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Abstract. The applications of g-calculus in the approximation theory is a very
interesting area of research in the recent years, several new g-operators were introduced
and their behaviour were discussed by many researchers. This paper is the extension of the
paper [15], in which Durrmeyer type generalization of ¢g-Baskakov—Stancu type operators
were discussed by using the concept of g-integral operators. Here, we propose to study the
Stancu variant of g-Baskakov—Stancu type operators. We establish an estimate for the rate
of convergence in terms of modulus of continuity and weighted approximation properties
of these operators.

1. Introduction

In the year 1987, first g-analogue of classical Bernstein polynomials was
given by A. Lupas [16]. In this context, Phillips [18] gave most important
g-analogue of Bernstein polynomials and Gupta et al. [14] established the
generating function of some ¢-basis functions.

Since we know that in approximation theory, the study of convergence of an
operator is one of the important result, so a lot of contribution in this direction
was given by [5], [4], [3] etc. For convergence of g-discrete operators Dogru—
Gupta [10], [11] established some results based on ¢ integers for Bleiman—
Butzer—-Hahn and Meyer—Konig—Zeller operators, respectively. Recently Aral-
Gupta—Agrawal [2] published an important book mentioning applications of
g-calculus in operator theory. Also in the recent year, Maheshwari—-Sharma
[17] studied some approximation properties on g-integral type operators.
Some estimates and important facts of approximation theory can be found
in the recent book of Gupta—-Agrawal [13].

In the year 2003, Agrawal and Mohammad [1| gave the generalization
of well known Baskakov operators having weight function of Szasz basis
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functions as

(11) Dalfa) = nkilpmk(w) [ snis 010t + prs(@)10) € 0,5,
where
and

suplt) = M (”kt!)k.

Wang [19] also studied some approximation properties of these operators by
using iterative combination. In the year 2010, Buyukyazici-Atakut [7], [6],
[8] have given the variants of several linear positive operators and established
direct results. Actually Stancu variant is based on two parameters o and
8. Motivated by the recent studies on Stancu type operators, we propose to
study the Stancu type generalization of g-Baskakov type operators defined in
(1.1).

For 0 < ¢ < 1 and 0 < a < f, the integral type ¢-Baskakov—Stancu
operators are defined as

=1
n tq_k +
(1.2) « f <[][qn]+ﬁ> dg(t) + o F(0), we [0,00),
q
where
! () = n+k—1 Y xk
Prk k T Ayt

and

Sqql,k (t) = Eq(=[nlgt) 77—

As a special case for « = = 0 and ¢ = 1, the above operators reduce to
the operators defined in (1.1) and for & = § = 0, these operators become
the operators studied in [15]. Aral, Gupta and Agrawal [2| have given many
applications of g-calculus and important results in their book, here we use
the notations of ¢-calculus as discussed in their book. Some notations of
g-calculus, which will be very useful for finding the results of this paper, are
described below.

" (I+a)(1+qz)...(1+¢" ), n=1,2,...,
(1+2)y = ) W0
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[n]4! and [n], denote the g-factorial and g-integer, respectively and are defined
as

_ [n]gln —1]g---[1]gn=1,2,..., 1—q"
[n]e! = {1’ "o o= 7=,

q analogue of exponential function is defined as

0

Z
Ey(z) = [+ (1 —q)¢'2) = Zq’“m plal <1
7=0

In the present paper, we study a local approximation theorem and the rate
of convergence for the operators (1.2) and also their weighted approximation
properties.

2. Moments and convergence

This section deals with moments and convergence estimates.

LEMMA 1. ([15]) For the operators defined by (1.2) in case o = =0, the
following equalities hold for 0 < q < 1

() DL(La) =1,

(i) Di (t,z) = =,

(i) Di (1, 2) = 2 + o (gt 7).

