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Abstract. Here we derive very general multivariate Ostrowski and Grüss type
inequalities for several functions by involving harmonic polynomials. Estimates are with
respect to all basic norms. We give applications.

1. Introduction
The problem of estimating the difference of a value of a function from

its average is a paramount one. The answer to it are the Ostrowski type
inequalities. Ostrowski type inequalities are very useful among others in
Numerical Analysis for approximating integrals. The problem of estimating
the difference between the average of a product of functions from the product
of their averages is also a very important one. The answer to it are the
Grüss type inequalities. Grüss type inequalities are very useful among
others in Probability for estimating expected values, etc. There exists a vast
literature on Ostrowski and Grüss type inequalities to all possible directions.
Mathematical community is very much interested to these inequalities due to
their applications. So here we derive very general Ostrowski and Grüss type
inequalities for several multivariate functions, acting to all possible directions.

We are motivated by the following results.
Theorem 1. (1938, Ostrowski [7]) Let f : ra, bs Ñ R be continuous on
ra, bs and differentiable on pa, bq whose derivative f 1 : pa, bq Ñ R is bounded
on pa, bq, i.e., }f 1}sup8 :“ suptPpa,bq |f

1 ptq| ă `8. Then

(1)
ˇ

ˇ

ˇ

ˇ

1

b´ a

ż b

a
f ptq dt´ f pxq

ˇ

ˇ

ˇ

ˇ

≤

«

1

4
`

`

x´ a`b
2

˘2

pb´ aq2

ff

¨ pb´ aq

›

›

›

›

f 1
›

›

›

›

sup

8

,

for any x P ra, bs. The constant 1
4 is the best possible.
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Theorem 2. (1935, Grüss [6]) Let f, g be integrable functions from ra, bs
into R, that satisfy the conditions

m ≤ f pxq ≤M, n ≤ g pxq ≤ N, x P ra, bs ,

where m,M,n,N P R. Then

(2)
ˇ

ˇ

ˇ

ˇ

1

b´ a

ż b

a
f pxq g pxq dx´

ˆ

1

b´ a

ż b

a
f pxq dx

˙ˆ

1

b´ a

ż b

a
g pxq dx

˙ˇ

ˇ

ˇ

ˇ

≤ 1

4
pM ´mq pN ´ nq .

Theorem 3. (1998, Dragomir and Wang [4]) Let f : ra, bs Ñ R be absolutely
continuous function with f 1 P Lp pra, bsq, p ą 1, 1

p `
1
q “ 1, x P ra, bs . Then

(3)
ˇ

ˇ

ˇ

ˇ

f pxq ´
1

b´ a

ż b

a
f ptq dt

ˇ

ˇ

ˇ

ˇ

≤ 1

pq ` 1q
1
q

«

ˆ

x´ a

b´ a

˙q`1

`

ˆ

b´ x

b´ a

˙q`1
ff

1
q

pb´ aq
1
q
›

›f 1
›

›

p
.

Theorem 4. (1882, Čebyšev [1]) Let f, g : ra, bs Ñ R be absolutely contin-
uous functions with f 1, g1 P L8 pra, bsq. Then

(4)
ˇ

ˇ

ˇ

ˇ

1

b´ a

ż b

a
f pxq g pxq dx´

ˆ

1

b´ a

ż b

a
f pxq dx

˙ˆ

1

b´ a

ż b

a
g pxq dx

˙ˇ

ˇ

ˇ

ˇ

≤ 1

12
pb´ aq2

›

›f 1
›

›

8

›

›g1
›

›

8
.

Above is also assumed that the involved integrals exist.

2. Background
Let pPnqnPN be a harmonic sequence of polynomials, that is P 1n “ Pn´1,

n ≥ 1, P0 “ 1. Furthermore, let ra, bs Ă R, a ‰ b, and h : ra, bs Ñ R be such
that hpn´1q is absolutely continuous function for some fixed n ≥ 1. We use
the notation

(5) Ln rh pxqs “
1

n

«

h pxq `
n´1
ÿ

k“1

p´1qk Pk pxqh
pkq pxq

`

n´1
ÿ

k“1

p´1qk pn´ kq

b´ a

”

Pk paqh
pk´1q paq ´ Pk pbqh

pk´1q pbq
ı

ff

,

x P ra, bs, for convinience.
For n “ 1 the above sums are defined to be zero, that is L1 rh pxqs “ h pxq .
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Dedic, Pečaric and Ujevic, see [2], [3], established the following identity,

(6) Ln rh pxqs ´
1

b´ a

ż b

a
h ptq dt “

p´1qn`1

n pb´ aq

ż b

a
Pn´1 ptq q px, tqh

pnq ptq dt,

where

(7) q px, tq “

#

t´ a, if t P ra, xs ,
t´ b, if t P px, bs,

x P ra, bs .

For the harmonic sequence of polynomials Pk ptq “
pt´xqk

k! , k ≥ 0, the identity
(6) reduces to the Fink identity in [5], (see also [3], p. 177).

We rewrite (6) as follows:

(8) h pxq `
n´1
ÿ

k“1

p´1qk Pk pxqh
pkq pxq

`

n´1
ÿ

k“1

p´1qk pn´ kq

b´ a

”

Pk paqh
pk´1q paq ´ Pk pbqh

pk´1q pbq
ı

“
n

b´ a

ż b

a
h ptq dt`

p´1qn`1

b´ a

ż b

a
Pn´1 ptq q px, tqh

pnq ptq dt,

x P ra, bs .

That is the generalized Fink type representation formula.

h pxq “
n´1
ÿ

k“1

p´1qk`1 Pk pxqh
pkq pxq(9)

`

n´1
ÿ

k“1

p´1qk pn´ kq

b´ a

”

Pk pbqh
pk´1q pbq ´ Pk paqh

pk´1q paq
ı

`
n

b´ a

ż b

a
h ptq dt`

p´1qn`1

b´ a

ż b

a
Pn´1 ptq q px, tqh

pnq ptq dt,

x P ra, bs, n ≥ 1, when n “ 1 the above sums are zero.

3. Main results
Here

śm
i“1 rai, bis Ď Rm, m,n P N.

