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Abstract: In this paper, we introduce a new kind of g-Balazs-Szabados-Kantorovich operators called g-BSK
operators. We give a weighted statistical approximation theorem and the rate of convergence of the g-BSK
operators. Also, we investigate the local approximation results. Further, we give some comparisons associated
with the convergence of g-BSK operators.
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1 Introduction and auxiliary results

Approximation theory is an important area of research. Recently, several interesting studies have been con-
ducted (see [1-7]). The statistical approximation properties of the some operators have also been recently
investigated by several authors. For example, in [8] Meyer-Konig and Zeller operators based on g-integers;
in [9] g-analogues of Bernstein-Kantrovich operators; in [10] g-Bleimann, Butzer and Hahn operators; in [11]
g-Baskokov-Kantrovich operators; in [12] Kantrovich type g-Bernstein operators; in [13] g-Stancu-Beta opera-
tors; in [14] Kantorovich-type g-Bernstein-Stancu operators were defined and their statistical approximation
properties were investigated.

Firstly, we recall some basic definitions used in g-calculus. Details can be found in [15-17]. For any non-
negative integer r, the g-integer of the number r is defined by

FLoif q# 1
-] T4 ;
" { rooifg-,

where g is a fixed positive real number. The g-factorial is defined by
1= Wallgellg #r=1,2,..
Tt if r=o0.

For integers n, r with O < r < n, the g-binomial coefficients are defined by

[n} _ [nlg!
rl, [r]q![n—r]q!'

For fixed 0 < g < 1, we denote the g-derivative of a function f with respect to x

@70 i y 20,

= (g-1)z
Dq [f (0] { f‘i ©) if x=0,
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and we get /
lim D [f (0] = £ (1).

The definite g-integral is defined by

b (=~}
/f(t)dqt=(1-q)b2f(qu) ¢, 0<q<1,b>0,
0 j=0

and , )
f®)dgt= [ f(t)dgt- [ f(t)dqt, O<ac<b.
[ros- [row]

Bernstein-type rational functions are defined by Balazs [18]. Balazs and Szabados modified and studied
the approximation properties of these operators [19]. The g-analogue of the Balazs-Szabados operators is
defined by Dogru [20] as follows

Rn(f;q.%) = %Zqﬂjil)ﬁf (%{?) [ 7 L(anx)i’ D

n

1T (1 + g%anx) i=0
5=0

where x € [0, 00), an = [n]g‘1 and b, = [n]g foralln € Nand 0 < B < . Also, Dogru gave the following
equalities

Rn(eo;q,x) =1, (1.2)
X
Rn(e1;q,x) = Tram’ 1.3)
n-1 2572
Rn (62; q, X) [ ]q 4x X (1-4)

[n], (1+anx)(1+angx)  bn (1+anx)’
In (1.4), using the equality [n], = g [n - 1], + 1, we get

(g
Q1+ anx)(1+angx) bn(l+anx)’

Rn(ez;q,x) = (1.5)
We will use (1.5) instead of (1.4) throughout this paper.

In [21], a kind of real and complex g-Balazs-Szabados-Kantorovich operators were defined, and it was
given an upper estimate on compact disks.

Now, we give the following new kinds of g-Balazs-Szabados-Kantorovich operators:

Definition 1. A new kind of q-Baldzs-Szabados-Kantorovich operators is defined as follows:

qli+1lq
bn
~ b n e n .
Rafig0 = 5———> d" ”’2[ ; } (anxy / f(®)dqt, (1.6)
I1 (1 +gsanx) j=0 q alily
s=0 bn

where f is a nondecreasing and continuous functionon [0, o) , an = [n]g’land bn = [n]gfor allne N, q €(0,1)
and0 < B < 2.

g-Balazs-Szabados-Kantorovich operators can be called as g-BSK operators for convenience. Since f is nonde-
creasing and from the definition of g-integral, g-BSK operator is a positive operator. And also, g-BSK operator
is linear, so g-BSK operator is a linear and positive operator.

