Z G ,)
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n

= X B™(g) z
:Z k[k]q! '[n—k+m] !

n=0 k=0
_B N | i e Bl g
B 1 I _ 1
[m],! s [k],! [n k+m],!
By comparing coefficients of —— In ] r we have
By (g) .
I AR

and )
i B )
par [klg! [n—k+m],!

By multiplying [n + m] ! on both sides of the equation above, we have
q

BY" Y(g) [n+m],!

& n+m ml]
Z[k]q'[n k+m]'_0 = Z[ k L (9) = 0.

k=0

O

Proof. Proofof (5). Considering the expression BL’"’” (1+y; q)—BL’”’” (v; @) and using the generating functions
(2.6) and (2.7), we have

I _ZB[m 1](1+y,Q)[7 ZB[M 1](y,q)[n] i = (ez 52_1 = )E’éz(eg_l)
z -

n=0 1=0 W
=2y By, q)[n] ,Z BY 1)(q) S
n=0
Therefore
I- ZB["’ 1(y,q)f,2 B! 1)(q)[n 1] ;
oo n-1 Lk
—Z B[m 1] s q)WBgl 11) k(‘])m
n=1 k=0
oo 1
1
=Y Il Z [" ] B (y; q)B.) k(q)[ ] ,
n=1 k=0 q
oo n-1
n-1 z"
=> [nlg [ . } B0 0B (@
n=0 k=0 q T
n
By comparing coefficients of —— [l on both sides we obtain the result. O
q:
Proof. Proof of (7). From (3.7) we have
_ 1 _
B (x; q) = e 1]quB£1rz11](X; q).

Now, by integrating on both sides of the equation above, we get

X1

/ BImU(x; q)dgx =

Xo

X1
1 _
[+ 1], | Datl s
X
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1 gim-1)

- [n+1]q By 6 q)
_ B Y0asg) - BL’L”(XO; q)
[n+1lq ’

Setting xo = 0 and x; = x in (3.8), we have

[ tm BI" Y(x; q) - B Y (g)
- . — _n+ > n+
/Bn (Xa Q)dqx [n+ 1]q s

(0]

and so

X

/B[m Uy, q)dgx =

0

B 0 q) - B ()
[n]q

Finally, we get

X
B (x; q) = [ng / B3 06 a)dgx + B ().
0

4 Some connection formulas for the polynomials
B (x+y; q)

From identities (2.4), (2.5) and Proposition 3.1 we can deduce some interesting algebraic relations between
the g-generalized Bernoulli polynomials of level m with the g-gamma function, the g-Stirling numbers of the
second kind and the g-Bernstein polynomials.

Proposition 4.1. Forn,j,k € No, q € C where O < |q| < 1 and where m € N, the g-generalized Bernoulli
polynomials of level m are related with the qg-gamma function by the means of the following identity

n n-k p[m-1] 1(n=1)(n-j-
B (x;q) 3 (n=j)(n-j-1)
[m-1] - k ’ q glm-1l
By (x+y;q) = [n]g! kEO ]EO Wyl GlaTeti—j—ksm+D) B (y; q). (4.2)

Proof. By substituting (3.6) in (3.3), we have

n
_ n
B x+y;g) =Y [].

n-j |B[m 1]( )

L(n-j)(n-j-1) glm-1] Z [n-jlq X; q
} - B ) [klg'Tq(n - )—k+m+1)
q

=0
k - 1(n—i)(n—i—

z":"Z Bg(m Uiy, q) [nlq |qz(” H(n-j-1) gin- 1](y o

1 1 B; ;

= = [klg!  [lg!Tgn-j-k+m+1)

n ok plm-tl(y; Ln-n-j-1)
=gty > B bad) ¢ BI"™U(y; g).
o o [klg!  [lg!Tg(n-j-k+m+1) B;
Corollary 4.1. Forn,j, k € Ng and m € N, we have O

nonk BB (G )
(m-1] k
B 060 =l >} it = ke ma 1) (4.2

k=0 j=0
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Proof. By replacing equation (3.6) in (3.1), we obtain

n n-j [m-1]
m-1],y. y _ n| Lim-1 [n-jlg!By" " (x: q)
Bx (X’Q)_Z[jLB ()Z[k] ITq(n - ]—k+m+1)

j=0

n nk Bm U(x, q) [n]q'B[m_ﬂ(l])
[klg!  [jlg!Tgin-j-k+m+1)

M

k=0 j=0
k [m-11 ) glm-1] (-
v B@BT ()

nla! e ]ZO [Klg![ilg'Tg(n-j-k+m+1)°

Corollary 4.2. Forn,j, k € Ng and m € N, we have O

n 17k [nlg!BI" (@)BL 06 q)
m 1] n-j-k
b6 = ZZ (s mlglin =~ Kol (4.3)

Proof. By substituting (3.4) in equation (3.1), we obtain

By o) =S m B )kz[ k’} e Bt
q 0

=0
n n-k
[klg! |n| |[n=j| Lm-1) \plm-
= —d B B
22 feemg |j| | K (@B40x:)
=0 j=0 q q
n 2k [nlg!B]" (g)B)" (6 9)
- parden [k + m] In-j-Kq'lilg!
Corollary 4.3. Forn,j,k € Noandm € N O
n 2T B 06 9By iy g)
m 1] ’
(X+y q) - [n Q'ZZ []]ql[n ]+ m— k]q'[k]q (44)

j=0 k=0

Proof. By substituting the equation (3.5) in (3.2), we obtain

n-j

n .
-1y 4 veg) = S° | g 30D glm-11 . [n - jlq n-j+mi pimei.
By (x+yiq) = E__ H q? B" M (x; q) 50[ LBk viq)

g2 DD _j 4 m]q!