We make

General Assumptions 5. Let f :
śm
i“1 rai, bis Ñ R. We assume

1) for j “ 1, . . . ,m, we have that B
n´1f

Bxn´1
j

px1, x2, . . . , xj´1, sj , xj`1, . . . , xmq is

absolutely continuous in sj on raj , bjs, for every px1, x2, . . . , xj´1, xj`1,
. . . , xmq P

śm
i“1
i‰j
rai, bis ,
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2) for j “ 1, . . . ,m, we have that Bnfps1,...,sj ,xj`1,...,xmq
Bxnj

is continuous on
śj
i“1 rai, bis, for every pxj`1, . . . , xmq P

śm
i“j`1 rai, bis ,

3) for each j “ 1, . . . ,m, and for every l “ 1, . . . , n ´ 1, we have that
Blf
Bxlj
ps1, s2, . . . , sj´1, xj , . . . , xmq is continuous on

śj´1
i“1 rai, bis, for every

pxj , . . . , xmq P
śm
i“j raj , bjs ,

4) f is continuous on
śm
i“1 rai, bis .

Brief Assumptions 6. Let f :
śm
i“1 rai, bis Ñ R with Blf

Bxli
for l “

0, 1, . . . , n; i “ 1, . . . ,m, are continuous on
śm
i“1 rai, bis .

Definition 7. We put

(10) q pxi, siq “

#

si ´ ai, if si P rai, xis ,
si ´ bi, if si P pxi, bis,

xi P rai, bis ,

i “ 1, . . . ,m.

We present the following general representation result of Fink type.

Theorem 8. Let f be as in General Assumtions 5 or Brief Assumtions 6.
Then

f px1, . . . , xnq “
nm

m
ś

i“1
pbi ´ aiq

ż

m
ś

i“1
rai,bis

f ps1, . . . , smq ds1 . . . dsm(11)

`

m
ÿ

i“1

Ti pxi, xi`1, . . . , xmq ,

where

(12) Ti pxi, . . . , xmq :“
ni´1

i´1
ś

j“1
pbj´ajq

¨

«

n´1
ÿ

k“1

p´1qk`1 Pk pxiq

ż b1

a1

. . .

ż bi´1

ai´1

B
kf ps1, . . . , si´1, xi, . . . , xmq

Bxki
ds1 . . . dsi´1

`

n´1
ÿ

k“1

p´1qkpn´kq

bi´ai

„

Pkpbiq

ż b1

a1

. . .

ż bi´1

ai´1

B
k´1fps1, . . . , si´1, bi, xi`1, . . . , xmq

Bxk´1
i

ds1 . . . dsi´1

´Pk paiq

ż b1

a1

. . .

ż bi´1

ai´1

B
k´1fps1, . . . , si´1, ai, xi`1, . . . , xmq

Bxk´1
i

ds1 . . . dsi´1



`
p´1qn`1

pbi´aiq

ż b1

a1

. . .

ż bi

ai

Pn´1 psiq q pxi, siq
B
nf ps1, . . . , si, xi`1, . . . , xmq

Bxni
ds1 . . . dsi



,

are continuous functions for all i “ 1, . . . ,m.
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Proof. We apply (9) repeatedly.
We have

(13) f px1, . . . , xmq “
n´1
ÿ

k“1

p´1qk`1 Pk px1q
Bkf px1, . . . , xmq

Bxk1

`

n´1
ÿ

k“1

p´1qk pn´ kq

pb1 ´ a1q

„

Pk pb1q
Bk´1f pb1, x2, . . . , xmq

Bxk´11

´ Pk pa1q
Bk´1f pa1, x2, . . . , xmq

Bxk´11



`
n

pb1 ´ a1q

ż b1

a1

f ps1, x2, . . . , xmq ds1

`
p´1qn`1

pb1 ´ a1q

ż b1

a1

Pn´1 ps1q q px1, s1q
Bnf ps1, x2, . . . , xmq

Bxn1
ds1,

for any x1 P ra1, b1s, under the assumption that B
n´1fp¨,x2,...,xmq

Bxn´1
1

PACpra1, b1sq.

Call

(14) T1 px1, . . . , xmq :“
n´1
ÿ

k“1

p´1qk`1 Pk px1q
Bkf px1, . . . , xmq

Bxk1

`

n´1
ÿ

k“1

p´1qk pn´ kq

pb1 ´ a1q

„

Pk pb1q
Bk´1f pb1, x2, . . . , xmq

Bxk´11

´ Pk pa1q
Bk´1f pa1, x2, . . . , xmq

Bxk´11



`
p´1qn`1

pb1 ´ a1q

ż b1

a1

Pn´1 ps1q q px1, s1q
Bnf ps1, x2 . . . , xmq

Bxn1
ds.

Hence, it holds

(15) f px1, . . . , xmq “
n

pb1 ´ a1q

ż b1

a1

f ps1, x2, . . . , xmq ds1`T1 px1, . . . , xmq .

Next similarly, we get

p16q f ps1, x2, . . . , xmq “
n´1
ÿ

k“1

p´1qk`1 Pk px2q
Bkf ps1, x2, . . . , xmq

Bxk2

`

n´1
ÿ

k“1

p´1qk pn´ kq

pb2 ´ a2q

¨

«

Pk pb2q
Bk´1f ps1, b2, x3, . . . , xmq

Bxk´12

´ Pk pa2q
Bk´1f ps1, a2, x3, . . . , xmq

Bxk´12

ff
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`
n

pb2 ´ a2q

ż b2

a2

f ps1, s2, x3, . . . , xmq ds2

`
p´1qn`1

pb2 ´ a2q

ż b2

a2

Pn´1 ps2q q px2, s2q
Bnf ps1, s2, x3, . . . , xmq

Bxn2
ds2,

for any x2 P ra2, b2s .
Hence, it holds

(17) fpx1, . . . , xmq “
n2

pb1 ´ a1qpb2 ´ a2q

ż b1

a1

ż b2

a2

fps1, s2, x3, . . . , xmqds1ds2

` T1 px1, . . . , xmq ` T2 px2, x3, . . . , xmq ,

where

(18) T2 px2, x3, . . . , xmq

:“
n

pb1 ´ a1q

#

n´1
ÿ

k“1

p´1qk`1 Pk px2q

ż b1

a1

Bkf ps1, x2, . . . , xmq

Bxk2
ds1

`

n´1
ÿ

k“1

p´1qk pn´ kq

pb2 ´ a2q

«

Pk pb2q

ż b1

a1

Bk´1f ps1, b2, x3, . . . , xmq

Bxk´12

ds1

´Pk pa2q

ż b1

a1

Bk´1f ps1, a2, x3, . . . , xmq

Bxk´12

ds1

ff

`
p´1qn`1

pb2 ´ a2q

ż b1

a1

ż b2

a2

Pn´1 ps2q q px2, s2q
Bnf ps1, s2, x3, . . . , xmq

Bxn2
ds1ds2

+

.

