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1 Preliminaries

Let M be a topological space and C be a sheaf of algebras of real continuous functions on M with � D �C , where
�C is the weakest topology in which all functions from C are continuous. The triple .M; �; C/ is called a structured
space [1].

Let ˆ denote a function onM such that for any point p 2M , the image ˆ.p/ is an n-dimensional vector space
over R.

A mapping � W U !
`
p2U ˆ.p/ is called a local ˆ-field on U 2 � if �.p/ 2 ˆ.p/ for p 2 U .

Let W be a sheaf of local ˆ-fields such that:

1. W is a locally free C-module of rank n 2 N;
2. For every local basis e D .e1; : : : ; en/ of W on U 2 � the sequence e1.p/; : : : ; en.p/ is a vector basis of ˆ.p/

for any p 2 U .

In the sequel, any C-module W satisfying the conditions 1–2 is said to be a locally free sheaf of ˆ-fields over the
structured space .M; �; C/.

Let X be the sheaf of morphisms X W C ! C such that for any U 2 �

X.U / W C.U /! C.U /

is a derivation of an R-algebra C.U /. The sheaf X will be called the sheaf of derivations.
By Ak.X ; C/I k � 1 we will denote the sheaf of morphisms ! W Xk ! C such that

!.U / W Xk.U /! C.U /
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is C.U /-k-linear for every U 2 � . For k D 0 we set A0.X ; C/ WD C.
The C-module Ak.X ; C/ will be called the sheaf of differential k-forms on .M; �; C/ and an element ! 2

Ak.X ; C/ we will call a differential k-form (or shortly a k-form) on .M; �; C/.
In the sheaf Ak.X ; C/ we define the exterior derivative d as a morphism d W Ak.X ; C/! AkC1.X ; C/, k � 0,

in the following way [3]:

1. If k D 0 and ˛ 2 A0.X .U /; C.U // WD C.U /, then .d˛/.X/ WD X.˛/ for any X 2 X .U /, U 2 � .
2. If k > 0 and !.U / W Xk.U /! C.U / then

.d!.U //.X1; : : : ; XkC1/ D

kC1X
iD1

.�1/iC1Xi .!.X1; : : : ; OXi ; : : : ; XkC1//

C

X
i<j

.�1/iCj!.ŒXi ; Xj �; X1; : : : ; OXi ; : : : ; OXj ; : : : ; XkC1/

for any X1; : : : ; XkC1 2 X .U /, U 2 � , where OXi ; OXj are omitted.

By Hk , k D 0; 1; 2; : : : we denote the k-th de Rham cohomology group of the space .M; �; C/

Hk D ker dk=im dk�1 for k � 1;

H0 D C:

Let us put

H� WD
X
k�0

Hk :

H� is a graded algebra if we accept the following definition:

Œ!1� [ Œ!2� WD Œ!1 ^ !2�

for any !1; !2 2 A�.X ; C/ WD
P
k�0 A

k.X ; C/.
Let W be a locally free sheaf of local ˆ-fields. By Ak.X ;W/I k � 1 we will denote the sheaf of morphisms

! W Xk !W such that

!.U / W Xk.U /!W.U /

is C.U /-k-linear for every U 2 � . For k D 0 we set A0.X ;W/ WDW .
The C-module Ak.X ;W/ will be called W-valued sheaf of differential k-forms on .M; �; C/ and an element

! 2 Ak.X ;W/ will be called a differential W-valued k-form on .M; �; C/.

2 Connection as a morphism of sheaves

Definition 2.1. A linear connection in the sheaf W is a morphism of sheaves D W W ! A1.X ;W/ satisfying the
conditions:

1. D is an R-linear local morphism, i.e.

D.U / WW.U /! A1.X .U /;W.U //;

D.U /.��1 C ��2/ D �D.U /�1 C �D.U /�2

for any �1; �2 2W.U /; �; � 2 R, U 2 � .
2. D satisfies the Leibniz rule

D.U /.˛�/ D .d.U /˛/˝ � C ˛D.U /�

for any � 2W.U / and ˛ 2 C.U /, U 2 � .
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Let e D .e1; : : : ; en/ be a local C.U /-basis of the C.U /-module W.U /, U 2 � . Decomposing the 1-forms Dei 2
A1.X .U /;W.U // for i D 1; : : : ; n with respect to e we get:

Dei D �
j

i
.D; e/ej ; i; j D 1; : : : ; n; (1)

where �j
i
.D; e/ 2 A1.X .U /; C.U// for i; j D 1; : : : ; n.

