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Abstract. Here we derive very general multivariate Ostrowski and Griiss type
inequalities for several functions by involving harmonic polynomials. Estimates are with
respect to all basic norms. We give applications.

1. Introduction

The problem of estimating the difference of a value of a function from
its average is a paramount one. The answer to it are the Ostrowski type
inequalities. Ostrowski type inequalities are very useful among others in
Numerical Analysis for approximating integrals. The problem of estimating
the difference between the average of a product of functions from the product
of their averages is also a very important one. The answer to it are the
Griiss type inequalities. Griiss type inequalities are very useful among
others in Probability for estimating expected values, etc. There exists a vast
literature on Ostrowski and Griiss type inequalities to all possible directions.
Mathematical community is very much interested to these inequalities due to
their applications. So here we derive very general Ostrowski and Griiss type
inequalities for several multivariate functions, acting to all possible directions.

We are motivated by the following results.

THEOREM 1. (1938, Ostrowski [7]) Let f : [a,b] — R be continuous on
[a b] and diﬁerentiable on (a,b) whose derivative f': (a,b) — R is bounded
n (a,b), i.e., [fI5° = supse(ap) |f (t)| < +00. Then

1 (a— o)’
(1) ff t)dt — f(x)] < [4+(b_;>2]'(b—a)

for any x € [a,b]. The constant 1 7 s the best possible.

sup
o
0
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THEOREM 2. (1935, Griiss [6]) Let f,g be integrable functions from [a,b]
mto R, that satisfy the conditions

m< f(x) <M,n<g(x) <N, ze€la,b],
where m, M,n, N € R. Then

0 [ [ (5 row) (25 [rm)

O —m) (N )

THEOREM 3. (1998, Dragomir and Wang [4]) Let f : [ ] — R be absolutely
continuous function with f' € Ly ([a,b]), p > 1, % —+— = =1, z€|a,b]. Then

@ |- [ rod
=) (=)

THEOREM 4. (1882, Cebygev [1]) Let f, g : [a,b] — R be absolutely contin-
uous functions with f’,g' € Ly, ([a,b]). Then

0 [ s (2 [ o) (55 o)

(b= a)* |1']0 9"l

1
q

)1 £,

< —
— 12
Above is also assumed that the involved integrals exist.

2. Background

Let (P,),cy be a harmonic sequence of polynomials, that is P}, = P,_1,
n > 1, Py = 1. Furthermore, let [a,b] € R, a # b, and h : [a,b] — R be such
that A"~ is absolutely continuous function for some fixed n > 1. We use
the notation

6) Laln()] = [h @)+ Y, (-1 P (@) (@)
k=1

n—1
S EVE ) 1) (0) - ()0 “’)]] |
=1

€ [a, b], for convinience.
For n = 1 the above sums are defined to be zero, that is L1 [k (x)] = h (x) .
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Dedic, Pecaric and Ujevic, see [2] [3], established the following identity,

b n+1
© Laln@l - 5 [nwa= SV R a0 o
where

_Jt—a, ifte]a,x],
@) Q(m’t)_{t—b, if t € (x,0], v € la.b].

k
For the harmonic sequence of polynomials Py (t) = (t;gf) , k > 0, the identity
(6) reduces to the Fink identity in [5], (see also [3], p. 177).
We rewrite (6) as follows:

] b—a
b n+l b
- CL) f (n)
- D (e htn |
b—aLh(t)dtJr b—a |, 1(t) g (z,t) K™ (t) dt
€ [a,b].
That is the generalized Fink type representation formula.
n—1
(9) h (33‘) = (_1)k+1 P, (x) h(k) (J?)
k=1
(D (k)
w3 C OB )0 ) — Py (@) 16 (a)]
i ba
- baL h(t)dt + ML Py (t) q (2, t) B (t) dt,

€ [a,b], n > 1, when n = 1 the above sums are zero.