[n-j+m]g! k

1
-
% =
=~
o
— Q9
N~

n n-jlg! |(n-j+m - -
} A lat [ ’ } BI" 10 q)BY" M (y; )
q

n 39 B U(x; q)BIm(y; )
= [nlg! ZZ [lg!n—j+m—Klg!klg!

O

Proposition 4.2. Forn,j,k € Ny, q € C where 0 < |q| < 1 and where m € N, the g-generalized Bernoulli
polynomials of level m are related with the q-Stirling numbers of the second kind S(n, k; q) by means of the
following identities

n n-k
By e+ ys @) Z{ } g I DBI ) )5 (n -, ks @) g )
k=0 j=0 q
n j
BI"U(x; q) = MBI (@)SG, ks @) g (4.6)
j=0 k=0 J q
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Proof. Proof of (4.5). By replacing (2.4) in (3.3), we have

B Vx +y;q) = { } 2 (o1 gl q)ZS(n s 16 D0 g
k=0

n n-k
[ } DD By 9)S(n - j, ks @) g
q

k=0 j=0
O
Proof. Proof of (4.6). By substituting (2.4) in (3.1), we have
" |n
B =3 |7 B ”(q)Zso s )00 g5
Jj=0 q
n ] n
[ } B (g)S G, ks )00 g
j=0 k=0
Corollary 4.4. Forn, k € Ng and m € N, we obtain O
n n
n| K e
%S(n; K)q(r,q = % {k} WBn e (6q).

Proposition 4.3. Forn,j, k € No,q € Cwhere 0 < |q| < 1 and where m € N the g-generalized Bernoulli poly-
nomials of level m are related with the q-Bernstein polynomials b, ;(x; q) by means of the following identities

n-j
k _
B, q)—zz[ ”} B (@) s (63 ), (47)
j=0 k=0 q
n
k L)1) e
B U(x 1 y;q) = ZZ [ ”} >V VBI N (y; )by (x5 ). (4.8)
j=0 k=0 q

Proof. Proof of (4.7). By replacing (2.5) in (3.1), we have

BLmH(M):Em Bl H( )Z "bnk(x q)
q

j=0 q

-3 Z B Y(g) m by i(x; q)
q

J=0 k=j

n X k+j
|: j ]:| BH?]TH(Q)bn,kﬂ'(X; Q.
j=0 k=0 q

Proof. Proof of (4.8). By replacing (2.5) in Equation (3.3), we obtain

n n k]

- n L()(G- - [i
Bl N x+y;9) = H g VB s ) b )
=0

q k=j [f]q

n n k L
= H g2V VB (y; g)by (x; q)
j q

k+ 1(i)(j— _
= |: ]:| qz(])(] DBH?}' 1]()’; q)bn,k+j(X; q).
j q
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Corollary 4.5. Forn,j € Ng and x € [0, 1], we have

™ [, o P R L P
Zﬁbn,k()(;‘l)zz e, 1Bk 6 ).

k=j q k=0

Proposition 4.4. Forn,j,k € Ngandn > j > k > 0, we have

K [n-j [a!BY (1 - x: )
RSN < n-j 4" Pn-k-
—— w
n-k s []] |B[m 1](1 X; q)
RPN ¢ n-j n q4*Pn-k-j
b, i(x; q) = x 2 { K } H [+ miy! . (4.10)

Proof. To prove (4.9), we used the following equality [14, Theorem 19, p. 10]

k
N - S hmar

k k Xka

 [klg! zm (ez— g )
1 = [h],!

Next, by using the equations (2.3) and (2.6), we get

We see that <

X"z

[Klq!

eZEX =
Eq

k k

kk = n > j

X'z X'z z - z
eZE = 3 > B - x;q)

Wt 070 7 gt & Ty m+ 1) 57 =% a)p

- pim-1] "
;Z[k]q'l"q(]+m+1) n-j (- Xq)[n jlg!

nk ok BmU1_xq)

= n-k-
gk] [k]g! Fq(]]+m+1) [n-k-jlg!

= Ik [jlq!BM™ U1 - x; q)
k n-k- Z
=D x { } Hq Fq(]+}m+1) [nlq!

n=k j=0

=

71
By comparing coefficients of ——— on both sides we obtain

[n]q!
o) - sz n| UlgBI M -x5q)
bnilxiq j LG+m+1)
q
To demostrate (4.10) we used the identity I'4(j + m+ 1) = [j+ m],4! and Equation (4.9). Continuing this process,

we get
b, k(XH])=anXIf [” J} [ } D]q'BLmk1}(1 X; q).
q

e [j + mlg!
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