Next, we see similarly that

(19) f ps1, s2, x3, . . . , xmq “
n´1
ÿ

k“1

p´1qk`1 Pk px3q
Bkf ps1, s2, x3, . . . , xmq

Bxk3

`

n´1
ÿ

k“1

p´1qk pn´ kq

pb3 ´ a3q

«

Pk pb3q
Bk´1f ps1, s2, b3, x4, . . . , xmq

Bxk´13

´ Pk pa3q
Bk´1f ps1, s2, a3, x4, . . . , xmq

Bxk´13

ff

`
n

pb3 ´ a3q

ż b3

a3

f ps1, s2, s3, x4, . . . , xmq ds3

`
p´1qn`1

pb3 ´ a3q

ż b3

a3

Pn´1 ps3q q px3, s3q
Bnf ps1, s2, s3, x4, . . . , xmq

Bxn3
ds3,

for any x3 P ra3, b3s .
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So that, we get

(20) f px1, . . . , xmq

“
n3

3
ś

j“1
pbj ´ ajq

ż b1

a1

ż b2

a2

ż b3

a3

f ps1, s2, s3, x4, . . . , xmq ds1ds2ds3

` T1 px1, . . . , xmq ` T2 px2, . . . , xmq ` T3 px3, . . . , xmq ,

where

(21) T3 px3, . . . , xmq :“
n2

pb1 ´ a1q pb2 ´ a2q

¨

„n´1
ÿ

k“1

p´1qk`1 Pk px3q

ż b1

a1

ż b2

a2

Bkf ps1, s2, x3, . . . , xmq

Bxk3
ds1ds2

`

n´1
ÿ

k“1

p´1qk pn´ kq

pb3 ´ a3q

„

Pk pb3q

ż b1

a1

ż b2

a2

Bk´1f ps1, s2, b3, x4, . . . , xmq

Bxk´13

ds1ds2

´ Pk pa3q

ż b1

a1

ż b2

a2

Bk´1f ps1, s2, a3, x4, . . . , xmq

Bxk´13

ds1ds2



`
p´1qn`1

pb3 ´ a3q

ż b1

a1

ż b2

a2

ż b3

a3

Pn´1ps3qqpx3, s3q
Bnfps1, s2, s3, x4, . . . , xmq

Bxn3
ds1ds2ds3



.

Furthermore, we can write

(22) f ps1, s2, s3, x4, . . . , xmq

“

n´1
ÿ

k“1

p´1qk`1 Pk px4q
Bkf ps1, s2, s3, x4 . . . , xmq

Bxk4

`

n´1
ÿ

k“1

p´1qk pn´ kq

pb4 ´ a4q

«

Pk pb4q
Bk´1f ps1, s2, s3, b4, x5, . . . , xmq

Bxk´14

´Pk pa4q
Bk´1f ps1, s2, s3, a4, x5, . . . , xmq

Bxk´14

ff

`
n

pb4 ´ a4q

ż b4

a4

f ps1, s2, s3, s4, x5, . . . , xmq ds4

`
p´1qn`1

pb4 ´ a4q

ż b4

a4

Pn´1 ps4q q px4, s4q
Bnf ps1, s2, s3, s4, x5, . . . , xmq

Bxn4
ds4,

for any x4 P ra4, b4s .
Therefore, it holds
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(23) f px1, . . . , xmq “
n4

4
ś

j“1
pbj ´ ajq

¨

ż b1

a1

ż b2

a2

ż b3

a3

ż b4

a4

f ps1, s2, s3, s4, x5, . . . , xmq ds1ds2ds3ds4

` T1 px1, . . . , xmq ` T2 px2, . . . , xmq ` T3 px3, . . . , xmq ` T4 px4, . . . , xmq ,

where

(24) T4 px4, . . . , xmq :“
n3

3
ś

j“1
pbj ´ ajq

„n´1
ÿ

k“1

p´1qk`1 Pk px4q

¨

ż b1

a1

ż b2

a2

ż b3

a3

Bkf ps1, s2, s3, x4, . . . , xmq

Bxk4
ds1ds2ds3 `

n´1
ÿ

k“1

p´1qkpn´ kq

pb4 ´ a4q

¨

„

Pk pb4q

ż b1

a1

ż b2

a2

ż b3

a3

Bk´1fps1, s2, s3, b4, x5, . . . , xmq

Bxk´14

ds1ds2ds3

´ Pk pa4q

ż b1

a1

ż b2

a2

ż b3

a3

Bk´1f ps1, s2, s3, a4, x5, . . . , xmq

Bxk´14

ds1ds2ds3



`
p´1qn`1

pb4 ´ a4q

ż b1

a1

ż b2

a2

ż b3

a3

ż b4

a4

Pn´1 ps4q q px4, s4q

¨
Bnf ps1, s2, s3, s4, x5, . . . , xmq

Bxn4
ds1ds2ds3ds4



,

etc.
The theorem is proved.

We make

Remark 9. Let fλ, λ “ 1, . . . , r P N ´ t1u, be as in Assumtions 5 or
Brief Assumptions 6; nλ P N associated with fλ. Here x “ px1, . . . , xmq,
s “ ps1, . . . , smq P

śm
i“1 rai, bis. Then

(25) fλ pxq “
nmλ

m
ś

i“1
pbi ´ aiq

ż

m
ś

i“1
rai,bis

fλ psq ds`
m
ÿ

i“1

Tiλ pxi, xi`1, . . . , xmq .