We have the following lemma for the g-BSK operators.
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Lemma 1. The following equalities hold for the q-BSK operators

Rn (eO;q’X) = 1’

2gx N 1
(2], (1 +anx)  [2], bn’

kn (el; q, X) =

(1 - Z—) 3¢°x° 3q[2],x 1
3], (1 + @nx) (1 + angx) " 3], bn (1 + anx) " (3], b3

Rn (62; q, X)

Proof. Using (1.2), (1.3), (1.5) and the equality [n]q =q[n- 1]q + 1, we have

1 . .
/ tqut = 7[3](] b3 (qu []]é +3¢q []]q + 1) .

Using (1.2) and (1.10), we get
Rn (€05 g,x) = 1.

Similarly, using (1.3) and (1.11), we obtain

B oo _ 1 . 29 )
Rn(e1;9,x) = 21, br Rn(e1;q,x)+ [z]an (e0s g, x)
2qx 1

1 + dnX * [Z]qbn.

Finally, from (1.2), (1.3), (1.5) and (1.12), we find that

~ 3q

1
Rn(e2;q,x) —

(3], b7
(1 B %) 3¢’ . 3qx L1
3 (1 +anx) (1 +angx) * [3]gbn(1+anx) [3], b3’

2 3q
Rn(ez;q,x) +
[3]q n( 2 q ) [3]q bn

Rn(e1;q,x)+ Rn (€05 g, x)

Lemma 2. The following equalities hold for the q-BSK operators

anx? 1-q)x 1

1+anx 2], (1 +anx) * [2],bn’

Rn ((el —X);q,X)

1.7)

(1.8)

(1.9)

(1.10)

(1.11)

(1.12)

(1.13)

1

. 2\ @ +an[2], X [3513 -3l - 3613%2} x? 3q[2], x
Rn ((ez X ) ' X) T TOramd+ aiqx) "B, A+ an0) (L +angx) " Bl b1 : anX)

31, b7’
(1.14)



DE GRUYTER g-BSK operators =— 13

. 2 0t an(1-q)(2q+1[2],) x> _ 2,2
Rn ((e1 —x)z;q,x) = dnqx , an( 9) (24 +[21g) X _ (1-9)3q°x
(1 +anx)(1 +angx) [2]; (1 +anx)(1+angx) [3],(1+anx)(1+ angx)
[(1—q)2—3q32—;} x? 3q[2],x 2x 1 (115)
+ + - + . .
[2]4 8], (1 + anx) (1 + angx)  [3l;bn (1 +anx) [2],bn  [3], b7
Proof. Using Lemma 2, after a simple calculation, the proof can be obtained easily, so we omit it. O

2 Weighted statistical approximation properties

The concept of the statistical convergence was introduced by H. Fast [22]. We recall some definitions about
the statistical convergence. The density of a set K C N is defined by

6{k<n:keK}.

The natural density, 6, of a set K C N is defined by

.1

nh_)rr:oﬁ\{ksn.keKH,

provided the limits exist [23]. A sequence x = (x;) is called statistically convergent to a number L if

6{k:|xx-Llz€}=0
for every € > 0 and it is denoted as st - liIEn X = L. Any convergent sequence is statistically convergent but not
conversely (see [20]). A real function p is called a weight function if it is continuous on R and | l‘im P (X) = oo,

X|—roo
p(x)z1forallx € R.
Let denote by By, (R+) the weighted space of the real valued functions f defined on R satisfying |f (x)| <

Mgpo (x) for all x € R+, where R. = [0, 00), po(x) = 1 + x* and M ¢ is a constant depending on the function

f. We also denote with Cp, (R+) := {f € Bp, (R+) : f continuous on R+ } the weighted subspace of By, (R+).