The connection D satisfies the consistency condition: if V � U then we have

D.V /.sjV / D .D.U /.s//jV :

The matrix �.D; e/ D .�
j

i
.D; e// of the 1-forms �j

i
.D; e/ for i; j D 1; : : : ; n is called the matrix of the linear

connection D with respect to the local C.U /-basis e.
Now, putting

‚.D; e/ D d�.D; e/C �.D; e/ ^ �.D; e/ (2)

we obtain the matrix called the matrix of curvature 2-forms of the linear connection D with respect to the local
C.U /-basis e. When the connectionD in the sheaf W is fixed then the matrices �.D; e/ and‚.D; e/ will be denoted
simply by �.e/ and ‚.e/, respectively.

Let GL.n; C/ be the general linear group sheaf of non-singular matrices with elements in the sheaf C (compare
with [4, 5]). Then for g 2 GL.n; C.U // and the local C.U /-basis e D .e1; : : : ; en/, U 2 � , we define a new local
C.U /-basis by the formula

eg D .gi1ei ; : : : ; g
i
nei /; i D 1; 2; : : : n:

One can verify the following transformation laws:

g�.eg/ D dg C �.e/g; (3)

‚.eg/ D g�1‚.e/g: (4)

Let L.W;W/ be the sheaf of endomorphisms of the C-module W . By Ak.X ;L.W;W//I k � 1 we will denote the
sheaf of morphisms ! W Xk ! L.W;W/ such that

!.U / W Xk.U /! L.W;W/.U /

is C.U /-k-linear for every U 2 � . For k D 0 we set A0.X ;W/ WD L.W;W/.
The C-module Ak.X ;L.W;W// will be called L.W;W/-valued sheaf of differential k-forms on .M; �; C/ and

an element ! 2 Ak.X ;L.W;W// will be called a differential L.W;W/-valued k-form on .M; �; C/.
Any L.W;W/-valued k-form determines the matrix of k-forms !.e/ D .!i

j
.e// in a local C.U /-basis e, where

!i
j
.e/ 2 Ak.X .U /; C.U // are given by the decomposition

!.U /.X1; : : : ; Xk/.ej / D !
i
j .e/.X1; : : : ; Xk/ei (5)

for all X1; : : : ; Xk 2 X .U / and i; j D 1; : : : ; n.
For the k-form ! we have the transformation law

!.eg/ D g�1!.e/g;

where g 2 GL.n; C.U //.
The covariant derivative of a k-form ! 2 Ak.X ;L.W;W// is a .k C 1/-form D! 2 AkC1.X ;L.W;W//

regarded as a morphism of sheaves

D! W XkC1 ! L.W;W/

such that its matrix with respect to a local C.U /-basis e is defined by

.D!/.e/ D .d.U //.!.e//C �.e/ ^ !.e/C .�1/k!.e/ ^ �.e/: (6)
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The exterior product of a k-form � 2 Ak.X ;L.W;W// and an l-form  2 Al .X ;L.W;W// is a .k C l/-form
� ^  2 AkCl .X ;L.W;W// such that its matrix with respect to a local C.U /-basis e is of the form

.� ^  /.e/ D �.e/ ^  .e/:

The Lie bracket is given by the formula

Œ�;  � D � ^  � .�1/kl ^ �: (7)

One can prove the following identities

D.� ^  / D D� ^  C .�1/k� ^D (8)

for � 2 Ak.X ;L.W;W//;  2 Al .X ;L.W;W//,

D‚ D 0 (Bianchi identity): (9)

3 Chern–Weil homomorphism in locally free sheaf

Let Ik.Mn.R// be an R-linear space of all GL.n;R/-invariant polynomials of degree k on the set of n� n matrices
with real entries Mn.R/, i.e. polynomials P WMn.R/ � : : : �Mn.R/! R which satisfy the condition

P.gA1g
�1; : : : ; gAkg

�1/ D P.A1; : : : ; Ak/

for arbitrary A1; : : : ; Ak 2Mn.R/ and g 2 GL.n;R/.
Let Ei

j
2 Mn.R/ be the standard basis of the space Mn.R/ for i; j D 1; : : : ; n. Using the Einstein convention,

each matrix A D .ai
j
/ 2 GL.n;R/ can be uniquely expressed as a linear combination

A D a
j

i
Eij ; i; j D 1; : : : ; n:

If Al D .
l
a
il

jl
/, l D 1; : : : ; k are some matrices from Mn.R/ then for any P 2 Ik.Mn.R// we have

P.A1; : : : ; Ak/ D �
i1:::ik
j1:::jk

1
a
j1

i1
: : :

k
a
jk

ik
;

where �i1:::ik
j1:::jk

WD P.E
i1
j1
; : : : ; E

ik
jk
/.

Let �1 2 Ad1.X ;L.W;W//; : : : ; �k 2 A
dk .X ;L.W;W// be skew-symmetric forms of degrees d1; : : : ; dk ,

respectively. We can consider these forms as morphisms of sheaves Xdi and a C-sheaf L.W;W/, �i W Xdi !
L.W;W/ for i D 1; : : : ; k. Let �1.e/; : : : ; �k.e/ be the local representation of these forms in the local basis e D
.e1; : : : ; en/ on U 2 � .

