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FIXED POINT ITERATIONS OF THREE
ASYMPTOTICALLY PSEUDOCONTRACTIVE MAPPINGS

Abstract. In this paper, we establish the strong convergence for a modified three-
step iterative scheme with errors associated with three mappings in real Banach spaces.
Moreover, our technique of proofs is of independent interest. Remark at the end simplifies
many known results.

1. Introduction
Let E be a real normed space and K be a nonempty convex subset of E.

Let J denote the normalized duality mapping from E to 2E
∗ defined by

J(x) = {f∗ ∈ E∗ : 〈x, f∗〉 = ||x||2 and ||f∗|| = ||x||},
where E∗ denotes the dual space of E and 〈·, ·〉 denotes the generalized
duality pairing. We shall denote the single-valued duality map by j.

Let T : D(T ) ⊂ E → E be a mapping with domain D(T ) in E.

Definition 1. The mapping T is said to be uniformly L-Lipschitzian, if
there exists L > 0 such that, for all x, y ∈ D(T )

‖Tnx− Tny‖ ≤ L ‖x− y‖ .

Definition 2. T is said to be nonexpansive if for all x, y ∈ D(T ), the
following inequality holds:

‖Tx− Ty‖ ≤ ‖x− y ‖ for all x, y ∈ D(T ).

Definition 3. T is said to be asymptotically nonexpansive [8], if there
exists a sequence {kn}n≥0 ⊂ [1,∞) with lim

n→∞
kn = 1 such that

‖Tnx− Tny‖ ≤ kn ‖x− y ‖ for all x, y ∈ D(T ), n ≥ 0.
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Definition 4. T is said to be asymptotically pseudocontractive, if there
exists a sequence {kn}n≥0 ⊂ [1,∞) with lim

n→∞
kn = 1 and j(x−y) ∈ J(x−y)

such that

〈Tnx− Tny, j(x− y)〉 ≤ kn ‖x− y ‖2 , for all x, y ∈ D(T ), n ≥ 0.

Remark 1. 1. It is easy to see that every asymptotically nonexpansive
mapping is uniformly L-Lipschitzian.

2. If T is asymptotically nonexpansive mapping then, for all x, y ∈ D(T ),
there exists j(x− y) ∈ J(x− y) such that

〈Tnx− Tny, j(x− y)〉 ≤ ‖Tnx− Tny‖ ‖x− y ‖
≤ kn ‖x− y ‖2 , n ≥ 0.

Hence, every asymptotically nonexpansive mapping is asymptotically pseu-
docontractive.

3. Rhoades, in [14], showed that the class of asymptotically pseudocon-
tractive mappings properly contains the class of asymptotically nonexpansive
mappings.

4. The asymptotically pseudocontractive mappings were introduced by
Schu [15].

Definition 5. Suppose that there exists a strictly increasing function
ψ : [0,∞) → [0,∞), ψ(0) = 0. T is said to be ψ-asymptotically pseudocon-
tractive, if there exists a sequence {kn}n≥0 ⊂ [1,∞) with lim

n→∞
kn = 1 and

j(x− y) ∈ J(x− y) such that

〈Tnx− p, j(x− p)〉 ≤ kn||x− p||2 − ψ(||x− p||), ∀x, p ∈ K.

In recent years, Mann and Ishikawa iterative schemes [9, 11] have been
studied extensively by many authors.

Let T : K → K be a mapping and K be a nonempty convex subset of E.

(a) The Mann iteration process is defined by the sequence {xn}

(1.1)

{
x0 ∈ K,
xn+1 = (1− bn)xn + bnTxn, n ≥ 0,

where {bn} is a sequence in [0, 1].

(b) The sequence {xn} defined by

(1.2)


x0 ∈ K,
xn+1 = (1− bn)xn + bnTyn,

yn = (1− b′n)xn + b′nTxn, n ≥ 0,
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where {bn}, {b′n} are sequences in [0, 1], is known as the Ishikawa iteration
process.

In 1995, Liu [10] introduced iterative schemes with errors as follows:

(c) The sequence {xn} in K iteratively defined by:

(1.3)


x0 ∈ K,
xn+1 = (1− bn)xn + bnTyn + un,

yn = (1− b′n)xn + b′nTxn + vn, n ≥ 0,

where {bn}, {b′n} are sequences in [0, 1] and {un}, {vn} are sequences in
K satisfying

∑∞
n=1 ‖un‖ < ∞,

∑∞
n=1 ‖vn‖ < ∞, is known as Ishikawa

iterative scheme with errors.