Bp, (R+) and Cp, (R+) are Banach spaces with [|f]|, = sup /‘fo(z%l .
x€R,

Let g = (gn) a sequence satisfying
st-limgn=1 and st-limgp=c, (0<c<1). 2.1)
n n
Now we are ready to prove the following convergence theorems for the g-BSK operators:
Theorem 1. Let q = (qn) be a sequence satisfying the conditions given asin (2.1). If f is a nondecreasing function
in Cp, (R+), then it holds for the g-BSK operators
St—lim||§n(f;qn,.)—f|| =0.
n PO
Proof. From (1.7) in Lemma 1, it is clear that
st—1im ||Rn (03 gn,.) - €0|| =0. (2.2)
n Po
Using (1.13) in Lemma 2, we get
1

. 1-q
||Rn (el;qn,.)—elupo < Qan HeZHPO-‘—Wn'lealO*‘m'
qn 4n

For a given € > 0, let us define the following sets:

A : = {k: | Rk (e15 qrs .)—e1Hp0 zs},
Aq ={k:akz§},
A, ={k:(k2§},
A3 ={k:’yk2§}
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with @y = ay [|e2]|,,» Gk = [12']—‘5: llexll,, and v = @. Since A C A; UA, U A3, we get

~ € £ €
S{ksn:HRn(el;qk,.)—ealo zs}s6{ksn:ak2§}+5{k5n:(k2§}+6{k5n:'yk2§}.
Under the conditions given in (2.1), it is clear that
st-limay = st —lim {4 = st —lim~y, = 0,
n n n

which implies
St—h}lnHRn (91;Qn,.)—€1Hp =0 (23)
(]

Using (1.14) in Lemma 2, we can write

i 3q5 - 3], - 34 3
|Rn(e2san ) -], < adanlleally, +anl2ly, lleslly, + 5 = lle2ll, * o1 leall,
dn dn
o el
— eoll, -
b7 31, po
Again for a given € > 0, let us define the following sets:
B : = {k: | Rk (€2 qr .)—eszo > e} ,
€ £
B, : ={k: _f},B :={k: _f},
1 Vi 2 5 2 Py 2 5
£ €
B; : ={k: _f},B :={k: _f},
3 Mk 2 5 4 Hi 2 5
€
Bs : = { : > f}
5 k:op= 5
: 313y, 300 5
by choosing vic = agq leally, » 9k = ax 2, €311y, Mk = =" lleallp, » 1k = B lleall,, and o =

ﬁ lleoll,,, -Since B C By U By U B3 U B, U Bs, we have
k

S{ksn:erk(ez;qk,.)—eznpozs} sS{ksn:vkzg}HS{ksn:(pkz
+6{ksn:nk2—}+6{k5n:yk

v

vl m
Glm

Under the conditions given in (2.1), we have

st-limv, = st-limg,=0,
n n
st - lirrln nmm = 0,
st—lirllnyn = st—lirlln on=0. (2.4)
From (2.4), we obtain
st—li}gn”Rn (ez;qn,.)—e2||p =0. (2.5)
0

Since
|Rn(fsan, )-f|| < ||Ru(eosgn,.)—eo|| +|Rn(e1;qn,.)—e1] +|Rn(e2iqn,.)-e2|
Po Po PO Po

from (2.2), (2.3) and (2.5), the proof of theorem is completed. O

In this part, we give the rates of convergence of the g-BSK operators by means of the weighted modulus of
smoothness
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The weighted modulus of smoothness for the functions f in By, (R+) is defined as

.5 = foc b =F (1
on (f’ 6) xa()s,gglsﬁ 1+ (X + h)2 (2.6)

for 6 > 0. It is clear that for each f in By, (R+) , Qp, (f; .) is well-defined and satisfies the following properties
(see [24])
Qp, (f;A6) < (A+1)Qp, (f;6), 6 >0, @7

Qp, (fsnd) < nQp, (f;8), 6>0, neN,
'QPO (f;(S)SZHf”pO, 6>O’ feBPO(R+)’
lim Qp, (f; 6) =
SLn(‘)l* Po(f"s) O’

We give the following rate of convergence for the g-BSK operators.