Given an invariant polynomial P 2 Ik.Mn.R// we define the form PU .�1; : : : ; �k/ of degree d1 C : : :C dk
on U by

PU .�1; : : : ; �k/ WD �
i1;:::;ik
j1;:::;jk

1
�
j1

i1
.e/ ^ : : : ^

k
�
jk

ik
.e/: (10)

It is easy to check that this definition is independent of the choice of a local basis.
For any V 2 �; V � U we have the equality

PU .�1; : : : ; �k/jV D PV .�1jV ; : : : ; �kjV /:

There exists exactly one .d1 C : : :C dk/-form

P.�1; : : : ; �k/ 2 A
d1C:::Cdk .X ; C/

regarded as a morphism P.�1; : : : ; �k/ W Xd1C:::Cdk ! C such that

P.�1; : : : ; �k/jU D PU .�1; : : : ; �k/:

For any .�1; : : : ; �k/ 2 Ad1.X ;L.W;W//�: : :�Adk .X ;L.W;W// the mapping .�1; : : : ; �k/ 7! P.�1; : : : ; �k/ 2

Ad1C:::Cdk .X ; C/ is a C-linear morphism of sheaves.
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Lemma 3.1. Let �i 2 Adi .X ;L.W;W//, i D 1; : : : ; k be a di -form and let  2 A1.X ;L.W;W// be a 1-form.
Then for any P 2 Ik.Mn.R// we have the identities [6]

(i)
kP
iD1

.�1/d1C:::Cdi�1P.�1; : : : ; Œ ; �i �; : : : ; �k/ D 0,

(ii) dP.�1; : : : ; �k/ D
kP
iD1

.�1/d1C:::Cdi�1P.�1; : : : ;D�i ; : : : ; �k/,

where D is a linear connection in the sheaf W and d0 WD 0.

Let A�.X ;M/ be the C-sheaf of all morphisms of sheaves ! W X� ! M, where the sheaf M is either C or
L.W;W/. Denote by A�.X ;M/Œt � the set of all mappings such that

!.t/ D !0 C !1t C : : :C !nt
n;

where !0; !1; : : : ; !n 2 A�.X ;M/, t 2 R, n 2 N. Of course A�.X ;M/Œt � is a vector space over R.
Let us define d

dt
;
R b
a
2 EndA�.X ;M/Œt �, a; b 2 R, via�
d
dt
!
�
.t/ WD !1 C 2!2t C : : :C n!nt

n�1 for t 2 R;

bZ
a

! WD !0.b � a/C !1
b2�a2

2
C : : :C !n

bnC1�anC1

nC1
:

If ! 2 A�.X ;L.W;W// and D is linear connection in the sheaf W then we define

.D!/.t/ WD D!0 C .D!1/t C : : :C .D!n/t
n;

where ! D !0 C !1t C : : :C !ntn, t 2 R.
If ! 2 A�.X ; C/, we additionally define

.d!/.t/ WD d!0 C d!1t C : : :C d!nt
n:

It is easy to see that

d

0@ bZ
a

!

1A D bZ
a

d!

for any ! 2 A�.X ; C/ and a; b 2 R.
These simple algebraic operations are useful for the proof of the following fundamental theorem, which is a

generalization of the Weil theorem.

Theorem 3.2. Let W be a locally free sheaf of ˆ-fields on M of rank n and let D be a linear connection in W .
Suppose that P 2 Ik.Mn.R//. Then
(a) The 2k-form P.‚/ is closed, i.e. dP.‚/ D 0.
(b) The cohomology class ŒP.‚/� 2 H2k is independent of the connection D.

Proof. (a). From Lemma 3.1 we obtain

dP.‚/ D P.D‚;‚; : : : ; ‚/C : : :C P.‚; : : : ;D‚; : : : ; ‚/C

C : : :C P.‚; : : : ; ‚;D‚/ D 0;

what vanishes by equation (9) and thus P.‚/ is a closed 2k-form.
(b). Put � WD QD �D. It is easy to see that � 2 A1.X ;L.W;W//. Next, consider the one-parameter family of

connections in W

Dt D .1 � t /D C t QD for t 2 R:
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Hence

Dt D D C t . QD �D/ D D C t�:

It is easy to see that

�t .e/ D �.e/C t�.e/; where �.e/ D Q�.e/ � �.e/; t 2 R:

Therefore

‚t .e/ D d�t .e/C �t .e/ ^ �t .e/

D d.�.e/C t�.e//C .�.e/C t�.e// ^ .�.e/C t�.e//

D d�.e/C �.e/ ^ �.e/C tD�.e/C t2�.e/ ^ �.e/

D ‚.e/C tD�.e/C t2�.e/ ^ �.e/

for an arbitrary local basis e.
The curvature form ‚t of Dt has the form

‚t D ‚C tD�C t
2� ^ � for t 2 R: (11)