3. Main results
Here [ % [ai, bi]] € R™, m,n e N.
We make

GENERAL ASSUMPTIONS 5. Let f: [[", [a;,b;] — R. We assume
—1
1) for j =1,...,m, we have that 2 —— {($1,l’2, s L1, 8y L, ey Ty 1S

absolutely continuous in s; on [a],b |, for every (z1,2z2,...,2j-1, 241,

Tm) € [ [iZ1 [ai, bi],
1#]



34 G. A. Anastassiou

" f(81,0+585,Tj+155Tm)

2) for j = 1,...,m, we have that 2 is continuous on
[T2_; [ai, bi], for every (zj41,...,2m) € H?ijﬂ [ai, bi]

3) for each j = 1,...,m, and for every | = 1,...,n — 1, we have that
! i

% (51,82,...,8j-1,%j,...,Tm) is continuous on Hlel [a;, b;], for every

J

(xj7"‘ ,.I‘m) € Hz =J [aJ7bJ]’
4) f is continuous on [ [/, [a;, b;] .
BRIEF ASSUMPTIONS 6. Let f : [[%; [ai,b;]] — R with —’f for I =
0,1,...,n;4=1,...,m, are continuous on [ [\ [aj, b;] .
DEFINITION 7. We put

S; — a4, if S; € [ai,xi] s
10 Ti, 8;) = x; € |a;, b;],

(10) ?(en ) {Si_bia if s; € (25,b5], e
1=1,...,m

We present the following general representation result of Fink type.

THEOREM 8. Let f be as in General Assumtions 5 or Brief Assumtions 6.
Then

(11) f(:cl,...,a;n)znmfm f(s1,...,8m)ds1...dsy
)

C b
{1 (b — ai) dfljeon
=1
m
+ ZT’z (l'ia:L‘iJrla" . 7xm)7
=1
where
ni—1

(12) T (wiy...,xm) = P
H (bj—a;)

n—1 b1 i—1 ok
[Z( )51 Py (2 f J 0" f (81, ,8i— 1’ml""’wm)d51...dsi,1

= oxk
n—1 k b k— 1
+Z (— ) ! bi-1 9 81,...,Si_l,bi,l’i+1,...,:rm)ds ds.
i — k—1 1.-.. i—1
k=1 Qi ox;
b k— 1
1 bi—1 0 31,...,si_l,ai,xiﬂ,...,xm)
—Pk (11 o1 dSl .. .dSi_l
a1 ox;
n+1 by anf(
( SlyeveySiyTidlyereyTm)
+ J- J P (8:) q (i, 81) : ag;” e dsi...ds;|,
[

are continuous functions for all i =1,...,m.



Harmonic multivariate Ostrowski and Griiss type inequalities. . . 35

Proof. We apply (9) repeatedly.
We have

k+1P )akf($1,,l‘m)
ozt
C )|: ak_lf(blax27'--7xm)
b
Z bl —ay) B (br) (33:]1“71

(13) f((El,...,

X‘Ml

(a1, 29,...,0m) n b
o P 9 ) ym o m d
k (al) ax]ffl :| + (bl — (11) f(Slva, y L ) S1
(=" f’l O f (51,2, - )
+ (bl I al) o P’ﬂ—l (81) Q(l‘l; Sl) 856717“ d817

for any x; € [a1, b1], under the assumption that W e AC([a1,b1]).
Call

1

n—1 &
0 e Tm
(14) T (33‘1, e ,.C[Jm) = Z (_1>k+1 P, (-Z'l) f(xla ; x )
k=1 z}
= k k-1
(_1 <TL k)|: 0 f(bl’_fp2’ , )
+ Py (b
D T
M f (ar, o, )
— Py, (a1) 2 ]
é’xlf 1
(*1)n+1 b1 ﬁnf (Sl,l‘Q . :L'm)
i (by —aq) Pa-1(s1) g (21,51) dat ds.

Hence, it holds

b1
n
(15) f(z1,...,xm) = ——— | [f(s1,22,. ., xm)dsi+T1 (21, .., Tm) -
(bl - al) ay
Next similarly, we get
n—1 k
0" f (s1,22,...,Tm
(16)  f(s1,22,...,xm) = (=) Py (29) f (51 2k )
k=1 03
n—1 k
(=1)" (n — k)
_l’_
];1 (b2 — as)
ak lf (817b27$37 7$m) ak_lf (Sl,a2,$3,...,xm)
Py, (b2) 5x]§_1 — Py (a2) 0x§_1
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n b2
+m f(s1,82,x3,...,%m)dss
-y JbQ 0" f (s1,52,23, .., Tm)
71 N Pn, ) ’
T by —a3) 1 (52) q (22, 52) oun ds2

for any x9 € [ag, ba].
Hence, it holds

7’L2

(b1 — a1)(b2 — as)
+ T (561,... ,CL‘m) + 15 (l‘g,xg,...,xm),

(17) f(xlw"axm) f f 51782ax3a"'7xm)d31d82

where

(18) T2 (xg,xg,...,a:m)