(d) The sequence {xn} iteratively defined by:

(1.4)

{
x0 ∈ K,
xn+1 = (1− bn)xn + bnTxn + un, n ≥ 0,

where {bn} is a sequence in [0, 1] and {un} is a sequence in K satisfying∑∞
n=1 ‖un‖ <∞, is known as Mann iterative scheme with errors.

While it is clear that consideration of error terms in iterative schemes is
an important part of the theory, it is also clear that the iterative schemes with
errors introduced by Liu [10], as in (c) and (d) above, are not satisfactory.
The errors can occur in a random way. The conditions imposed on the error
terms in (c) and (d), which say that they tend to zero as n tends to infinity,
are, therefore, unreasonable.

In 1998, Xu [16] introduced a more satisfactory error term in the following
iterative schemes:

(e) The sequence {xn} iteratively defined by:

(1.5)

{
x0 ∈ K,
xn+1 = anxn + bnTxn + cnun, n ≥ 0,

with {un} a bounded sequence in K and an + bn + cn = 1, is known as
Mann iterative scheme with errors.

(f) The sequence {xn} iteratively defined by:

(1.6)


x0 ∈ K,
xn+1 = anxn + bnTyn + cnun,

yn = a′nxn + b′nTxn + c′nvn, n ≥ 0,

with {un}, {vn} bounded sequences in K and an + bn + cn = 1 = án +
b́n + ćn, is known as Ishikawa iterative scheme with errors.
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Note that the error terms are now improved Mann and Ishikawa iterative
schemes follow as special cases of the above schemes respectively.

In [15], Schu proved the following results:

Theorem 1. LetK be a nonempty bounded closed convex subset of a Hilbert
space H, T : K → K a completely continuous, uniformly L-Lipschitzian
and asymptotically pseudocontractive mapping with sequence {kn} ⊂ [1,∞);
qn = 2kn−1, ∀n ∈ N ;

∑
(q2n−1) <∞; {αn}, {βn} ⊂ [0, 1]; ε < αn < βn ≤ b,

∀n ∈ N, and some ε > 0 and some b ∈ (0, L−2[(1 + L2)
1
2 − 1]). Let x1 ∈ K,

for all n ∈ N, define
xn+1 = (1− αn)xn + αnT

nxn.

Then {xn} converges to some fixed point of T .

Let

F (S) = {x ∈ K : Sx = x},
F (T ) = {x ∈ K : Tx = x},
F (H) = {x ∈ K : Hx = x},

be the sets of fixed points of S, T and H. Also

F ′ = F (S) ∩ F (T ), and F = F (S) ∩ F (T ) ∩ F (H).

In [13], E. U. Ofoedu proved the following results.

Theorem 2. Let K be a nonempty closed convex subset of a real Banach
space E, T : K → K a uniformly L-Lipschitzian asymptotically pseudocon-
tractive mapping with sequence {kn}n≥0 ⊂ [1,∞), limn→∞ kn = 1 such that
p ∈ F (T ). Let {αn}n≥0 ⊂ [0, 1] be such that

∑
n≥0 αn = ∞,

∑
n≥0 α

2
n < ∞

and
∑

n≥0 αn(kn − 1) <∞. For arbitrary x0 ∈ K, let {xn}n≥0 be iteratively
defined by

xn+1 = (1− αn)xn + αnT
nxn, n ≥ 0.

Suppose there exists a strictly increasing function ψ : [0,∞) → [0,∞),
ψ(0) = 0 such that

〈Tnx− p, j(x− p)〉 ≤ kn||x− p||2 − ψ(||x− p||), ∀x ∈ K.
Then {xn}n≥0 converges strongly to p.

Many authors [1, 7] have studied the two mappings case of iterative
schemes for different types of mappings.

Let K be a nonempty convex subset of a normed space E and
S, T : K → K be two mappings.

Recently, Agarwal et al. [1] studied the following iteration process for
a couple of quasi-contractive mappings.
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(g) The sequence {xn} iteratively defined by:

(1.7)


x0 ∈ K,
xn+1 = anxn + bnSyn + cnun,

yn = a′nxn + b′nTxn + c′nvn, n ≥ 0,

where {an}, {bn}, {cn}, {a′n}, {b′n}, {c′n} are sequences in [0, 1] such that
an + bn + cn = 1 = a′n + b′n + c′n and {un}, {vn} are bounded sequences
in K.