Hence

D‚t WD D‚C tD
2�C t2D.� ^ �/ for t 2 R:

It follows from (7) and (8) that

D.� ^ �/ D D� ^ �C .�1/1� ^D� D ŒD�; ��:

Of course, Œ� ^ �; �� D .� ^ �/ ^ � � � ^ .� ^ �/ D 0. Hence we have

D‚t D D‚C t
2Œ‚; ��C t2ŒD�; ��C t3Œ� ^ �; �� (12)

D t Œ‚C t2D�C t2� ^ �; �� D t Œ‚t ; ��

for t 2 R.
Now, we shall show the identity

d
dt
P.‚t / D dQ.�;‚t /; t 2 R; (13)

where Q.�; / D kP.�; ; : : : ;  / for any �; 2 A�.X ;L.W;W//.
From (13) we obtain

d
dt
‚t D

d
dt
.‚C tD�C t2� ^ �/ D D�C 2t� ^ �: (14)

From Lemma 3.1 and the symmetry of the k-form P we obtain

d
dt
P.‚t / D kP

�
d
dt
‚t ; ‚t ; : : : ‚t

�
:

Hence and from (14) we have

d
dt
P.‚t / D kP.D�C 2t� ^ �;‚t ; : : : ‚t /

D kP.D�;‚t ; : : : ‚t /C 2ktP.� ^ �;‚t ; : : : ‚t /

D Q.D�;‚t /C 2tQ.� ^ �;‚t /: (15)

From the symmetry of the k-form P and from Lemma 3.1, .i i/, we obtain

dQ.�;‚t / D d.kP.�;‚t ; : : : ‚t // (16)

D kP.D�;‚t ; : : : ‚t / � k.k � 1/P.�;D‚t ; ‚t ; : : : ‚t /:
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Applying the identity .i/ from Lemma 3.1 with  D � and �i D �i , i D 1; : : : ; k, t 2 R, we obtain

P.Œ�; ��;‚t ; : : : ‚t / � .k � 1/P.�; Œ�;‚t �; ‚t ; : : : ‚t / D 0: (17)

From (12), (16), (17) and by the identity

Œ�; �� D � ^ � � .�1/� ^ � D 2� ^ �

one can compute

dQ.�;‚t / D Q.D�;‚t /C 2tQ.� ^ �;‚t /:

Hence and on the strength of (15) we obtain (13).
By integrating identity (13) we have

1Z
0

d
dt
P.‚t / D

1Z
0

dQ.�;‚t /; t 2 R:

Hence

P.‚1/ � P.‚0/ D d

0@ 1Z
0

Q.�;‚t /

1A
or, for cohomology classes,

ŒP.‚1/� D ŒP.‚0/�:

The mapping w W I�.Mn.R// ! H� given by P 7! ŒP.‚/� is a well-defined homomorphism of graded algebras,
where ‚ is the curvature of a linear connection in W . The mapping w is called the Weil homomorphism.

4 G -consistency

We will consider now classical subgroups G of Lie groups GL.n;R/ and GL.n;C/ such as: O.n/-subgroup of
orthogonal matrices, SO.n/-subgroup of special orthogonal matrices, U.n/-subgroup of unitary matrices with their
proper Lie algebras g: o.n/ for O.n/ and SO.n/, u.n/ for U.n/.

Let .Ej
i
/; i; j D 1; : : : ; n be the standard basis of the linear space Mn.R/. Let G.nI C/ be a sheaf of one of a

main classical group (as above) of matrices with entries in the sheaf C

G.nI C.U // D fg W U ! G j g D gijE
j

i
; gij 2 C.U / for i; j D 1; : : : ; ng:

Let g.nI C/ be the sheaf of its matrix algebra

g.nI C.U // D f! W U ! g j ! D !ijE
j

i
; !ij 2 C.U / for i D 1; : : : ; ng:

By the symbol G.Ak/ we denote a sheaf of one of a main classical group of matrices with entries in Ak WD
Ak.X ; C/:

G.Ak.U // D f! W Xk ! G.nI C.U // j ! D !ijE
j

i
; !ij 2 A

k.U /g;

and by the symbol g.Ak/ we denote a set of its matrix algebra

g.Ak.U // D f! W Xk ! g.nI C.U // j ! D !ijE
j

i
; !ij 2 A

k.U /g;

where i; j D 1; : : : ; n.
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Definition 4.1. A k-form � 2 Ak.X ;L.W;W// is G-consistent, if for U 2 � there exists a local C.U / basis
e D .e1; : : : ; en/ such that

�.e/ 2 g.Ak.U //:

By the symbol Ak
G
.X ;L.W;W// we will denote a sheaf of G-consistent k-forms from Ak.X ;L.W;W//.

