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FIXED POINT ITERATIONS OF THREE
ASYMPTOTICALLY PSEUDOCONTRACTIVE MAPPINGS

Abstract. In this paper, we establish the strong convergence for a modified three-
step iterative scheme with errors associated with three mappings in real Banach spaces.
Moreover, our technique of proofs is of independent interest. Remark at the end simplifies
many known results.

1. Introduction
Let E be a real normed space and K be a nonempty convex subset of F.
Let J denote the normalized duality mapping from E to 2F" defined by
J(@)={f* € E*: {a, f*) = |J]|* and [[f*]| =||z[]},

where E* denotes the dual space of E and (-,-) denotes the generalized
duality pairing. We shall denote the single-valued duality map by j.
Let T: D(T) C E — E be a mapping with domain D(T') in E.

DEFINITION 1. The mapping T is said to be uniformly L-Lipschitzian, if
there exists L > 0 such that, for all z,y € D(T)

1Tz = Ty|| < Lz -yl

DEFINITION 2. T is said to be nonexpansive if for all z, y € D(T), the
following inequality holds:

| Tz —Ty| <||lz—y || forall xz, y e D(T).
DEFINITION 3. T is said to be asymptotically nonexpansive [8], if there
exists a sequence {kp}n>0 C [1,00) with H_)m k, = 1 such that
- n—oo

|T"x — T"y|| < kp||lx —y || forall z, y € D(T), n>0.
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DEFINITION 4. T is said to be asymptotically pseudocontractive, if there
exists a sequence {ky }n>0 C [1, 00) with li_>m kn=1and j(z—y) € J(z—vy)
- n—oo
such that
(T — Ty, j(x — y)) < ko llz —y |2, for all &, y € D(T), n> 0.
REMARK 1. 1. It is easy to see that every asymptotically nonexpansive
mapping is uniformly L-Lipschitzian.

2. If T is asymptotically nonexpansive mapping then, for all z, y € D(T),

there exists j(z —y) € J(x — y) such that
(T"z = T"y,j(x —y)) < |T"z =T Y| [lx —y ||
<knllz—y |*, n>0.
Hence, every asymptotically nonexpansive mapping is asymptotically pseu-
docontractive.

3. Rhoades, in [14], showed that the class of asymptotically pseudocon-
tractive mappings properly contains the class of asymptotically nonexpansive
mappings.

4. The asymptotically pseudocontractive mappings were introduced by
Schu [15].

DEFINITION 5. Suppose that there exists a strictly increasing function

¥ : [0,00) = [0,00), ¥(0) = 0. T is said to be ¥-asymptotically pseudocon-

tractive, if there exists a sequence {ky}n>0 C [1,00) with lim %k, = 1 and
- n—oo

j(x —y) € J(x — y) such that
(T2 = p,j(x = p)) < kallz = pl* = ¥(llz - pll), Yz,p € K.

In recent years, Mann and Ishikawa iterative schemes |9, 11] have been
studied extensively by many authors.
Let T : K — K be a mapping and K be a nonempty convex subset of F.

(a) The Mann iteration process is defined by the sequence {z,,}

(1.1) {:L‘o e K,

Tnt1 = (L =bp) zp + by Tz, n >0,
where {b,} is a sequence in [0, 1].
(b) The sequence {x,} defined by
zg € K,
(1'2) LTn+1 = (1 - bn) T + 0nTYn,
yn =1 =0))x, + b, Ta,, n>0,
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where {b, }, {b,} are sequences in [0, 1], is known as the Ishikawa iteration
process.

In 1995, Liu [10] introduced iterative schemes with errors as follows:
(c) The sequence {x,} in K iteratively defined by:
xo € K,
(1.3) Tnt1 = (1 — bp)xn + bnTypn + unp,
Yn = (1 = 0),)xy + by, Ty + vy, n >0,
where {b,}, {b,} are sequences in [0, 1] and {u,}, {v,} are sequences in

K satisfying > 07 | [Jun|| < 00, D07 [|un|| < o0, is known as Ishikawa
iterative scheme with errors.