Here, we have
(26)

Tiλ pxi, . . . , xmq :“
ni´1λ

i´1
ś

j“1
pbj ´ ajq

«

nλ´1
ÿ

k“1

p´1qk`1 Pk pxiq
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¨

ż b1

a1

. . .

ż bi´1

ai´1

Bkfλ ps1, . . . , si´1, xi, . . . , xmq

Bxki
ds1 . . . dsi´1

`

nλ´1
ÿ

k“1

p´1qk pnλ ´ kq

bi ´ ai

¨

«

Pk pbiq

ż b1

a1

. . .

ż bi´1

ai´1

Bk´1fλ ps1, . . . , si´1, bi, xi`1, . . . , xmq

Bxk´1i

ds1 . . . dsi´1

´Pk paiq

ż b1

a1

. . .

ż bi´1

ai´1

Bk´1fλ ps1, . . . , si´1, ai, xi`1, . . . , xmq

Bxk´1i

ds1 . . . dsi´1

ff

`
p´1qnλ`1

pbi ´ aiq

ż b1

a1

. . .

ż bi

ai

Pnλ´1 psiq q pxi, siq

¨
Bnλfλ ps1, . . . , si, xi`1, . . . , xmq

Bxnλi
ds1 . . . dsi



,

are continuous functions, i “ 1, . . . ,m; λ “ 1, . . . , r.
Hence, it holds

ˆ r
ź

ρ“1
ρ‰λ

fρ pxq

˙

fλ pxq “

ˆ

nmλ
m
ś

i“1
pbi´aiq

˙ˆ r
ź

ρ“1
ρ‰λ

fρ pxq

˙ˆ
ż

m
ś

i“1
rai,bis

fλ psq ds

˙

(27)

`

ˆ r
ź

ρ“1
ρ‰λ

fρ pxq

˙ˆ m
ÿ

i“1

Tiλ px1, . . . , xmq

˙

.

Therefore, we derive

(28)
r
ÿ

λ“1

ˆˆ r
ź

ρ“1
ρ‰λ

fρ pxq

˙

fλ pxq

˙

´
1

m
ś

i“1
pbi ´ aiq

" r
ÿ

λ“1

ˆ

nmλ

ˆ r
ź

ρ“1
ρ‰λ

fρ pxq

˙ˆ
ż

m
ś

i“1
rai,bis

fλ psq ds

˙˙*

“

r
ÿ

λ“1

ˆˆ r
ź

ρ“1
ρ‰λ

fρ pxq

˙ˆ m
ÿ

i“1

Tiλpxi, . . . , xmq

˙˙

.

We notice that

(29) Tiλ pxi, . . . , xmq “ Aiλ pxi, . . . , xmq `Biλ pxi, . . . , xmq ,

i “ 1, . . . ,m; where
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(30) Aiλ pxi, . . . , xmq :“
ni´1λ

i´1
ś

j“1
pbj ´ ajq

„nλ´1
ÿ

k“1

p´1qk`1 Pk pxiq

¨

ż b1

a1

. . .

ż bi´1

ai´1

Bkfλ ps1, . . . , si´1, xi, . . . , xmq

Bxki
ds1 . . . dsi´1

`

nλ´1
ÿ

k“1

p´1qk pnλ ´ kq

bi ´ ai

¨

„

Pk pbiq

ż b1

a1

. . .

ż bi´1

ai´1

Bk´1fλ ps1, . . . , si´1, bi, xi`1, . . . , xmq

Bxk´1i

ds1 . . . dsi´1

´ Pk paiq

ż b1

a1

. . .

ż bi´1

ai´1

Bk´1fλ ps1, . . . , si´1, ai, xi`1, . . . , xmq

Bxk´1i

ds1 . . . dsi´1



,

and

(31) Biλ pxi, . . . , xmq :“
ni´1λ p´1qnλ`1

i
ś

j“1
pbj ´ ajq

¨

„
ż b1

a1

. . .

ż bi

ai

Pnλ´1 psiq q pxi, siq
Bnλfλ ps1, . . . , si, xi`1, . . . , xmq

Bxnλi
ds1 . . . dsi



,

for all i “ 1, . . . ,m; λ “ 1, . . . , r.

We call and have the identity

(32) S pf1, . . . , frq pxq

:“
r
ÿ

λ“1

"ˆ r
ź

ρ“1
ρ‰λ

fρ pxq

˙„

fλ pxq ´
nmλ

m
ś

i“1
pbi ´ aiq

ˆ
ż

m
ś

i“1
rai,bis

fλ psq ds

˙

´

m
ÿ

i“1

Aiλ pxi, . . . , xmq

*

“

r
ÿ

λ“1

ˆˆ r
ź

ρ“1
ρ‰λ

fρ pxq

˙ˆ m
ÿ

i“1

Biλ pxi, . . . , xmq

˙˙

,

true for any fixed x P
m
ś

i“1
rai, bis .

Then, we have

(33) |S pf1, . . . , frq pxq| ≤
r
ÿ

λ“1

ˆˆ r
ź

ρ“1
ρ‰λ

|fρ pxq|

˙

˜

m
ÿ

i“1

|Biλ pxi, . . . , xmq|

¸

˙

.

We estimate the right hand side of (33).
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We also make

Remark 10. We observe that

(34) |Biλ pxi, . . . , xmq| ≤
ni´1λ

i
ś

j“1
pbj ´ ajq

„
ż b1

a1

. . .

ż bi

ai

|Pnλ´1 psiq| |q pxi, siq|

¨

ˇ

ˇ

ˇ

ˇ

Bnλfλ ps1, . . . , si, xi`1, . . . , xmq

Bxnλi

ˇ

ˇ

ˇ

ˇ

ds1 . . . dsi



“: pξq ,

for all i “ 1, . . . ,m; λ “ 1, . . . , r.

We know that

(35) |q pxi, siq| ≤ max pxi ´ ai, bi ´ xiq “
pbi ´ aiq ` |ai ` bi ´ 2xi|

2
.