If � 2 Ak
G
.X ;L.W;W//, then there exists an open cover U of the space M such that an arbitrary set U 2 U is

a domain of the local basis eU and �.eU / 2 g.Ak.U //. The following consistency condition is true

�.eU /jU\U 0 D g
�1�.eU 0/jU\U 0g for U 0 2 U ; (18)

where g 2 G.nI C.U \ U 0//.

Lemma 4.2. Let f�.eU /gU2U be a family of matrices of k-forms �.eU / 2 Ak
G
.X ;L.W;W// satisfying the

consistency condition (18), where U is an open cover of the space M . Then there exists exactly one G-consistent
k-form � W Xk ! L.W;W/ such that �.eU / is its matrix in the basis eU .

Proof. We define �U W Xk.U /! L.W.U/;W.U// by the formula

�U .X1; : : : ; Xk/.ej / D �
i
j .eU /.X1; : : : ; Xk/ei for X1; : : : ; Xk 2 X .U /:

It is easy to see the consistency condition

�.eU /jU\U 0 D �.eU 0/jU\U 0 :

There exists exactly one k-form � such that �jU D �U for U 2 U .

Definition 4.3. A linear connection D W W ! A1.X ;W/ is called G-consistent if for any U 2 � there exists a
local C.U /-basis e such that

�.D; e/ 2 g.A1.U //;

where �.D; e/ is the matrix of the linear connection D with respect to the local basis e.

Definition 4.4. For any k-form � 2 Ak
G
.X ;L.W;W// a local vector basis e is said to be G-admissible, if �.e/ 2

g.Ak.U //.

For any G-consistent forms �i 2 A
di
G
.X ;L.W;W//, i D 1; : : : ; k and a symmetric k-form P 2 Ik.g/ there exists

exactly one .d1 C : : :C dk/-form P.�1; : : : ; �k/ 2 A
d1C:::Cdk .X ; C/ such that

P.�1; : : : ; �k/jU D PU .�1; : : : ; �k/:

For any .�1; : : : ; �k/ 2 Ad1.X ;L.W;W//�: : :�Adk .X ;L.W;W// the mapping .�1; : : : ; �k/ 7! P.�1; : : : ; �k/ 2

Ad1C:::Cdk .X ; C/ is C.M/-linear.
The following lemma corresponding to lemma 3.1 in the case of G-consistent forms is true.

Lemma 4.5. Let �i 2 A
di
G
.X ;L.W;W//, i D 1; : : : ; k together with  2 A1

G
.X ;L.W;W// be G-consistent

forms. Then for any P 2 Ik.Mn.R// we have the identities
(i)

Pk
iD1.�1/

d1C:::Cdi�1P.�1; : : : ; Œ ; �i �; : : : ; �k/ D 0,
(ii) dP.�1; : : : ; �k/ D

Pk
iD1.�1/

l1C:::Cli�1P.�1; : : : ;D�i ; : : : ; �k/,
where D is G-consistent linear connection in the sheaf W and d0 WD 0.

One can check that in the case of G-consistent forms the following generalization of the Weil theorem is also true.

Theorem 4.6. Let W be a locally free sheaf of ˆ-fields on M of rank n, n 2 N and let D let be G-consistent linear
connection in W . Suppose that P 2 Ik.Mn.R//. Then
(a) the 2k-form P.‚/ is closed, i.e. dP.‚/ D 0;
(b) the cohomology class ŒP.‚/� 2 H2k is independent of the connection D.
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5 Characteristic classes

Similarly to the theory of characteristic classes on differential spaces [7] we can consider characteristic classes in a
more general case.

Let .M; �; C/ be a structured space. Let W be a locally free sheaf of rank n 2 N of local sectionsˆ, whereˆ.p/
is an n-dimensional vector space over R or C, p 2 M . Let GL.n; C/ be the general linear group sheaf of degree
n 2 N of non-singular matrices with entries in C, M.n; C/ be the full matrix algebra sheaf of all matrices of degree
n 2 N with entries in C.

5.1 Pontrjagin class

Let W be locally free sheaf of ˆ-fields on the structured space .M; �; C/, of rank n D 2m,m 2 N, where ˆ.p/ is an
n-dimensional vector space over R, p 2M .

Let the sheaf W be equipped with a metric tensor g WW �W ! C, i.e. a C-bilinear morphism such that
1. g.s1; s2/ D g.s2; s1/ 8s1; s2 2W ,
2. .g.s1; s2/ D 0 8s1 2W/) s2 D 0.