(d) The sequence {x,} iteratively defined by:

(1.4) {xo €K

Tnt1 = (1 = bp)xpn + by Txp + up, n >0,

where {by,} is a sequence in [0, 1] and {u,} is a sequence in K satisfying

Yoo |lun|| < oo, is known as Mann iterative scheme with errors.

While it is clear that consideration of error terms in iterative schemes is
an important part of the theory, it is also clear that the iterative schemes with
errors introduced by Liu [10], as in (c¢) and (d) above, are not satisfactory.
The errors can occur in a random way. The conditions imposed on the error
terms in (c) and (d), which say that they tend to zero as n tends to infinity,
are, therefore, unreasonable.

In 1998, Xu [16] introduced a more satisfactory error term in the following
iterative schemes:

(e) The sequence {x,} iteratively defined by:
€K,
(1.5) o
Tpt1 = Ay + by Txy + cpuy,, n >0,
with {u,} a bounded sequence in K and a,, + b, + ¢, = 1, is known as
Mann iterative scheme with errors.
(f) The sequence {x,} iteratively defined by:
xg € K,
(1-6) Tl = ATy + 0 Tyn + cpny,
Yn = ahxy + 0, Txp + chvp, n >0,

with {uy,}, {v,} bounded sequences in K and a,, + b, + ¢, =1 = a, +
by, + ¢, is known as Ishikawa iterative scheme with errors.
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Note that the error terms are now improved Mann and Ishikawa iterative
schemes follow as special cases of the above schemes respectively.
In [15], Schu proved the following results:

THEOREM 1. Let K be a nonempty bounded closed convex subset of a Hilbert
space H, T : K — K a completely continuous, uniformly L-Lipschitzian
and asymptotically pseudocontractive mapping with sequence {k,} C [1,00);
Gn = 2kn—1,Yn € N; Y (2 —1) < o0; {an}, {Bn} C[0,1]; € < a, < By < b,
Vn € N, and some € > 0 and some b € (0, L72[(1 + LQ)% —1]). Let 1 € K,
for allm € N, define
Tnt1 = (1 — ap) zp + @ T"xy,.
Then {xy} converges to some fized point of T
Let
F(S)={zre€ K : Sz =z},
FT)={reK:Tx =z},
F(H)={r € K: Hx =z},
be the sets of fixed points of S, T and H. Also
F =FS)NF(T), and F=FS)NF(T)NF(H).
In [13], E. U. Ofoedu proved the following results.

THEOREM 2. Let K be a nonempty closed convex subset of a real Banach
space B, T : K — K a uniformly L-Lipschitzian asymptotically pseudocon-
tractive mapping with sequence {ky}n>0 C [1,00), limy, oo ky, = 1 such that
p € F(T). Let {an}n>0 C [0,1] be such that Y, o an = 00, 3,502 < 00
and ), <o on(kn — 1) < oco. For arbitrary xg € K, let {x, }n>0 be iteratively
defined by

Tnie1 = (1 —ayp) p + @ T"xy, n > 0.

Suppose there exists a strictly increasing function 1 : [0,00) — [0,00),
¥(0) = 0 such that

(T"z = p, j(x —p)) < knllz = pl|> = ¥(||z = pll), V2 € K.
Then {xy }tn>0 converges strongly to p.

Many authors [1, 7| have studied the two mappings case of iterative
schemes for different types of mappings.

Let K be a nonempty convex subset of a normed space E and
S, T : K — K be two mappings.