LEMMA 2. [f0<g <1 and0<a<pf, then for (1.2), we have

Di s(lz) =1,
+ «
Dq — [n]qx
naﬁ( ‘7:) [nq_’_ﬁ )

2*(Inlgq + [nlo) + 2([n]eg” + [nleq + 2aq(n],) + a”q.

D1 2, 1) =
a0 (Dol + %
Proof. From Lemma 1, it is obvious that

Next, we have by Lemma 1

a(1-4") [n]gtq ™" + a
D? J kg k1 ( <q>dt
na,ﬁ ank q Snik 1() [n]q"‘ﬁ q

#1015 5)
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_Inlq 404 o 901
= [l 570+ G P
_[n]gx o _[n]gr +a

Tl +B e+ B  [nle+ B

Finally, we have
Dg N 6( 2, x)

q(1—q™) [n],tq " + o 2
Z pnk f q ksn,k—l(t) <[3L]qq+ﬁ> dqt

et ()

[n]q q (42 T 2[n]qa q T
<[n]q ) DY(t?, ) + S DAt ) +
[

nlq 2T, x x 2[n],a o 2
“<mh+ﬁ> F'+Mhu+g+qﬂ+(hh+ﬁyx+<Mh+ﬁ>
n 12(q[n]ga? + zq + x¢* + 2%) + 2[n]qaq[n]x + o*[n]yq

([nlq + 8)*[nleq
mQ([n]Zq + [n]q) + z([n]4q® + [n]qq + 2aq[n],) + a?q

([nlg + B)%q

LEMMA 3. For x € [0,0) and q € (0,1), the central moments are given as

_a—fz
D?La,@( JJ,CL’)— [n]q“‘ﬁ’

[0+ [l 2[nl, +4

q — 1), 2) =2 -
Dy 0,5t = 2)7, ) [([n]q+5)2q [n]g + 8

[n]qq® + [n]qq + 2q[n], . 2a a?
*m{ (Inl, + B)% Mh+ﬁ]+(Mh+BP'
Proof.
Dgaﬁ(t—x x) = Dfmﬁ( x)—x = m—a}
a— fBx

[n]q + B
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Dzaﬂ((t—x)2,m) :Dgaﬁ(t )—2ana5( x) + QD;ZLQB(LHJ)
 22([n)2q + [n]y) + 2([nlgq?® + [n]gq + 20q[n],) + a%q
B (s + B)%q
[ ]ql’ + « 22
— 2 [ ] +
[n]2q + [ I 2l
- [([n A% [n]q+5+1]
. [n]4q® + [nlgq + 20q[n],  2a a? .
i { (), + 8)%q [n], + 5] Tl + B

DEFINITION 1. By Cg[0, %), we mean the space of real valued continuous
bounded function f on the interval [0, o), the norm |.| on the space C[0, o)
is given by

171 = sup [f(z)]

<zx<wo

DEFINITION 2. The Peetre’s K—funct1onal is defined by

Ky (f,8) = mf{|f — g +3lg"| : g€ W},
where W2 = {g e Op[0,0) : ¢',g" € Cp[0,0)}. According to [9], there exists
a positive constant C' > 0 such that Ky(f,d) < Cuws(f,6%?),6 > 0, where
the second order modulus of smoothness is given by
wa(f,V0) = sup  sup |f(x + 2h) —2f(z + h) + f(z)).
0<h<+/6 0Sz<00

Also for f € Cp[0,00), the usual modulus of continuity is given by

w(f,0) = sup sup |f(z+h)— f(z).

0<h<§ 0<z<00
Our first main result is in terms of modulus of continuity, which is given
as

THEOREM 1. Let f € Cp[0,0) and 0 < g < 1, then for all x € [0,00) and
n € N, there exists an absolute constant C' > 0 such that

!Di,a,g(f,x) — f(2)| < Cwy (f,6n(z)) +w (f, m) ’

50 \? 1/2
where 62 (z) = {Dgaﬁ (( — x)z,m) + ([i]qfﬂ) } )
Proof. We introduce the auxiliary operators Ei,a, 3 defined by

21) Do) = DL (fe) - f<ar+[z];ﬁx>+f(x),

+ 5
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x € [0, 00). The operators b;ia’ 5(f, ) are linear and hence follows the linearity
condition

(2.2) DY st —a,x) = 0.