Theorem 2. Let q = (qn) be a sequence satisfying the conditions given as in (2.1). For all nondecreasing func-
tions f in Bp, (R+) , we have

|Rn (f; qn, X) = f| < 24/ Rn (13 ()5 Gy X) Qoo (F3 1n (X)),

2 % 2 12
x20,6>0,n€eN, wherekx(t):=1+(x+|t-x|) fortanndyn(x)=(Rn ((el—x) ;qn,x>) .

Proof. Letn € Nand f € Bp, (R+) . From (2.6) and (2.7), we can write

A

FO-F0 = (1+ele-x?) (14 5 1e-x1) 9, G0

e () (1 ‘3 |t—x|) p, (f35). 28)

From the linearity and positivity of the g-BSK operators and using Cauchy-Schwarz inequality, we obtain

[Rn(f;qn, )= f] = Ra(f () = F (0|5 4n, %)
. {Rn(xx(t);qn,x)+%Rn(u—xuqn,x)}opo(f;é)
= 1 /=
¢ R O3anx) (105 R (€021 007) ) 9 30)
Finally, choosing § = pn (x), the proof is completed. O

3 Local approximation

Let Cp (R+) be the space of all real valued continuous bounded functions defined on R.. The norm on the
space Cp (R+) is the supremum norm ||f|| = sup{|f (x)| : x € R+}. Also, Peetre’s K-functional is defined

K2 (f, 6) = infycue {If - 8]l + 5||8"[| } . where w? = {g c Ca R : 8',8" € Ca®} .
By [25] (p.117), there exists a positive constant C > O such that

K> (f,6) < Cw; (f, 51/2) ,6>0,
where
ws (f, 51/2) - sup{\f(x+2h)—2f(x+h)+f(x)| xR, 0< |k < 51/2}

is the second order modulus of continuity of functions f in Cg [0, o0). Further, the usual modulus of continuity
is defined by

w (f,6"7) =sup {If (x+ W)~ F (0] : x € R+, O<[h| <8},

Now, we give local results for the g-BSK operators.
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Theorem 3. Let q = (qn) be a sequence satisfying the conditions given as in (2.1) and f € Cg (R+). Then for all
n € N, there exists a positive constant C > 0O such that

[Ra (F5 s )~ £ ()] < Cw2 (f, /80 (9) + 0 (F, an (),

where 8 (x) = Rn ((l‘—x)2 ;qn,x)+(Rn (t-x); qn,x))z,an (x) = }ﬁn ((t = X); qn, X)|, where Rn ((t - X) ; qn, X)

and Ry, ((t - x)2 5 qn, x) are given as in and (1.13) and (1.15).

Proof. For x € R,, we introduce the auxiliary operator as follows:

Rn (3 ns %) = Rn (f5 qn, X) + £ (%) = f (¢ (%)) » G.D

ax’ 4 (1-gn)x 1
T+anx = [2], (1+anx) (2], bn

where & (x) = x - . Using (3.1), we have

Rn((t=%)3qn, %) = Ra ((t = 2)5qn, ) + F () = f (6 (X)) = O

Let x € R, and g € W2. Using the Taylor formula
t
0-g0+g W(E-0+ [ (€-wg @ du
X

Applying Ry to both sides of the above equation, we obtain

t
Rn ((¢-28 ()3, x) + R (/(t—u)g” (u)du;qn,x)

g 0)Rn ((t-%)3qn, %)

Rn(g(0);qn, x) -8 ()

&n(x)
/ (t-wg' (u)du;qn, ) / En(0-u)g (u)du

£n(x)
R ( / (t-ug’ @ du;qn,x> - / (& () - u)g” (u)du.