In [2], Chang et al. proved the following results.

Theorem 3. Let K be a nonempty closed convex subset of a real Banach
space E, S,T : K → K be two uniformly L-Lipschitzian ψ-asymptotically
pseudocontractive mappings with sequence {kn}n≥0 ⊂ [1,∞), limn→∞ kn =
1 and p ∈ F ′. Let {αn}n≥0, {βn}n≥0 ⊂ [0, 1] be two sequences such that∑

n≥0 αn = ∞,
∑

n≥0 α
2
n < ∞,

∑
n≥0 βn < ∞ and

∑
n≥0 αn(kn − 1) < ∞.

For arbitrary x0 ∈ K, let {xn}n≥0 be a sequence iteratively defined by

(1.8)
xn+1 = (1− αn)xn + αnS

nyn,

yn = (1− βn)xn + βnT
nxn, n ≥ 0.

Then {xn}n≥0 converges strongly to p.

Remark 2. (i) One can see that, with
∑

n≥0 αn = ∞, the conditions∑
n≥0 α

2
n <∞, and

∑
n≥0 αn(kn − 1) <∞ are not always true. Let us take

αn = 1√
n
and kn = 1 + 1√

n
, then obviously

∑
αn = ∞, but

∑
α2
n = ∞ =∑

αn(kn − 1). Hence, the results of Ofoedu [13] and Chang et al. [2] are to
be improved.

(ii) The same argument can be applied on the results of [4–6].

These facts motivated us to introduce and analyze a class of three-step it-
erative scheme for three ψ-asymptotically pseudocontractive mappings. This
scheme is defined as follows:

Let K be a nonempty closed convex subset of a real Banach space E,
S, T,H : K → K be three ψ-asymptotically pseudocontractive mappings at
p ∈ F with common ψ.

(h) The sequence {xn} is defined by

(1.9)


x0 ∈ K,
xn+1 = anxn + bnS

nyn + cnun,

yn = a′nxn + b′nT
nzn + c′nvn,

zn = a′′nxn + b′′nH
nxn + c′′nwn, n ≥ 0,
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where {an}, {bn}, {cn}, {a′n}, {b′n}, {c′n}, {a′′n}, {b′′n}, {c′′n} are sequences
in [0, 1] such that an + bn + cn = 1 = a′n + b′n + c′n = a′′n + b′′n + c′′n and
{un}, {vn}, {wn} are bounded sequences in K.

It can be easily seen that,

(i) for S = T = H and cn = 0 = c′n = c′′n, (1.9) reduces to [17]

(1.10)


x0 ∈ K,
xn+1 = (1− bn)xn + bnS

nyn,

yn = (1− b′n)xn + b′nT
nzn,

zn = (1− b′′n)xn + b′′nH
nxn, n ≥ 0,

where {bn}, {b′n}, {b′′n} are sequences in [0, 1],
(j) for H = I and cn = 0 = ćn = b′′n, (1.9) reduces to

(1.11)


x0 ∈ K,
xn+1 = (1− bn)xn + bnS

nyn,

yn = (1− b′n)xn + b′nT
nxn, n ≥ 0,

where {bn}, {b′n} are sequences in [0, 1],
(k) for H = T = I and cn = 0 = ćn = b′n = b′′n, (1.9) reduces to

(1.12)

{
x0 ∈ K,
xn+1 = (1− bn)xn + bnS

nxn, n ≥ 0,

where {bn} is a sequence in [0, 1].
In this paper, we establish the strong convergence for a modified three-

step iterative scheme with errors associated with three mappings in real
Banach spaces.

2. Main results
The following lemmas are now well known.

Lemma 1. [18] Let J : E → 2E
∗ be the normalized duality mapping. Then

for any x, y ∈ E, we have

||x+ y||2 ≤ ||x||2 + 2〈y, j(x+ y)〉, ∀j(x+ y) ∈ J(x+ y).

Lemma 2. [12] Let {θn} be a sequence of nonnegative real numbers, {λn}
be a real sequence satisfying

0 ≤ λn ≤ 1,
∞∑
n=0

λn =∞.
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Suppose there exists a strictly increasing function ψ : [0,∞) → [0,∞) with
ψ(0) = 0. If there exists a positive integer n0 such that

θ2n+1 ≤ θ2n − λnψ(θn+1) + σn,

for all n ≥ n0, with σn ≥ 0, ∀n ∈ N, and σn = o(λn), then limn→∞ θn = 0.