Let h € W2, from Taylor’s expansion
t

h(t) = h(z) + h'(z)(t — x) + J (t —u) h'(u) du, te[0,0)

T

and by (2.2), we get

D} o p5(h,x) = h(z)+ Dy, (f (t —u) h'(u) du, x) .

x

Hence, by (2.1) we can get
(2.3) Dy ap(h,2) = h(z)]

‘Dgaﬁ <Jt (t — wh"(u) du, x)‘ +

(z[n]qg+a)
f [nlq+B <x[n]q ta u> W () du
T [n]q + B

z[nlg+o
q . nlq+5 |z[n]q + «
<Dl IR
q *l‘Qx O‘_ﬁx ? //_2$ "
< | Db (@ = aPa) 4 (E05) |1 = ey
And by (2.1), we can get
(2.4) | Dras(fr2)] < |D3 5(fo2) + 21 ] < 3] 7]
Now (2.1), (2.3) and (2.4) imply
D}y 0, 6(f,2) = F(@)| < [Dy(f = hyz) = (f = h)(2)]
@) +|

a— Bz
A+ i (o4 £ 5) 10
<A4|f = h| + o5 (2)|R"|

a— Bx

f (33 + ) — f(x)].
v ) T
Now taking the infimum on the right hand side over all h € W?2, we get

D! 5(fr7) = f(2)] < CKy (f,60(x)) + <f7 o fﬂ;)

T

t
[t = ul[h (u)] du,

- u‘|h”(u)|du

+ |Dna6(h7x) -

+

Using the property of K-functional

D8, 7:2) = 1) < Can (180000 + (1. 225

This completes the proof of the theorem. m
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DEFINITION 3. By H,2[0,0) we denote the set of all functions f defined
on the positive real axis and satisfying the condition |f(z)| < m(1 + 2?),
where my is a constant depending only on f. By C,2[0,00), we mean the
subspace of all continuous functions belonging to H,2[0,0). Also, suppose
that C?%,[0,c0) denote the subspace of all functions f € C,2[0,00), for which
f(=)

1+z2

limg oo is finite. The norm on the class C%,[0, ) is defined as

The modulus of continuity of f on the closed interval [0, a], a > 0 is given as

wa(f,0) = sup sup [f(t) — f(z)|.

[t—z| <8 z,te[0,a]

Observe that for every function f € C,2[0,00), the modulus of continuity
wq(f,9) tends to zero.

The following estimate is in terms of weighted approximation.

THEOREM 2. Suppose that q = q, satisfies 0 < ¢, < 1 and let ¢, — 1 as
n — o for each f e C%[0,0), we have

Tim D%, (f.x) — f(x)]z = 0.

Proof. If we use the theorem in [12], we observe that it is sufficient to verify
the following three conditions

(2.5) lim D} 5(t,2) — a”[,2 = 0, v=0,1,2.

n—ao0

Since D}, 5(1,2) =1, (2.5) holds for v = 0.

a— Bx 1
D t,x) — |2 = sup .
H naﬁ( ) ”x 2e[0.0) [n]q +B 1+ 22
-5 T « 1

< — sup + sup .
[nlg + B aefo,m) 1L + 2% [nlg + B gefo,m) 1 + 22

Hence

lim |[DI* o(t,x) — z|,2 =0,
n—0o0

n,a,8
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ko ) 22

D — 2|, < ( S
+< lga® +2afJ[ lg + [ ]qq> swp ——_
«+8)7%q zef0,00) 1 T

1
+ )
q) S[p)1+x2

which leads to
lim HDnaﬁ( ,x) — 22,2 = 0.

n—0o0

This completes the proof of theorem. m
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