Recently, Agarwal et al. [1] studied the following iteration process for
a couple of quasi-contractive mappings.
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(g) The sequence {z,} iteratively defined by:

xg € K,
(1.7) Tpt1 = AnTy + by Syn + Crn,
Yn = ahTp + 0, Ty + chvn, n >0,
where {a,}, {bn}, {cn},{al}, {0V, },{c},} are sequences in [0,1] such that

an+by +cp=1=al, +b,+ ¢, and {u,},{v,} are bounded sequences
in K.
In [2], Chang et al. proved the following results.
THEOREM 3. Let K be a nonempty closed convex subset of a real Banach
space E, ST : K — K be two uniformly L-Lipschitzian -asymptotically

pseudocontractive mappings with sequence {kp}n>0 C [1,00), limy_yo0 kn =
1 and p € F'. Let {an}n>0,{Bn}n>0 C [0,1] be two sequences such that

ano Qp = 00, ano a? < oo, ano Bn < 00 and ano ap(kn — 1) < o0.
For arbitrary xog € K, let {zy}n>0 be a sequence iteratively defined by

Tn+1 = (1 - Odn) Ty + anSnyn’
Yn = (1 = Bn) xn + BT 2y, n > 0.

Then {xy}n>0 converges strongly to p.

(1.8)

REMARK 2. (i) One can see that, with ) .,a, = oo, the conditions
Ym0 @2 <00, and Y, <o an (ks — 1) < 0o are not always true. Let us take
ap = ﬁ and k, = 1+ ﬁ, then obviously Y a,, = oo, but Y. a2 = 0 =
> an(k, — 1). Hence, the results of Ofoedu [13| and Chang et al. |2] are to
be improved.

(ii) The same argument can be applied on the results of [4-6].

These facts motivated us to introduce and analyze a class of three-step it-
erative scheme for three ¥-asymptotically pseudocontractive mappings. This
scheme is defined as follows:

Let K be a nonempty closed convex subset of a real Banach space FE,
S, T,H : K — K be three 1-asymptotically pseudocontractive mappings at
p € F with common .

(h) The sequence {z,} is defined by

xg € K,
T4l = GpTn + bnsnyn + CpUn,
Yn = ahTp + 0Tz, + ) op,

" /! /!
Zn = Q@ Tn + by H"xp + ) wy, n >0,

(1.9)
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where {a,}, {bn}, {cn}, {a,}, {b),}, {c,}, {al}, {0!}, {c]} are sequences
in [0,1] such that a, + b, + ¢, =1 =al, + b, + ¢, = all + b + ¢/ and
{un},{vn}, {wy} are bounded sequences in K.

It can be easily seen that,

(i) for S=T =H and ¢,, =0 = ¢, = ¢, (1.9) reduces to [17]

xg € K,

(1.10) Ln+1 = (1 - bn) T + bpS" Yn,
Yn=(1—=0)xn + 0, T2,
2n=0-=b")z, + b H" 2y, n >0,

where {b,}, {b),},{bl} are sequences in [0, 1],
(j) for H=1T and ¢, = 0= ¢, = b, (1.9) reduces to
zg € K,
(1.11) Tnt1 = (1 = bp) Ty + b, S™Yn,
o= (1= V) 0+ BT 10,

where {b,}, {b},} are sequences in [0, 1],
(k) for H=T =1 and ¢, =0 = ¢, = b}, =1/, (1.9) reduces to

K
(1.12) ro S
Tnt1 = (1 = by) xp + by S"xp, n >0,

where {b,} is a sequence in [0, 1].

In this paper, we establish the strong convergence for a modified three-
step iterative scheme with errors associated with three mappings in real
Banach spaces.

2. Main results

The following lemmas are now well known.