The operator of Riemannian metric g WW � A1.X ;W/! C in the sheaf W is given by the formula

g.s; !/.X/ D g.s; !.X//; s 2W; ! 2 A1.X ;W/; X 2 X :

Let D WW ! A1.X ;W/ be a linear connection in the sheaf W which is consistent with the metric g [8], i.e.

dg.s1; s2/ D g.Ds1; s2/C g.s1;Ds2/ 8s1; s2 2W: (19)

The metric tensor g allows to introduce a local orthonormal basis in the sheaf W . In this orthonormal basis the sheaf
GL.n; C/ can be reduced to the subsheaf O.n; C/ of the orthogonal group of matrices with entries in C.

Let further D WW ! A1.X ;W/ be O.n; C/-consistent connection in W . Let ‚.e/ D .‚j
i
.e// be the matrix of

curvature 2-forms of the connection D in the local basis e D .e1; : : : ; en/.

Lemma 5.1. Let e D .e1; : : : ; en/ be a local orthonormal basis ofˆ-fields of the sheaf W i.e. g.ei ; ej / D ıij . If the
connectionD in the sheaf W is consistent with the Riemannian metric g, then its connection matrix �.e/ D .�j

i
.e//

is skew-symmetric in this basis.

Proof. If the connection D is consistent with the metric g, then from (19) we have

dg.ei ; ej / D g.Dei ; ej /C g.ei ;Dej / D g.�
k
i .e/ek ; ej /C g.ei ; �

k
i .e/ek/

D �
j

i
.e/C � ij .e/:

On the other hand

dg.ei ; ej / D dıij D 0;

hence
�
j

i
.e/C � ij .e/ D 0:

Corollary 5.2. If the matrix �.e/ of connection 1-forms in the orthonormal basis e of the sheaf W is skew-
symmetric, then also the matrix ‚.e/ of curvature 2-forms of the connection D is skew-symmetric in this basis,
‚.e/ 2 o.A2.U //.

Proof. Let e D .e1; : : : ; en/ be a local orthonormal basis of ˆ-fields of the sheaf W . We have ‚.e/ D d�.e/ C

�.e/ ^ �.e/. We see that if � i
j
.e/ D ��

j

i
.e/ for i; j D 1; : : : ; n, then also d�.e/ is a skew-symmetric matrix. It is

enough to show the skew-symmetry of the matrix �.e/ ^ �.e/. We have:

.� ^ �/ik.e/ D �
i
j .e/ ^ �

j

k
.e/ D ��

j

i
.e/ ^ .��kj .e// D �

j

i
.e/ ^ �kj .e/
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D �.�kj .e/ ^ �
j

i
.e// D �.� ^ �/ki .e/

for any i; j; k D 1; : : : ; n. From the above we obtain that the matrix‚.e/ D d�.e/C�.e/^�.e/ is skew-symmetric
as a sum of two skew-symmetric matrices in the orthonormal basis.

If A is skew-symmetric matrix, A 2 o.2m/, it can be block diagonalized by an element S 2 O.2m/ [9]

A! STAS D ƒ D

0BBBBBBBBBBB@

0 �1

��1 0 0

0 �2

��2 0

: : :

0 0 �m

��m 0

1CCCCCCCCCCCA
;

where �1; : : : ; �m, m 2 N, are eigenvalues of A. Next, the block diagonalized matrix ƒ can be diagonalized by an
element B 2 GL.2m;C/ as

ƒ! BƒB�1 D

0BBBBBBBBBBB@

i�1

�i�1 0

i�2

�i�2
: : :

0 i�m

�i�m

1CCCCCCCCCCCA
:

The above procedure can be applied for the matrix ‚.e/ of curvature 2-forms of the connection D, which is skew-
symmetric in the orthonormal basis e D .e1; : : : ; en/, ‚.e/ 2 o.A2.U //. For �k D ‚k.e/, where ‚k.e/ are
eigenvalues (being 2-forms) of the matrix ‚.e/ for k D 1; : : : ; m we obtain the following diagonalized matrix

Q‚.e/ D diag.i‚1.e/;�i‚1.e/ : : : ; i‚m.e/;�i‚m.e//:

We define the total Pontrjagin class p.W/ of the locally free sheaf W of rank n D 2m as a class represented by the
4m-form p.‚/

p.‚/jU D p.‚.e// D det

 
In C

Q‚.e/

2�

!
D

D det

0BBBBBB@
1C i

2�
‚1.e/ 0

1 � i
2�
‚1.e/

: : :