Theorem 4. Let K be a nonempty closed convex subset of a real Ba-
nach space E, S, T,H : K → K be three ψ-asymptotically pseudocontractive
mappings at p ∈ F with common ψ and having S(K) and T (K) bounded
with sequence {kn}n≥0 ⊂ [1,∞), limn→∞ kn = 1. Further, let S be uni-
formly continuous and {an}n≥0, {bn}n≥0

, {cn}n≥0
, {a′n}n≥0, {b′n}n≥0

, {c′n}n≥0
,

{a′′n}n≥0, {b′′n}n≥0, {c′′n}n≥0 be real sequences in [0, 1] satisfying the following
conditions:

(i) lim
n→∞

bn = 0 = lim
n→∞

b′n = lim
n→∞

c′n;

(ii)
∑

n≥0 bn =∞;
(iii) cn = o(bn).

For arbitrary x0 ∈ K let {xn} be iteratively defined by (1.9), then {xn}n≥0
converges strongly to a common fixed point of S, T and H.

Proof. Since p is a common fixed point of S, T and H, then the set F is
nonempty.

Because S(K) and T (K) are bounded, we set

M1 = ‖x0 − p‖+ sup
n≥0
‖Snyn − p‖+ sup

n≥0
‖Tnzn − p‖+ sup

n≥0
‖un − p‖(2.1)

+ sup
n≥0
‖vn − p‖+ sup

n≥0
‖wn − p‖ .

Obviously M1 <∞.
It is clear that ||x0 − p|| ≤M1. Let ||xn − p|| ≤M1. Next, we will prove

that ||xn+1 − p|| ≤M1.

By the condition (iii) which implies cn = tnbn; tn → 0 as n→∞, consider

‖xn+1 − p‖ = ‖anxn + bnS
nyn + cnun − p‖

= ‖an(xn − p) + bn(Snyn − p) + cn(un − p)‖
≤ (1− bn) ‖xn − p‖+ bn ‖Snyn − p‖+ cn ‖un − p‖
≤ (1− bn)M1 + bn ‖Snyn − p‖+ cn ‖un − p‖
= (1− bn)

[
‖x0 − p‖+ sup

n≥0
‖Snyn − p‖+ sup

n≥0
‖Tnzn − p‖

+ sup
n≥0
‖un − p‖+ sup

n≥0
‖vn − p‖+ sup

n≥0
‖wn − p‖

]
+ bn ‖Snyn − p‖+ cn ‖un − p‖
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≤ ‖x0 − p‖+
(
(1− bn)sup

n≥0
‖Snyn − p‖+ bn ‖Snyn − p‖

)
+ sup

n≥0
‖Tnzn − p‖+

(
(1− bn)sup

n≥0
‖un − p‖+ cn ‖un − p‖

)
+ sup

n≥0
‖vn − p‖+ sup

n≥0
‖wn − p‖

≤ ‖x0 − p‖+
(
(1− bn)sup

n≥0
‖Snyn − p‖+ bnsup

n≥0
‖Snyn − p‖

)
+ sup

n≥0
‖Tnzn − p‖+

(
(1− bn)sup

n≥0
‖un − p‖+ bnsup

n≥0
‖un − p‖

)
+ sup

n≥0
‖vn − p‖+ sup

n≥0
‖wn − p‖

= ‖x0 − p‖+ sup
n≥0
‖Snyn − p‖+ sup

n≥0
‖Tnzn − p‖+ sup

n≥0
‖un − p‖

+ sup
n≥0
‖vn − p‖+ sup

n≥0
‖wn − p‖ = M1.

So, from the above discussion, we can conclude that the sequence {xn −
p}n≥0 is bounded. Let M2 = sup

n≥0
||xn − p||.