(bl A k=1 al 63315
k) . FLf (51,02, 3, ..y T
P (b ) T4 ’ ’ d
: 2 b2 — a2) k{2 Ll oxs o
P 0P f (s1, a9, 3 L)
o | 0,03,y om)
k( 2) ai aZL‘g_l 1
n+1 b1 ba &nf (81 S9. T . )
n— , ) T4 s ey m dsid ‘
52—612 J J 1(52) 4 (@2, 5) o s1dsy
Next, we see similarly that
n—1 &
J 81,82,%3,...,Tm
(19)  f(s1,82,23,...,Tm Z k+1P 3) f (51 2a k:s )
k=1 s
! k k-1
(=1)" (n — k) 0" f (s1,52,b3, T4, ..., Tm)
+ P (b
;;1 (bs —a3) k (b3) alil;fl
ak_lf(sl 89,03, Tdy -+, T)
— P}C (ag) ) ’ kia ) 5
Oy 1
n bs
T L rm)d
+ (b3 _ ag) f(51732,53,$4, , T ) s3
(—1)n+1 J\bs anf (51782,837.%‘4,...,357”)
-~ Pn_ ’ d ’
T s —az) 1 (s3) q (23, 83) o 55

for any x3 € [as, bs] .
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So that, we get

(20) f(mla"'am
b1 rba b3
S E— f j f(s1,82,83,4y...,Tm) dsidsadss
1_[
]:
+ Ty (21, ) + To (22, ooy 2) + T3 (23, ...y T
where
n2

@1 Bylws,owm) = G 5=

n—1 b1 bo ak
. Z ( k+1P f 817827x37"'7xm)d81d82
k=1 oz}

bu b2 k=1 (g1 s9.b3, T4, ..., Tm
Z b3—a3 [ (bs) f J He ;mkil : )d31d82
3

b1 b2 ak: 1 s
1,592 CL3 .’1’;4 PR i
— Py (a3 f f J(s1 82,08, 20, m)d81d82:|

3
n+1 b1 b2 b3 anf<sl S9, 83, T4 xm)
s3)q(xs3, s e T T dsydsadss).
bg_a?)f f f n—1(83)q(3, 53) P 1ds2 3}
Furthermore, we can write
(22)  f(s1,52,83,24,...,%m)
Z_: 1P () Ff(s1,52,83, 4. .., Tm)
P o
nz_: (=1)"(n—k) Py (by) 1 (51,80, 83,ba,T5,. .., T
= b4 — ay) oxk1
8’“*1 81,892,83,04,25,...,%
oxy
n ba
+7 81,32,83,84,1'5,...,.% d84
o1 =) f( m)
(_1)n+1 ba anf (817327$3a847x5a"'7xm)
+ P (s T4,8 dsy,
(0r —an) n—1(84) q (T4, 54) P 1

for any x4 € [a4,b4] .
Therefore, it holds
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ni
(23) f(xl,...,mm):lli
l_I (bj — ay)
b1 b2 bg by
J J f f (s1,82,83,84,%5, ..., Tm) dsidsadssdsy
+T1 (1, .., Tm) +TQ(IL’2,..., m) + 15 (z3,...,x )+T4(a;4,...,xm),
where
3 n—1
24)  Ty(aa,...,2m) = 3”[2 (—1)F* Py (224)
H (bj —aj) ~+=1

Jbl jb2 jb?’ 6kf 31a827537$47" xm)d31d82d$3+ Z M

k=1 (bs — a4)

b1 bo bs Nk—1 b
[Pk (bs) f f J 0 f81,82783, 4’x5""’xm)dsld32d33

k—1
0xy

b b bz ~k—1
! 2 3 a f 81,52,53,04,$5,...,$m)
— Py (aq) k T dsi1dsadss

?’L+1 by b2 b3 b4
1 34 (If4 S4
b4 — ay) J J J J " -54)