1C i
2�
‚m.e/

0 1 � i
2�
‚m.e/

1CCCCCCA D

D 1C

"�
‚1.e/

2�

�2
C : : :C

�
‚m.e/

2�

�2#
C

C

"�
‚1.e/

2�

�2
^

�
‚2.e/

2�

�2
C : : :C

�
‚m�1.e/

2�

�2
^

�
‚m.e/

2�

�2#
C

C

�
‚1.e/

2�

�2
^ : : : ^

�
‚m.e/

2�

�2
;

where U is a domain of the local vector basis e D .e1; : : : ; en/, n D 2m and p is O.n; C.U //-invariant polynomial.
Since the 4k-form pk.‚/ is closed, it defines the k-th Pontrjagin class pk.W/ D Œpk.‚/� 2 H4k .
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The characteristic forms which generate Pontrjagin classes are given by the formulas

p1.‚/ D

�
‚1

2�

�2
C : : :C

�
‚m

2�

�2
;

p2.‚/ D

�
‚1

2�

�2
^

�
‚2

2�

�2
C : : :C

�
‚m�1

2�

�2
^

�
‚m

2�

�2
;

� � �

pm.‚/ D

�
‚1

2�

�2
^ : : : ^

�
‚m

2�

�2
:

5.2 Chern class

Let W be a locally free sheaf of rank n 2 N of local sections ˆ, where ˆ.p/ is an n-dimensional vector space over
C, p 2M . Let W be equipped with a Hermitian metric h WW � A1.X ;W/! C, which is given by the formula

h.s; !/.X/ D h.s; !.X//; s 2W; ! 2 A1.X ;W/; X 2 X :

Let D WW ! A1.X ;W/ be a linear connection in the sheaf W which is consistent with the Hermitian metric h

dh.s1; s2/ D h.Ds1; s2/C h.s1;Ds2/ 8s1; s2 2W: (20)

The Hermitian metric allows to introduce a local orthonormal basis in the sheaf W . In this orthonormal basis the
sheaf GL.n; C/ can be reduced to the subsheaf U.n; C/ of the unitary group of matrices with entries in C.

Let further D WW ! A1.X ;W/ be the U.n; C/-consistent linear connection in W . Let ‚.e/ D .‚j
i
.e// be the

matrix of curvature 2-forms of the connection D in the local basis e D .e1; : : : ; en/.
Analogously as in the real case, there the following lemma holds.

Lemma 5.3. Let e D .e1; : : : ; en/ be a local orthonormal basis of ˆ-fields of the locally free sheaf W i.e.
h.ei ; ej / D ıij . If the connection D in the sheaf W is consistent with the Hermitian metric h then the connection
matrix �.e/ D .�j

i
.e// is skew-Hermitian in this basis.

Proof. If the connection D is consistent with the Hermitian metric h, then from (20) we have:

dh.ei ; ej / D h.Dei ; ej /C h.ei ;Dej / D h.�
k
i .e/ek ; ej /C h.ei ; �

k
i .e/ek/

D N�
j

i
.e/C N� ij .e/:

On the other hand

dh.ei ; ej / D dıij D 0;

hence
N�
j

i
.e/ D � N� ij .e/:

Corollary 5.4. If the matrix �.e/ of connection 1-forms is skew-Hermitian in the orthonormal basis e of the sheaf
W , then also the matrix ‚.e/ of curvature 2-forms of the connection D is skew-Hermitian in this basis, ‚.e/ 2
u.A2.U //.

Proof. Let e D .e1; : : : ; en/ be a local orthonormal basis of ˆ-fields of the sheaf W . We have ‚.e/ D d�.e/ C

�.e/ ^ �.e/. We see that if N� i
j
.e/ D � N�

j

i
.e/ for i; j D 1; : : : ; n, then also d�.e/ is a skew-Hermitian matrix. It is

enough to show that the matrix �.e/ ^ �.e/ is skew-Hermitian. We have

.� ^ �/ik.e/ D �
i
j .e/ ^ �

j

k
.e/ D � N�

j

i
.e/ ^ .� N�kj .e// D

N�
j

i
.e/ ^ N�kj .e/

D �. N�kj .e/ ^
N�
j

i
.e// D �. N� ^ N�/ki .e/

for any i; j; k D 1; : : : ; n. From the above we obtain that the matrix‚.e/ D d�.e/C �.e/^ �.e/ is skew-Hermitian
as a sum of two skew-Hermitian martices in the orthonormal basis.
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If the matrix ‚.e/ of curvature 2-forms of the connection D is skew-Hermitian in the orthonormal basis e D
.e1; : : : ; en/, ‚.e/ 2 u.A2.U //, then there exists a matrix B 2 U.n; C.U // such that

B‚.e/B�1 D diag.‚1.e/; : : : ; ‚n.e//;

where ‚1.e/; : : : ; ‚n.e/ are 2-forms.
Let us denote

Q‚.e/ D diag.‚1.e/; : : : ; ‚n.e//:

The Chern class c.‚.e// is determined by the polynomial function which is U.n; C.U //-invariant and is given by
the formula