We have

pξq
p35q

≤
ni´1λ

i
ś

j“1
pbj ´ ajq

„

}Pnλ´1}8,rai,bis

ˆ

pbi ´ aiq ` |ai ` bi ´ 2xi|

2

˙

(36)

¨

›

›

›

›

Bnλfλ p. . . , xi`1, . . . , xmq

Bxnλi

›

›

›

›

L1p
i
ś

j“1
raj ,bjsq



.

Thus

(37) |S pf1, . . . , frq pxq| ≤
r
ÿ

λ“1

ˆˆ r
ź

ρ“1
ρ‰λ

|fρ pxq|

˙ˆ m
ÿ

i“1

ni´1λ
i
ś

j“1
pbj ´ ajq

¨

„

}Pnλ´1}8,rai,bis

ˆ

pbi ´ aiq ` |ai ` bi ´ 2xi|

2

˙

¨

›

›

›

›

Bnλfλ p. . . , xi`1, . . . , xmq

Bxnλi

›

›

›

›

L1p
i
ś

j“1
raj ,bjsq

˙˙

“: θ1 pxq .

Next let pli ą 1 :
3
ř

li“1

1
pli
“ 1. Then

|Biλpxi, . . . , xmq|
p34q

≤ pξq ≤
ni´1λ

i
ś

j“1
pbj ´ ajq

(38)

¨

„ˆ
ż b1

a1

. . .

ż bi

ai

|Pnλ´1 psiq|
p1i ds1 . . . dsi

˙

1
p1i
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¨

ˆ
ż b1

a1

. . .

ż bi

ai

|q pxi, siq|
p2i ds1 . . . dsi

˙

1
p2i

¨

›

›

›

›

Bnλfλ p. . . , xi`1, . . . , xmq

Bxnλi

›

›

›

›

Lp3i p
i
ś

j“1
raj ,bjsq



“
ni´1λ

i
ś

j“1
pbj ´ ajq

„

}Pnλ´1}Lp1i prai,bisq

ˆi´1
ź

j“1

pbj ´ ajq

˙
1
p1i
` 1
p2i

¨

˜

pbi ´ xiq
p2i`1 ` pxi ´ aiq

p2i`1

p2i ` 1

¸
1
p2i

¨

›

›

›

›

Bnλfλ p. . . , xi`1, . . . , xmq

Bxnλi

›

›

›

›

Lp3i p
i
ś

j“1
raj ,bjsq



.(39)

Therefore we get

(40) |Spf1, . . . , frqpxq|
p39q

≤
r
ÿ

λ“1

ˆˆ r
ź

ρ“1
ρ‰λ

|fρpxq|

˙

¨

ˆ m
ÿ

i“1

ni´1λ
i
ś

j“1
pbj ´ ajq

„

}Pnλ´1}Lp1i prai,bisq

ˆi´1
ź

j“1

pbj ´ ajq

˙
1
p1i
` 1
p2i

¨

ˆ

pbi ´ xiq
p2i`1 ` pxi ´ aiq

p2i`1

p2i ` 1

˙
1
p2i

¨

›

›

›

›

Bnλfλp. . . , xi`1, . . . , xmq

Bxnλi

›

›

›

›

Lp3i p
i
ś

j“1
raj ,bjsq

˙˙

“: θ2pxq.

We also have

(41) |Biλ pxi, . . . , xmq| ≤ pξq ≤ ni´1λ

„

}Pnλ´1}8,rai,bis

¨

›

›

›

›

Bnλfλ p. . . , xi`1, . . . , xmq

Bxnλi

›

›

›

›

8,
i
ś

j“1
raj ,bjs

ˆ

pbi ´ xiq
2
` pxi ´ aiq

2

2 pbi ´ aiq

˙

,

i “ 1, . . . ,m; λ “ 1, . . . , r.
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Consequently, we find

(42) |S pf1, . . . , frq pxq| ≤
r
ÿ

λ“1

ˆˆ r
ź

ρ“1
ρ‰λ

|fρ pxq|

˙

¨

ˆ m
ÿ

i“1

„

ni´1λ

˜

pbi ´ xiq
2
` pxi ´ aiq

2

2 pbi ´ aiq

¸

¨ }Pnλ´1}8,rai,bis

›

›

›

›

Bnλfλ p. . . , xi`1, . . . , xmq

Bxnλi

›

›

›

›

8,
i
ś

j“1
raj ,bjs

˙˙

“: θ3 pxq .

Finally, we derive that

(43) |S pf1, . . . , frq pxq| ≤ min tθ1 pxq , θ2 pxq , θ3 pxqu .

We have proved the following general multivariate Ostrowski type inequality
for several functions.

Theorem 11. Let fλ, λ “ 1, . . . , r P N ´ t1u, be as in Assumptions 5
or Brief Assumptions 6; nλ P N associated with fλ, x “ px1, . . . , xmq , s “

ps1, . . . , smq P
m
ś

i“1
rai, bis. Here Aiλ pxi, . . . , xmq is as in p30q, i “ 1, . . . ,m.

We put

(44) S pf1, . . . , frq pxq :“
r
ÿ

λ“1

"ˆ r
ź

ρ“1
ρ‰λ

fρ pxq

˙„

fλ pxq ´
nmλ

m
ś

i“1
pbi ´ aiq

¨

ˆ
ż

m
ś

i“1
rai,bis

fλ psq ds

˙

´

m
ÿ

i“1

Aiλ pxi, . . . , xmq

*

.

Here θ1 pxq is as in p37q. Let pli ą 1 :
3
ř

li“1

1
pli
“ 1, i “ 1, . . . ,m, and θ2 pxq

be as in p40q, and θ3 pxq as in p42q. Then

(45) |S pf1, . . . , frq pxq| ≤ min tθ1 pxq , θ2 pxq , θ3 pxqu .