) anf (31a52783>847$57 s ,xm)d51d82d83d54 :
oxy
etc.
The theorem is proved. =
We make
REMARK 9. Let f\, A = 1,...,7 € N — {1}, be as in Assumtions 5 or
Brief Assumptions 6; n) € N associated with fy. Here z = (z1,...,2m),

s=(s1,...,8m) € [ [% [ai, bi]. Then

n -
(25) fa(z) = rn,)\fm Fa(s)ds + > Tix (i, Tig, -, Tm) -
L_I1 (bl - ai) il;[1[ai’bi] =1
Here, we have

(26)

i—1 ny—1
n
Tix (Tiy ooy ) 1= g [ D1 (=DM P ()
[T (bj —a;) L+=1
j=1
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b i—
fl f N 81""’Si_1’xi""’xm)dsl ds;
ar ox¥ "

+"*Z (1" (2~ &)

b — Qy
b1 i—1 &k 1
)\81.. , 84 1b$ 1y---5L
Pk J J f 9 al _7 7y Li+1, ) m)dSl...dSifl
b1 i—1 ak‘*lf . o
A (S1y ey Sicl, @iy Tig1y ey T)
—Pk (az)f f o k—l dsl...dsz;l
TLA+1 b1
J f nyx—1 51 xzasz)
8”Af,\ (81,...,Si,$i+1,...,$m)d d
: Tox S1...48; |,
ox,
are continuous functions, i =1,...,m; A=1,... 7.

Hence, it holds

p=1
p#EA i1 p#A i=
+(T14@) (Lt o)
Z:/l\ =1

(28) ;((H @) 2)

i=1 53 =
- ;((H f @) (2 Ta(oisovom) )
PFEA

We notice that
(29) Tix (xi, R ,$m) = A;x (ﬂji, R ,xm) + B (:Ei, . ,xm) ,

i=1,...,m; where
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i—1 ny—1
(30)  Ap (@ss- ey ) = 1“{2 (—1)** Py (a)

[T (bj —a;) = +=1
j=1
by “0ka 31...silxi...xm)
’ Sk ! : dSl...dS',l
J L oxk ’
ny— 1
n>\—k:)
+ Z b —a;
=1 OR =Ly (81,00, i1, by Tig 1, - X
|:Pk J J f 1 az kl lz i+1 m)dsl...dsi,l
a;—
b1 i—1 ak 1
_ P (a; f j fa (15 - Sa;,j’f“x’”"“’mm)dsl...dsl-1”,
and
ng\—l( l)n)\—&-l

(31) Bi)\ (l‘i,...,l‘m) = z—
[1 (b —aj)

b1 bi O™ (81,385, Tit1, -+ T
. {f f Pn,\—l (si)q(mi,si) fA( ! E Tix 1 )dsl...dsi],
al a;

€

foralli=1,....m; A=1,...,r
We call and have the identity

(32)  S(fi,...,fr)(x)

- Z{(Hlfp <w>> [fA (2) ”TUM i (s)ds)

5 f[ (bi — az) 1 [abd)
—iAA(:EJ: ]} Z((gfp ><§13,\(a€xm)>>

m
true for any fixed x € [] [as, bi] .
i=1
Then, we have

(33) 1S (frreer ) (@ ;((H|fp )(iwmxmn))

p#)\
We estimate the right hand side of (33).
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We also make

REMARK 10. We observe that

(34)  [Bix (@i, 2m)| £ ——— Ubl f [ Prs—1 (s0)l lq (i, 5i)]|

foralli=1,....m;A=1,...,7
We know that
(bi—ai) + |CLZ' +bi—2$i|

(35) lq (zi, 8;)| < max (z; — a;,b; — x;) = 5
‘We have
3) ('S [Pl gy (B 2
H (bj — aj)
7j=1
' anAfA( y Li+1, 7xm) :|
8;81.* Ll(]-lj la;,b5])
Thus
BT 1S ) @< Y ((H ot )(2 Z
A=l g:i =1 1:[ (b —aj)

bi—ai + ai+bi—2:rl-
[HPM o s (< )+ ')

2
an)\f)\ ("'a$i+17"')xm)

n ; =: 01 ().
axi A Ll(ljl[aj’bj])j|)>

3
Next let p;; > 1: hz::l i = 1. Then

(38) |Bix(xi,- .- xm)| < (§) <
[1 (b —ay)

Jj=

b1 b; P1j
. |:<J J |Pn>\,1 (Si)‘p“ d81 dsz)
al a;

—_
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b1 b; _ %21'
: <J f lq (xi, 8;)[P* dsl...dsl->
al a;