LEMMA 1. [18] Let J : E — 27" be the normalized duality mapping. Then
for any x,y € E, we have

o+ yl* < [l2]* + 20y, j (2 + ), Vile+y) € J(x+y).
LEMMA 2. [12] Let {6,,} be a sequence of nonnegative real numbers, {\,}

be a real sequence satisfying

0< A\ <1, i)\n:oo.

n=0
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Suppose there exists a strictly increasing function ¢ : [0,00) — [0, 00) with
¥(0) = 0. If there exists a positive integer ng such that

Onr <00 = Ant(Oni) + o,
for all n > ngy, with o, > 0, VYn € N, and o, = o(\,), then lim,_,, 6, = 0.
THEOREM 4. Let K be a nonempty closed convexr subset of a real Ba-
nach space £, S,T,H : K — K be three 1)-asymptotically pseudocontractive
mappings at p € F with common v and having S(K) and T(K) bounded
with sequence {kp}tn>0 C [1,00), limy oo by, = 1. Further, let S be uni-

formly continuous and {an}nZO? {bn}nzoﬁ {Cn}n207 {%}nzoa {b;”l,}n207 {C;l}n207
{a!} >0, {U) }n>0, {Cih }n>0 be real sequences in [0,1] satisfying the following
conditions:

(i) lim b, =0= lim b/, = lim ¢} ;
n—00 n—00 n—00

(ii) ano bn = 00;
(iii) ¢, = o(by,).

For arbitrary xo € K let {xy,} be iteratively defined by (1.9), then {zy }n>0
converges strongly to a common fixed point of S, T and H.

Proof. Since p is a common fixed point of S, T and H, then the set F is
nonempty.
Because S(K) and T(K) are bounded, we set

(2.1) My = ||wo — pl| +sup [|S"yn — pll +sup [|T"z, — p|| + sup |[un — p||
n>0 n>0 n>0
+ sup ||vn, — p|| + sup |w, — p|| -
n>0 n>0

Obviously M7 < oo.
It is clear that ||zo — p|| < M. Let ||z, — p|| < M;. Next, we will prove
that ||zn4+1 — p|| < M.
By the condition (iii) which implies ¢,, = t,b,; t,, — 0 as n — oo, consider
|Zn+1 = pll = llann + 0nS"yn + cpun — pl|
= l|lan(Tn — p) + bn(S"Yn — p) + cn(un — p)||
< (L =bn) lzn =2l + b 15" yn = pll + cn [[un — pll
< (1 =bp) My + by [|S"yn — pl| + cn lun — Dl
= (1 —by)[llzo — pll +sup |S"yn — pl| +sup |72, — p
n>0 n>0

+sup [|un — pl| + sup vn — pl| + sup [|wn — pl]
n>0 n>0 n>0

+ 00 [15"yn = pll + cn [lun — p



566 A. Rafiq
< lwo — pll + ((1 - bn>51§8 1™y — DIl + bn [1S™yn — pl|)
n_
+ sup [Tz, — pll + (1 — bp)sup |lun — pll + ¢ [Jun — pl| )
n>0 n>0
+ sup |lvn, — p|| + sup [|w, — p||
n>0 n>0
< lzo — pll + ((1 = bn)sup [|S™yn — pl| + busup | "y — p| )
n>0 n>0
+sup | T"z, — pl + ((1 — bp)sup ||un — pl| + busup [Jun, — pl|)
n>0 n>0 n>0
+ sup [|vn, — p|| + sup [[w, — p||
n>0 n>0
= |lwo — pl| + sup [|S"yn — pl| + sup || T" 2, — pl| + sup |lu, — p||
n>0 n>0 n>0
+ sup ||v, — p|| + sup |lw, — p|| = M;.
n>0 n>0

So, from the above discussion, we can conclude that the sequence {x,, —
Pn>o0 is bounded. Let My = sup||zy, — pl|.
n>0

Denote M = My + Ms. Ob;iously M < oo.
Consider
(2.2) Hxn—i-l - p”2 = [|an®n + bpS"Yn + catin _pH2
= |lan(zn = p) + bn(S"yn — p) + cn(un — p)
< ap flzn — p”2 + by 15"y — p||2 + cn |un _pH2
< lan = plI” + Mbn + M?en,

2
I

where the first inequality holds by the convexity of ||.]|*.
Now from Lemma 1, for all n > 0, we obtain