We continue with

Remark 12. Additionally assume that B
nλfλ
Bx
nλ
i

are continuous on
m
ś

j“1
raj , bjs

for all i “ 1, . . . ,m; λ “ 1, . . . , r.
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We define and observe

p46q W :“

ż

m
ś

j“1
raj ,bjs

S pf1, . . . , frq pxq dx “ r

ż

m
ś

j“1
raj ,bjs

ˆ r
ź

ρ“1
ρ‰λ

fρ pxq

˙

dx

´
1

m
ś

j“1
pbj ´ ajq

r
ÿ

λ“1

nmλ

ˆ
ż

m
ś

j“1
raj ,bjs

ˆ r
ź

ρ“1
ρ‰λ

fρ pxq

˙

dx

˙ˆ
ż

m
ś

i“1
rai,bis

fλ psq ds

˙

´

r
ÿ

λ“1

ż

m
ś

j“1
raj ,bjs

ˆˆ r
ź

ρ“1
ρ‰λ

fρ pxq

˙ˆ m
ÿ

i“1

Aiλ pxi, . . . , xmq

˙˙

dx

p47q “

r
ÿ

λ“1

"
ż

m
ś

j“1
raj ,bjs

ˆˆ r
ź

ρ“1
ρ‰λ

fρ pxq

˙ˆ m
ÿ

i“1

Biλ pxi, . . . , xmq

˙˙

dx

*

.

Clearly, here Biλ pxi, . . . , xmq is a continuous function for all i “ 1, . . . ,m;
λ “ 1, . . . , r.

Hence

|W |
p3q

≤
r
ÿ

λ“1

"
ż

m
ś

j“1
raj ,bjs

"ˆ r
ź

ρ“1
ρ‰λ

|fρpxq|

˙

p

m
ÿ

i“1

|Biλpxi, . . . , xmq|q

*

dx

*

(48)

“: pω1q .

That is

(49) |W |

≤
r
ÿ

λ“1

"ˆ r
ź

ρ“1
ρ‰λ

}fρ}
8,

m
ś

j“1
raj ,bjs

˙ˆ m
ÿ

i“1

ˆ
ż

m
ś

j“1
raj ,bjs

|Biλ pxi, . . . , xmq| dx

˙˙*

.

From (41), we obtain

(50) |Biλ pxi, . . . , xmq|

≤ ni´1λ }Pnλ´1}8,rai,bis

›

›

›

›

Bnλfλ
Bxnλi

›

›

›

›

8,
m
ś

j“1
raj ,bjs

ˆ

pbi ´ xiq
2
` pxi ´ aiq

2

2 pbi ´ aiq

˙

,

for all i “ 1, . . . ,m; λ “ 1, . . . , r.
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Then

(51)
ż

m
ś

j“1
raj ,bjs

|Biλ pxi, . . . , xmq| dx

≤

ni´1λ }Pnλ´1}8,rai,bis

›

›

›

Bnλfλ
Bx
nλ
i

›

›

›

8,
m
ś

j“1
raj ,bjs

2 pbi ´ aiq

¨

ˆ m
ź

j“1
j‰i

pbj ´ ajq

˙ˆ
ż bi

ai

´

pbi ´ xiq
2
` pxi ´ aiq

2
¯

dxi

˙

,

and consequently, it holds

(52)
ż

m
ś

j“1
raj ,bjs

|Biλ pxi, . . . , xmq| dx

≤
pbi ´ aiq

`

m
ś

j“1
pbj ´ ajq

˘

3
ni´1λ }Pnλ´1}8,rai,bis

›

›

›

›

Bnλfλ
Bxnλi

›

›

›

›

8,
m
ś

j“1
raj ,bjs

,

for all i “ 1, . . . ,m; λ “ 1, . . . , r.

Hence

(53)
m
ÿ

i“1

ˆ
ż

m
ś

j“1
raj ,bjs

|Biλ pxi, . . . , xmq| dx

˙

≤
ˆ

`

m
ś

j“1
pbj ´ ajq

˘

3

˙

¨

ˆ m
ÿ

i“1

„

pbi ´ aiq }Pnλ´1}8,rai,bis

›

›

›

›

Bnλfλ
Bxnλi

›

›

›

›

8,
m
ś

j“1
raj ,bjs

ni´1λ

˙

,

for λ “ 1, . . . , r.

Using (49) and (53), we obtain

(54) |W | ≤
ˆ

`

m
ś

j“1
pbj ´ ajq

˘

3

˙„ r
ÿ

λ“1

"ˆ r
ź

ρ“1
ρ‰λ

}fρ}
8,

m
ś

j“1
raj ,bjs

˙

¨

ˆ m
ÿ

i“1

„

pbi ´ aiqn
i´1
λ }Pnλ´1}8,rai,bis

›

›

›

›

Bnλfλ
Bxnλi

›

›

›

›

8,
m
ś

j“1
raj ,bjs

˙*

“: A1.
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Notice next that

(55) pω1q “

r
ÿ

λ“1

m
ÿ

i“1

ˆ
ż

m
ś

j“1
raj ,bjs

ˆ r
ź

ρ“1
ρ‰λ

|fρpxq|

˙

|Biλpxi, . . . , xmq|dx

˙

“: pω2q.

Let p, q ą 1 : 1
p `

1
q “ 1. Then

(56) pω2q ≤
r
ÿ

λ“1

m
ÿ

i“1

›

›

›

›

r
ź

ρ“1
ρ‰λ

fρ

›

›

›

›

Lpp
m
ś

j“1
raj ,bjsq

}Biλ}
Lqp

m
ś

j“1
raj ,bjsq

ˆi´1
ź

j“1

pbj ´ ajq

˙
1
q

.

We have also proved that
(57)

|W | ≤
r
ÿ

λ“1

m
ÿ

i“1

›

›

›

›

r
ź

ρ“1
ρ‰λ

fρ

›

›

›

›

Lpp
m
ś

j“1
raj ,bjsq

}Biλ}
Lqp

m
ś

j“i
raj ,bjsq

ˆi´1
ź

j“1

pbj ´ ajq

˙
1
q

“: A2.

From (50), we get

(58) |Biλpxi, . . . , xmq| ≤ ni´1λ }Pnλ´1}8,rai,bis

›

›

›

›

Bnλfλ
Bxnλi

›

›

›

›

8,
m
ś

j“1
raj ,bjs

ˆ

bi ´ ai
2

˙

,

for all i “ 1, . . . ,m; λ “ 1, . . . , r.