) anAfA ("'al‘iJrla"'a:l:m)
n
ox,;*

%gﬁ@,J

1 1

i—1 +
Pli  P2i

iy

i—1
i E— {“PMHLM([ai,bi]) < (bj — aj))
[T(b —aj) =

j=1
(bi _ xi>p2i+1 + (xZ a: )p2z+1 %
p2i +1
(39) . anAfA (...,xi+1,...,$m) j|
(D i :
ox; Ly (11 [05.6:])
je

Therefore we get

(10)  1S(fiy o fi)(o _;1(<H|fp )

P#)\
1 1

m ng\*l - P1i P24
(5 1P st o (TT0
i=1 H (b] _ aj) 7=1

_Cb—$wwﬂ+¢x—awwﬂ>i

D2i +1
Lpg; (lﬁl[aj:bj])]>>

' 0”\)‘}(. RN /7 T ,SL‘m)
n
ox,;*

=: 0y(x).
We also have
(A1) 1B (i) < (O <0 1Pl

) 0"Af>\ ( IR o7 [N ,Iljm)
ox;™

’L:’L

<(bz — l’i)z + (.%'Z — ai)2>]
.1 [a; 0] 2(bi — @) ’
j=1
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Consequently, we find

(12) IS (i 1) Z((H 5, )1)

PEA
' i it [ (0 z)® + (2 — a;)*
i1 A 2 (bl — ai)
O™ (oo, Tis1,e s Tm
HP a,“ 2 f)\( axn—il )H i :|>> = 93 (J])
i 0, [ [a;,6;]

Jj=1

Finally, we derive that
(43) 1S (fi,..oy fr) ()] < min{by (z),02(x),03(x)}.

We have proved the following general multivariate Ostrowski type inequality
for several functions.

THEOREM 11. Let fy, A = 1,...,r € N — {1}, be as in Assumptions 5

or Brief Assumptions 6; ny € N associated with fy, © = (x1,...,Tp), § =
(S1y-+-y8m) € [] [ai,bi]. Here Ajx (x4, ..., xm) is as in (30), i = 1,...,m
i=1
We put
T s nm
1) (et @ = (T @) |5 - 55—
A= Z1;[1 (b — ai)
’ m f)\ (S)dS) - Ai)\ (xl77xm):|}
(flj [ai,bi] ,Lzl
3
Here 0y (x) is as in (37). Let pj; > 1: Y, ﬁ =1,i=1,...,m, and 03 (x)
li=1""
be as in (40), and 03 (x) as in (42). Then
(45) 1S (f1,-- 5 fr) ()] < min {6y (2), 02 (), 03 (2)} -

We continue with

REMARK 12. Additionally assume that 2 n];* are continuous on 1_[ laj, bj]

foralli=1,....m;A=1,...,7
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We define and observe

L

(16) W= fﬁ[ S f) @ = f

Il
j=1 P?é)\
1 T
~m Z (J (H fp ) ) (jm \ fa(s) ds)
10y —ap =57 N flen e
—ZJ ((pr )(ZAi,\(xi,...,xm)>>da:
a=1" I la;.b5] i=1
J=1 P?&)\
4 - ZU ((pr )(ZBi,\(xi,...,xm)>)dx}.
A=1 [T [a;,b;] i=1
7= p;ﬁA
Clearly, here B;) (zi,...,Zn) is a continuous function for all i = 1,...,m;
A=1,...,r
Hence
(B) &
s wi< Y. [T Z\BM Cire. )] o
a=1 Y [T az:b5] L\ p=y
j=1 P7é>\
= (wl) .
That is
(49) (W]
< {( 6] m )( (Jm ]Bi)\(xi,...,xm)]dx)>}.
/\Z—Il 1:[1 . OO,j];Il[aj,b]-] 1_211 1_[ [a;,b5]
p#A =t
From (41), we obtain
(50) |Bix (Tiy -y Tm)]
0" fx (b; — x)° + (z; — a;)?
< Bt o | ( ,
’ . | o f:[ [a5,5;] 2(b; — a;)

foralli=1,...,m; A=1,... r
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Then
(51) fm |Bix (i) ...y T | dx
[T [a;,b;]
j=1
Pl gosn [T 1
,_Hl[aj,bj]
< =
- 2 (bz — ai)
m b;
. (H (bj — (Ij)) <J <(bl — CCZ')Q + (337, — ai)z) dJL‘Z> s
ol a;
and consequently, it holds
(52) fm |Bix (Tiy ..y Tm)| dz
1T [a;,b;]
j=1
(bi —a;) (I (b —aj))
< S LN e
- 3 mal axn* m ’
0, [ [a;,b;]
Jj=1
foralli=1,...,m; A=1,...,r.
Hence