OP . Q‚.e// D det
�
In C

i

2�
Q‚.e/

�
;

where Q‚.e/ is the diagonal matrix of curvature 2-forms of the U.n; C.U //-consistent linear connection D.
The total Chern class c.W/ of the sheaf W is represented by the 2n-form c.‚/, c.W/ D Œc.‚/�; and

c.‚/jU D c.‚.e// D OP . Q‚.e// D det
�
In C

i

2�
Q‚.e/

�
D

D det

0BB@
1C i

2�
‚1.e/ 0

: : :

0 1C i
2�
‚n.e/

1CCA D
D

nY
jD1

.1C
i

2�
‚j .e//:

According to the above notation the total Chern class of the sheaf W can be expressed as follows [10]

c.W/ D 1C c1.W/C c2.W/C : : :C cn.W/:

If the 2k-form ck.‚/ is closed, it defines the k-th Chern class

ck.W/ D Œck.‚/� 2 H2k :

The characteristic forms which generate Chern classes are given by the formulas

c0.‚/ D 1;

c1.‚/ D
i

2�
.‚1 C‚2 C : : :C‚n/;

c2.‚/ D

�
i

2�

�2
.‚1 ^‚2 C : : :C‚n�1 ^‚n/;

� � �

cn.‚/ D

�
i

2�

�n
‚1 ^‚2 ^ : : : ^‚n:

Proposition 5.5. Let W be a locally free sheaf of local ˆ-fields and let D W W ! A1.X ;W/ be a U.n; C.U //-
consistent connection in this sheaf. Then the following properties of the Chern classes are true

1. Naturality

c.f �W/ D f �c.W/;

where f WM 0 !M is a mapping between two structured spaces .M; �M ; CM / and .M 0; �M 0 ; CM 0/;
2. Whitney sum

c.W1 ˚W2/ D c.W1/ ^ c.W2/;

where W1 ˚W2 D fs1 C s2 W s1 2W1; s2 2W2g is the direct sum of sheaves W1 and W2, of ranks n and m,
respectively, n;m 2 N.
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5.3 Euler class

Let .TM; T C/ be the structured space tangent to .M; C/. Let W be a locally free sheaf of rank n D 2m;m 2 N of
localˆ-fields on the space TM , which is oriented and equipped with a Riemannian metric. The orientation allows to
reduce the sheaf GL.n; C/ to the subsheaf GLC.n; C/ of general linear group of matrices with positive determinants.
Riemannian metric allows to reduce the sheaf GLC.n; C/ to the subsheaf SO.n; C/ of special linear group.

Let D W W ! A1.X IW/ be a SO.n; C/-consistent linear connection in W . The proper algebra sheaf of the
sheaf G D SO.n; C/ is g D o.n; C/.

The total Euler class e.W/ of the sheaf W of local sections of rank n D 2m on the space TM we define as a
class, which is represented by the form e.‚/

e.‚/jU D e.‚.e// D Pf
�
‚.e/

2�

�
;

where U is the domain of the local vector basis e and

Pf.A/ D
1

2mmŠ

X
�2S2m

sgn � A�.1/�.2/ : : : A�.2m�1/�.2m/

is the Pfaffian of the matrix A 2 o.n; C.U //, which is SO.n; C.U //-invariant.
The form which represents the Euler class can be expressed as follows

e.‚.e// D Pf.
‚.e/

2�
/ D Pf.

N‚.e/

2�
/ D

D
.�1/m

.4�/mmŠ

X
�2S2m

sgn � N‚�.1/�.2/.e/ ^ : : : ^ N‚�.2m�1/�.2m/.e/;

where the matrix‚.e/ of curvature 2-forms can be block diagonalized to the matrix N‚.e/ D . N‚j .e//, j D 1; : : : ; m.
From the equalities between the proper characteristic forms in an arbitrary basis e of the sheaf W we obtain the

equalities between that forms. As a consequence, the following equalities between characteristic classes are true

1. Chern and Pontrjagin classes

pj .W/ D .�1/j c2j .WC /;

where WC is the complexification of the sheaf W .
2. Euler and Pontrjagin classes

e.W/ ^ e.W/ D pm.W/:

3. Euler and Chern classes

e.W/ ^ e.W/ D .�1/mc2m.WC /:

From the Weil theorem we know that characteristic classes are independent of the choice of connection. Thanks to
this we obtain the equalities between different characteristic classes. Taking connections consistent with different
sheaves of the classical subgroups, we obtain the proper characteristic classes. That classes are independent of the
choice of connection, but they are determined by the polynomials invariant of the proper subsheaf of GL.n; C/.

In the following table we present characteristic classes, the proper sheaves of the main classical groups and
sheaves of their algebras.
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Table 1. Characteristic classes, the proper sheaves of the main classical groups and sheaves of their algebras

characteristic class sheaf of group G algebra sheaf g

Chern class U.n;C/ u.n;C/

Pontrjagin class O.n;C/ o.n;C/

Euler class SO.n;C/ o.n;C/
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