Thus, it holds

(59)
m
ÿ

i“1

|Biλ pxi, . . . , xmq|

≤ 1

2

" m
ÿ

i“1

„

pbi ´ aiqn
i´1
λ }Pnλ´1}8,rai,bis

›

›

›

›

Bnλfλ
Bxnλi

›

›

›

›

8,
m
ś

j“1
raj ,bjs

*

,

λ “ 1, . . . , r.

Using (48) and (59), we finally derive

(60) |W | ≤ 1

2

" r
ÿ

λ“1

"
›

›

›

›

r
ź

ρ“1
ρ‰λ

fρ

›

›

›

›

L1p
m
ś

j“1
raj ,bjsq

¨

„ m
ÿ

i“1

„

pbi ´ aiqn
i´1
λ }Pnλ´1}8,rai,bis

›

›

›

›

Bnλfλ
Bxnλi

›

›

›

›

8,
m
ś

j“1
raj ,bjs

**

“: A3.

We have proved the following general multivariate Grüss inequality.
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Theorem 13. Let fλ, λ “ 1, . . . , r P N´ t1u, be as in Assumptions 5 and

let B
nλfλ
Bx
nλ
i

be continuous on
m
ś

j“1
raj , bjs for all i “ 1, . . . ,m; λ “ 1, . . . , r, or

Brief Assumptions 6; nλ P N associated with fλ. Here Aiλ pxi, . . . , xmq are
as in p30q, and Biλ pxi, . . . , xmq are as in p31q, i “ 1, . . . ,m. We set

(61) W :“ r

ż

m
ś

j“1
raj ,bjs

ˆ r
ź

ρ“1
ρ‰λ

fρpxq

˙

dx

´
1

m
ś

j“1
pbj ´ ajq

r
ÿ

λ“1

nmλ

ˆ
ż

m
ś

j“1
raj ,bjs

ˆ r
ź

ρ“1
ρ‰λ

fρ pxq

˙

dx

˙ˆ
ż

m
ś

i“1
rai,bis

fλ psq ds

˙

´

r
ÿ

λ“1

ż

m
ś

j“1
raj ,bjs

ˆˆ r
ź

ρ“1
ρ‰λ

fρ pxq

˙ˆ m
ÿ

i“1

Aiλ pxi, . . . , xmq

˙˙

dx.

Let A1 be as in p54q; p, q ą 1 : 1
p `

1
q “ 1, A2 as in p57q, and A3 as in p60q.

Then

(62) |W | ≤ min tA1, A2, A3u .

4. Applications
We apply Theorems 8, 11 and 13 for the case of n1 “ n2 “ ¨ ¨ ¨ “ nr “ 1.
We simplify General Assumptions 5 and Brief Assumptions 6, respectively,

as follows:

General Assumptions 14. Let f :
m
ś

j“1
raj , bjs Ñ R satisfy:

1) for j “ 1, . . . ,m, we have that f px1, x2, . . . , xj´1, sj , xj`1, . . . , xmq is ab-
solutely continuous in sj Praj , bjs, for every px1, x2, . . . , xj´1, xj`1, . . . , xmq

P
m
ś

i“1
i‰j

rai, bis,

2) for j “ 1, . . . ,m, we have that Bfps1,...,sj ,xj`1,...,xmq
Bxj

is continuous on
j
ś

i“1
rai, bis, for every pxj`1, . . . , xmq P

m
ś

i“j`1
rai, bis ,

3) f is continuous on
m
ś

i“1
rai, bis .

Brief Assumptions 15. Let f :
m
ś

j“1
raj , bjs Ñ R with Blf

Bxli
for l “ 0, 1;

j “ 1, . . . ,m, are continuous on
m
ś

j“1
raj , bjs .
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We give the following multivariate representation result, which is an
application of Theorem 8

Theorem 16. Let f be as in General Assumtions 14 or Brief Assumtions 15.
Then

(63) f px1, . . . , xnq

“
1

m
ś

j“1
pbj ´ ajq

ż

m
ś

j“1
raj ,bjs

f ps1, . . . , smq ds1 . . . dsm`
m
ÿ

i“1

T ˚i pxi, . . . , xmq ,

where

(64) T ˚i pxi, . . . , xmq “
1

i
ś

j“1
pbj ´ ajq

¨

ż b1

a1

. . .

ż bi

ai

q pxi, siq
Bf ps1, . . . , si, xi`1, . . . , xmq

Bxi
ds1 . . . dsi,

are continuous functions for all i “ 1, . . . ,m.

Next, we make

Remark 17. Let fλ be as in Assumptions 14 or 15, λ “ 1, . . . , r. Then

(65) fλ pxq “
1

m
ś

j“1
pbj ´ ajq

ż

m
ś

j“1
raj ,bjs

fλ psq ds`
m
ÿ

i“1

T ˚iλ pxi, . . . , xmq .

Here the corresponding

A˚iλ pxi, . . . , xmq “ 0,

and

(66) B˚iλ pxi, . . . , xmq “
1

i
ś

j“1
pbj ´ ajq

¨

ż b1

a1

. . .

ż bi

ai

q pxi, siq
Bfλ ps1, . . . , si, xi`1, . . . , xmq

Bxi
ds1 . . . dsi,

for all i “ 1, . . . ,m; λ “ 1, . . . , r.
That is

(67) T ˚iλ pxi, . . . , xmq “ B˚iλ pxi, . . . , xmq ,

i “ 1, . . . ,m; λ “ 1, . . . , r.
We call and have the identity
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(68) S˚ pf1, . . . , frq pxq

:“
r
ÿ

λ“1

"ˆ r
ź

ρ“1
ρ‰λ

fρ pxq

˙„

fλ pxq ´
1

m
ś

j“1
pbj ´ ajq

ˆ
ż

m
ś

j“1
raj ,bjs

fλ psq ds

˙*

“

r
ÿ

λ“1

ˆˆ r
ź

ρ“1
ρ‰λ

fρ pxq

˙ˆ m
ÿ

i“1

B˚iλ pxi, . . . , xmq

˙˙

,

true for any fixed x P
m
ś

j“1
raj , bjs .