" f

Z\U i o, 3
j=1
ni—l])
n)\ m )\ ’
0% oo, 11 fay.b;)

(X0 im
j=1
for A=1,...,r

i=1
Using (49) and (53), we obtain

au z

(1T0;i-a) .
5 wi< }1<3 ))[;1{<ﬂfp°%ﬁﬁ%bﬂ)
P
.@[(bi—m P Lo | T < s ]D}] A,
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Notice next that

(55) <w1>=ii(f - (T ) Bt ol ) = ).

A=1i=1 Y [T [a;,05] \p=1
j=1 P#A
Let p,g > 1 % %—1 Then
r r i—1 1
q
ECIKEIED DY | £ HPR A ([T~ o)
Astizilp=1 g1 fag.0) I lasbs ) \55
p#A i=1
We have also proved that
(57)
r m r 1—1 =
W < Bl (T a) =4
/\Z—zlizjl p1:[1 g Lp(T1 laj,b; Lq(U[a]’bj]) ]1_[1 ’ ’
PFEN j=1 B
From (50), we get
(3”* bi—ai
59) |Boer )] < 0 Poscabogann| e o (25%).
i 00»1_[1[%1’;‘]

=
foralli=1,....,m; A=1,...,r
Thus, it holds

(59) Z |Bix (@4, s )|

m A
N |
= S 02 s, i oy
j=1
A=1,.
Usmg (48) and (59), we finally derive
(60) (W] <3 {Z{pr
a=1 Ylp=1 IL1([T [a;,b5])
pF#N =t
m A
TR, |
i=1 Ti " oo, T1 [ay,b5]

j=1

We have proved the following general multivariate Griiss inequality.
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THEOREM 13. Let fx, A=1,...,7 € N— {1}, be as in Assumptions 5 and

let 8672@];* be continuous on Hl laj,bj] foralli=1,....m; A =1,...,r, or
1 j:
Brief Assumptions 6; ny € N associated with fx. Here A;\ (xi, ..., xm) are
as in (30), and By (x4, ..., ) are as in (31), 1 =1,...,m. We set
(61) W= Tfm <H fp(x)>dx
[T lasb5] \p=1
Jj=1 ,075)\
1 T " T
([ ([n@)a) ([ nes)
jl;[l (b] — CLJ) A=1 jl;[l[ajv 5] Z:}\ il;ll[a“ i
A=1Y [T lazb] N \p=1 i=1
j=1 p#)\
Let Ay be as in (54); p,qg > 1: % % =1, Ay as in (57), and As as in (60).
Then
(62) |W| < min{A17A27A3}'

4. Applications

We apply Theorems 8, 11 and 13 for the case of ny =ng =--- =n, = 1.

We simplify General Assumptions 5 and Brief Assumptions 6, respectively,
as follows:

m
GENERAL ASSUMPTIONS 14. Let f: [] [a;,
j=1
1) for j =1,...,m, we have that f (x1,zo,..

b;j] — R satisfy:

X1, 85, Tj4l,- - -5 Ty) 1S ab-
solutely continuous in s; € [a;, b;], for every (x1,x2, ..

oy Lj—1y Tjdly ey .’L'm)
m
€ H [ai, bl],
i#j
2) for j = 1,...,m, we have that af(sl""’%’;?“""’zm) is continuous on
J
m
H [ai, bi], for every (zj41,...,2m) € ] [asbi],
i i=j+1
m
3) f is continuous on [ [a;, b;].
i=1

m
BRIEF ASSUMPTIONS 15. Let f : [] [aj, b;]

m Jj=1
j=1,...,m, are continuous on H [aj, b;].

)
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We give the following multivariate representation result, which is an

application of Theorem 8

THEOREM 16. Let f be as in General Assumtions 14 or Brief Assumtions 15.
Then

(63)  f(z1,...,2n)

1 m
:me f(sl,...,sm)dsl...dsm—l—ZTi*(:Ui,...,:nm),
1 (b —aj) jl;[l[ajybj] i=1

j=1
where
N 1
(64) T (ziy... 2m) = 7
[T (bj —aj)
j=1
b1 bi a . .
j f q(zi, $;) f(sl"”’sgxlﬂ’”":Um)dsl...dsi,
ai a; T
are continuous functions for alli =1,...,m.