X

On the other hand,

t

[a-ws wau

X

t

< / |t - ul )g// (u)‘ du <

X

g H(l‘—u)2

t
g”H/\t—u|dus
X

and

&n(x)
/(fn(X)—u)g (u)du| <

g'||@00-2"=||g"| (Rat-x)5am.20)".

which implies

+ / &) -u)g () du

X

IN

Rn (85 qn, x) —g(x)‘

t
n (/ (t—u)g” () du;qn,x)

Hg” H {f?n ((t-X)2 ; qn,x) + (Rn((t-x); qn,x))z}
g | 6n00).

IN

IN
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Considering Rn (1; gn, X) = 1, we have also

Ru(f3 qn, )| < [Rn(f5 qn, )| + f (O +1f Gn ) < Ru (If]5.dn, %) + 21IfI] < 3IIf-

Therefore

Rn (f5 qn, %) - £ (%)

IN

Rn((F = 8) 40 ) = (F ) (9] + If (6 00) £ (01 + [Rn (g1 n. )~ 8 ()
41f - gl + (i an 00) + 18| 6 00

IN

Taking infimum on the right hand side over all g € W?, we obtain
‘Rn (fs gqn, x) _f(X)’ 4K (f, 6n (X)) + w (f5 an (X)) .
By the inequality K; (f, 6) < Cw, (f , 8 2) for 8 > 0, we obtain the desired result. O

Let E be any subset of R+ and a € (0, 1]. Then Lipy, (E, a) denotes the space of functions f in Cp (R+) satis-
fying the condition
F@O-f ()] <My |t-x|", teEandx e [0,00),

where My is a constant depending on f and E denotes the closure of E in R..

Theorem 4. Let ¢ = (qn) be a sequence satisfying the conditions given as in (2.1) and the function f in
Cg[0,o0) N Lipy, (E, @), a € (0, 1] and E be any bounded subset of R.. Then for each x € R+, we have

|Rn (fs qny ) = £ (0)] < My {(un ()" + 2(d (x, E))*},

- 1/2
where un (x) = (Rn ((t -X)?; qn, x) ) and Mg is a constant depending on f, and d (x, E) is a distance between
points x and E, thatis d (x, E) = inf {|t - x| : t € E}.

Proof. Let E be the closure of the set E. Then there exists an xo € E suchthat|x — xo| = d (x, E) , where x € R;.
Thus we can write

|Rn (fs qn, x) - f (0)] Ru (If (1) = f (X0)| 5 @n, X) + R (If (X0) = f ()] 5 > X)
< My (Rn (|t—X0|a;Qn,X) + |X—X0|a)

< Mg (Rn (It -X|";5qn, x) +2[x = x0/%) .

IN

Using the Holder inequality with p = 2 and g = 52;, we obtain

A

}Rn (f3 qn, x) _f(X)| < Mg {f?n (|t—X|ap ;qn,x)}llp [{f?n (1;qn,x)}1/q + Z(d(X,E))“}
My [ (kn (0" +2(d (6, E))]

which completes the proof. O

IN

Remark 1. Let q = (qn) be a sequence satisfying the conditions given as in (2.1), then

st -liman =st—1imi =0,
n n bn

so the results in weighted space give us the weighted approximation degree of the q-BSK operators to f,and also
the results of local approximation give us the approximation degree of the q-BSK operators to f.

We give an illustrative example which shows the rate of convergence of the operators g-BSK to certain func-
tions in the following example:

Example 1. In case of B = 0.5, the convergence of the q-BSK operators to f (x) = x + sin(3x) is illustrated in
Figure 1 and Figure 2 acording to increasing values of n and q, respectively.

The figures clearly show that, for increasing values of n and g, the degree of approximation becomes better.
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infinity

infinity

f(x)

q-BSKEn:?E;
q-BSK(n=100)

Figure 1: The convergence of the operators Ry (f; 0.95, x) to f (x) for increasing values of n.

infinity

infinity

f(x)

q-BSK(q=0.99)
q-BSK(q=0.95)
4-BSK(q=0.80)

Figure 2: The convergence of the operators Rso (f; g, x) to f (x) for increasing values of q.
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