Hence, it holds

(69) |S˚pf1, . . . , frqpxq| ≤
r
ÿ

λ“1

ˆˆ r
ź

ρ“1
ρ‰λ

|fρ pxq|

˙ˆ m
ÿ

i“1

|B˚iλ pxi, . . . , xmq|

˙˙

.

We obtain:
1) From (37), we derive

(70) |S˚ pf1, . . . , frq pxq| ≤
r
ÿ

λ“1

ˆˆ r
ź

ρ“1
ρ‰λ

|fρ pxq|

˙ˆ m
ÿ

i“1

1
i
ś

j“1
pbj ´ ajq

¨

„ˆ

pbi ´ aiq ` |ai ` bi ´ 2xi|

2

˙›

›

›

›

Bfλp. . . , xi`1, . . . , xmq

Bxi

›

›

›

›

L1p
i
ś

j“1
raj ,bjsq

˙˙

“: θ˚1 pxq.

2) Let pli ą 1 :
3
ř

li“1

1
pli
“ 1. Then by (40), we derive

(71) |S˚ pf1, . . . , frq pxq|

≤
r
ÿ

λ“1

ˆˆ r
ź

ρ“1
ρ‰λ

|fρ pxq|

˙ˆ m
ÿ

i“1

1
i
ś

j“1
pbj ´ ajq

„

pbi ´ aiq
1
p1i

˜

i´1
ź

j“1

pbj ´ ajq

¸
1
p1i
` 1
p2i

¨

ˆ

pbi ´ xiq
p2i`1 ` pxi ´ aiq

p2i`1

p2i ` 1

˙
1
p2i

¨

›

›

›

›

Bfλ p. . . , xi`1, . . . , xmq

Bxi

›

›

›

›

Lp3i p
i
ś

j“1
raj ,bjsq

˙˙

“: θ˚2 pxq.
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3) We get by (42) that

(72) |S˚pf1, . . . , frqpxq| ≤
r
ÿ

λ“1

"ˆ r
ź

ρ“1
ρ‰λ

|fρpxq|

˙„ m
ÿ

i“1

ˆ

pbi´xiq
2`pxi´aiq

2

2 pbi ´ aiq

˙

¨

›

›

›

›

Bfλ p. . . , xi`1, . . . , xmq

Bxi

›

›

›

›

8,
i
ś

j“1
raj ,bjs

*

“: θ˚3 pxq .

So, as an applications of Theorem 11, we give the following multivariate
Ostrowski type inequality.

Theorem 18. All as in Remark 17. Then

(73) |S˚ pf1, . . . , frq pxq| ≤ min tθ˚1 pxq , θ
˚
2 pxq , θ

˚
3 pxqu .

We also make

Remark 19. Here Assumptions 14 hold and Bfλ
Bxi

are continuous on
m
ś

j“1
raj , bjs for all i “ 1, . . . ,m; λ “ 1, . . . , r, or Assumptions 15 are valid.

We set

W ˚ “

ż

m
ś

j“1
raj ,bjs

S˚ pf1, . . . , frq pxq dx(74)

“ r

ż

m
ś

j“1
raj ,bjs

ˆ r
ź

ρ“1

fρ pxq

˙

dx

´
1

m
ś

j“1
pbj ´ ajq

r
ÿ

λ“1

ˆ
ż

m
ś

j“1
raj ,bjs

ˆ r
ź

ρ“1
ρ‰λ

fρ pxq

˙

dx

˙ˆ
ż

m
ś

i“1
rai,bis

fλ psq ds

˙

“

r
ÿ

λ“1

"
ż

m
ś

j“1
raj ,bjs

ˆˆ r
ź

ρ“1
ρ‰λ

fρ pxq

˙ˆ m
ÿ

i“1

B˚iλ pxi, . . . , xmq

˙˙

dx

*

.(75)

Here B˚iλ is continuous for any i “ 1, . . . ,m; λ “ 1, . . . , r.
Then

1) following (49), we find
(76)

|W ˚| ≤
r
ÿ

λ“1

"ˆ r
ź

ρ“1
ρ‰λ

}fρ}
8,

m
ś

j“1
raj ,bjs

˙ˆ m
ÿ

i“1

ˆ
ż

m
ś

j“1
raj ,bjs

|B˚iλ pxi, . . . , xmq| dx

˙˙*

.

We also get that
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(77) |W ˚|
p54q

≤
ˆ

m
ś

j“1
pbj ´ ajq

3

˙„ r
ÿ

λ“1

"ˆ r
ź

ρ“1
¨ρ‰λ

}fρ}
8,

m
ś

j“1
raj ,bjs

˙

¨

ˆ m
ÿ

i“1

pbi ´ aiq

›

›

›

›

Bfλ
Bxi

›

›

›

›

8,
m
ś

j“1
raj ,bjs

˙*

“: A˚1 .

2) Let p, q ą 1 : 1
p `

1
q “ 1. Then

(78) |W ˚|
p57q

≤
r
ÿ

λ“1

m
ÿ

i“1

›

›

›

›

r
ź

ρ“1
ρ‰λ

fρ

›

›

›

›

Lpp
m
ś

j“1
raj ,bjsq

}B˚iλ}
Lqp

m
ś

j“1
raj ,bjsq

¨

ˆi´1
ź

j“1

pbj ´ ajq

˙
1
q

“: A˚2 .

3) From (60), we obtain

(79) |W ˚| ≤
1

2

" r
ÿ

λ“1

"›

›

›

›

r
ź

ρ“1
ρ‰λ

fρ

›

›

›

›

L1p
m
ś

j“1
raj ,bjsq

„ m
ÿ

i“1

„

pbi ´ aiq

›

›

›

›

Bfλ
Bxi

›

›

›

›

8,
m
ś

j“1
raj ,bjs

**

“: A˚3 .

We have proved the following multivariate Grüss type inequality as an
application of Theorem 13.

Theorem 20. Here all as in Remark 19. We derive

(80) |W ˚| ≤ min tA˚1 , A
˚
2 , A

˚
3u .
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