(2.3) |zns1 — bl = lanzn + bpS™Yn + cott, — p||?
= [lan(zn — p) + 0n(S"yn — p) + cn(un _p)HQ
<(1- bn)QHxn —p|’2 +20n(S"Yn — P, j(Tns1 — p))
+ 2¢n(un — p, j(Tnt1 — p))
<(1- bn)QHxn _pHQ + 200 (S" 1 — p, J(Tny1 — D))
+ 2b, (S — S"xpi 1, j(Tni1 — D)) + 2M e,
<(1- bn)QHxn _sz + 2bpkn |41 — pHQ
= 2bp (|| 2n41 — plf)
+ 2bp [|S"yn — S"Tpi1l| [|Tnt1 — pl| + 2M>cy,
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< (1= bp)?||zn, — pl|* + 2bnkn]||Tns1 — p||*
— 2bp ([ #nt1 — pl) + 2bndn + 2M e,
where
(2.4) dp = M ||S"yn — S"pq1]|-

From (1.9) we have

(2.5) Ay — 2o
= [|b,,(T" 2 — ) + (v — @n) + bn(Tn — S"Yn) — n(tn — ) ||
< by 1Tz — x|l + ¢ [vn = @all + ba |20 = S™ynll + cn [Jun — @al|
< 2M (bp + ¢ + b, + ).
From the conditions (i), (iii) and (2.5), we obtain
im [|yn — zp41] =0,
n— o0
and the uniform continuity of S leads to
lim [|S"y, — S" 41| =0,
n—oo
thus, we have
(2.6) lim d,, = 0.

n—oo

Substituting (2.2) in (2.3), and with the help of condition (iii), we get
2.7) Jnsr = pl* < (1= b0)? + 2bukn]l[2n = plI* = 2058(|[z0+1 — plI)
+ 20, [M? (kn(bn + cn) + tn) + dn]
= [L+ b7, + 20 (ko — D]llzn — plI* = 2059 (201 — pll)
+ 26, [M? (K (b, + 1) + tn) + dy]
< |z = pl* = 2609 ([|2n+1 — pll)
+ b [M? (2(kp, — 1) + by,)
+ 2(M? (K (bn + ) + tn) + dn)]-
Denote
On = [|lzn — pll, A = 2bp,
On = bp[M? (2(kp — 1) + by) + 2(M? (kn(by + ¢) + tn) + dyp))].

Condition (i) assures the existence of a rank ng € N such that A, = 2b, < 1,
for all n > ng. Now with the help of (i), (ii), (iii), (2.6) and Lemma 2, we
obtain from (2.7) that

lim ||z, — pl| =0,
n—00

completing the proof. m
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COROLLARY 1. Let K be a nonempty closed convex subset of a real Banach
space E, S, T, H : K — K be three y-asymptotically pseudocontractive map-
pings at p € F with common ¢ and having S(K) and T(K) bounded with
sequence {kp}tn>0 C [1,00), limy_soo kn = 1. Further, let S be uniformly
L-Lipschitzian and {an}n>0, {bn},50r {n}usor 101020, {00} ,s0s {Ch}sos
{al}n>0, {b}n>0, {ch}n>0 be real sequences in [0, 1] satisfying the following
conditions:

(i) lim b, =0= lim b, = lim ;
. n—oo n—oo n—oo
(i) 32,50 bn = 003
(iii) cn = o(by).
For arbitrary xo € K, let {xy,} be iteratively defined by (1.9), then {xy }n>0
converges strongly to a common fized point of S, T and H.

REMARK 3. 1. For H = I and ¢, = 0 = ¢, = b/, we recapture the results
of Chang et al. [2].

2. For H=T =1 and ¢, =0 = ¢, = b, =1/, we recapture the results
of Schu [15] in real Banach spaces.

3. For H=T =T and ¢, =0 =, = b}, = b/, we recapture the modified
version of the results of Ofoedu [13].
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