Next, we make

REMARK 17. Let f) be as in Assumptions 14 or 15, A=1,...,r. Then

1 m
65 f = |n f ds + ATy
CONNN® H(bj_aj)f}y%bﬂ (s 1T (i)
j=1

Here the corresponding

and
" 1
(66) B (ir-.. am) = —
[T (b —ay)
j=1
b1 b; P e
f J q(x“ 7,) f)\ (817 '786271.1'1-"-17 7$m>d81...d$i,
al a; 1
foralli=1,....,m; A=1,...,r.
That is
(67) T‘Zﬂj\ (JZ'Z',...,Q?m) = ?k/\ ($i7---,xm),

i=1,....m;A=1,...,r.
We call and have the identity
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(68)  S*(fi,-.., fr) (@)

(S A AT

- S((10) (mnie o))

true for any fixed z € [] [a;, b;] .
i=1
Hence, it holds

15 2@ < (T 1) (3155 e omll) )

A=1 p=1 =1
We obtain:

1) From (37), we derive

T

(70) !S*(fh---,fr)(x)ISZ«Hfp )(i

M z;é}\ = 3131 (bj —a;)
_[((bi—ai)+|ai+bi—2wz‘\> Ofa(. . @iyt .., ) D)
2 0xi La( 1T lag by)
j=1
=: 0 (z).
3
2) Let py; > 1: lgl i = 1. Then by (40), we derive
(71) 1S (fr,-- - fr) ()]
1 1

L[ Pii P2
[ (b —ai)mi | [T (0 —ay)
j=1

1

((bi _ xi>P2i+1 + (xz a; )PQ +1>p21

p2i +1
. ])) =: 05 (x).
LP3Z‘ ( 'Hl [a;.b5])
=

< ;1(<g‘f" ><Z§ ﬁ (bj — aj)

7=1

. af)\ ("‘7mi+17"'7$m)
ﬁxi
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3) We get by (42) that

(12) S (fr.. . f) (@ Z{(Hlfp )[i( b—fi;aiy)

A=1

p#)\

."af)\(...,xi+1,...,$m)' ]}—9*(.%')
i - V3 ’
a:[i 0, ) [aj,bj]

So, as an applications of Theorem 11, we give the following multivariate
Ostrowski type inequality.

THEOREM 18. All as in Remark 17. Then
(73) 1S (f1,-- s fr) ()] < min {07 (), 05 (z),05 (z)}.

We also make

REMARK 19. Here Assumptions 14 hold and Z? are continuous on
m

[Tlaj,b;] foralli=1,...,m; A=1,...,r, or Assumptions 15 are valid.
j=1

We set

(711) W = S (fiveeo £) (@) da

|
—3
&
&

j:l = p?é)\ i=1

(75) _ ZU <<H £ (@ )(Z (xi,...,xm)>>d:v}.

A=1 H [ajv =1
Jj=1 P#A
Here B}, is continuous for any i = 1,...,m; A =1,... 7.
Then

1) following (49), we find

(76)

W< S{(TT0, g ) (B ([ 183G mmias) )}

A=1 p=1 jl;ll[a i=1 I1 [a;:b5]

PEN =t

We also get that
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[aj,bj]>

e (RO S (L,

- 11
pEN =t
'<Z(bi—a)‘gf)\ m >H =: A].
i=1 il 1 Lo by]
2) Let p,¢>1: 2+ 1 =1. Then
. (57) T m T
SR VAR ) | /) B 1/
A=li=1lp=1 ILp(I] [a;b; (jl;ll[aw ]
pF#A j=1
i—1 1
(H (b; ) =: Aj
j=1
3) From (60), we obtain
(79) W <
{Z{ m |:Z|:(bl_al) Zf)\ m :|:|}} = A§
p=1 Li( T [ag,05]) Li=1 Li 0, [T [a;,b5]
p?é)\ J=1 j=1

We have proved the following multivariate Griiss type inequality as an
application of Theorem 13.

THEOREM 20. Here all as in Remark 19. We derive
(30) (W] < min {A}, A5, A5}
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