Denote M = M1 +M2. Obviously M <∞.
Consider

‖xn+1 − p‖2 = ‖anxn + bnS
nyn + cnun − p‖2(2.2)

= ‖an(xn − p) + bn(Snyn − p) + cn(un − p)‖2

≤ an ‖xn − p‖2 + bn ‖Snyn − p‖2 + cn ‖un − p‖2

≤ ‖xn − p‖2 +M2bn +M2cn,

where the first inequality holds by the convexity of ‖.‖2 .
Now from Lemma 1, for all n ≥ 0, we obtain

‖xn+1 − p‖2 = ||anxn + bnS
nyn + cnun − p||2(2.3)

= ||an(xn − p) + bn(Snyn − p) + cn(un − p)||2

≤ (1− bn)2||xn − p||2 + 2bn〈Snyn − p, j(xn+1 − p)〉
+ 2cn〈un − p, j(xn+1 − p)〉

≤ (1− bn)2||xn − p||2 + 2bn〈Snxn+1 − p, j(xn+1 − p)〉
+ 2bn〈Snyn − Snxn+1, j(xn+1 − p)〉+ 2M2cn

≤ (1− bn)2||xn − p||2 + 2bnkn||xn+1 − p||2

− 2bnψ(‖xn+1 − p‖)
+ 2bn ‖Snyn − Snxn+1‖ ‖xn+1 − p‖+ 2M2cn
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≤ (1− bn)2||xn − p||2 + 2bnkn||xn+1 − p||2

− 2bnψ(‖xn+1 − p‖) + 2bndn + 2M2cn,

where

(2.4) dn = M ‖Snyn − Snxn+1‖ .
From (1.9) we have

(2.5) ‖yn − xn+1‖
=
∥∥b′n(Tnzn − xn) + c′n(vn − xn) + bn(xn − Snyn)− cn(un − xn)

∥∥
≤ b′n ‖Tnzn − xn‖+ c′n ‖vn − xn‖+ bn ‖xn − Snyn‖+ cn ‖un − xn‖
≤ 2M(bn + cn + b′n + c′n).

From the conditions (i), (iii) and (2.5), we obtain

lim
n→∞

‖yn − xn+1‖ = 0,

and the uniform continuity of S leads to

lim
n→∞

‖Snyn − Snxn+1‖ = 0,

thus, we have

(2.6) lim
n→∞

dn = 0.

Substituting (2.2) in (2.3), and with the help of condition (iii), we get

‖xn+1 − p‖2 ≤ [(1− bn)2 + 2bnkn]||xn − p||2 − 2bnψ(‖xn+1 − p‖)(2.7)

+ 2bn[M2 (kn(bn + cn) + tn) + dn]

= [1 + b2n + 2bn(kn − 1)]||xn − p||2 − 2bnψ(‖xn+1 − p‖)
+ 2bn[M2 (kn(bn + cn) + tn) + dn]

≤ ||xn − p||2 − 2bnψ(‖xn+1 − p‖)
+ bn[M2 (2(kn − 1) + bn)

+ 2(M2 (kn(bn + cn) + tn) + dn)].

Denote

θn = ||xn − p||, λn = 2bn,

σn = bn[M2 (2(kn − 1) + bn) + 2(M2 (kn(bn + cn) + tn) + dn)].

Condition (i) assures the existence of a rank n0 ∈ N such that λn = 2bn ≤ 1,
for all n ≥ n0. Now with the help of (i), (ii), (iii), (2.6) and Lemma 2, we
obtain from (2.7) that

lim
n→∞

||xn − p|| = 0,

completing the proof.



568 A. Rafiq

Corollary 1. Let K be a nonempty closed convex subset of a real Banach
space E, S, T,H : K → K be three ψ-asymptotically pseudocontractive map-
pings at p ∈ F with common ψ and having S(K) and T (K) bounded with
sequence {kn}n≥0 ⊂ [1,∞), limn→∞ kn = 1. Further, let S be uniformly
L-Lipschitzian and {an}n≥0, {bn}n≥0

, {cn}n≥0
, {a′n}n≥0, {b′n}n≥0

, {c′n}n≥0
,

{a′′n}n≥0, {b′′n}n≥0, {c′′n}n≥0 be real sequences in [0, 1] satisfying the following
conditions:
(i) lim

n→∞
bn = 0 = lim

n→∞
b′n = lim

n→∞
c′n;

(ii)
∑

n≥0 bn =∞;
(iii) cn = o(bn).

For arbitrary x0∈K, let {xn} be iteratively defined by (1.9), then {xn}n≥0
converges strongly to a common fixed point of S, T and H.
Remark 3. 1. For H = I and cn = 0 = c′n = b′′n, we recapture the results
of Chang et al. [2].

2. For H = T = I and cn = 0 = c′n = b′n = b′′n, we recapture the results
of Schu [15] in real Banach spaces.

3. For H = T = I and cn = 0 = c′n = b′n = b′′n, we recapture the modified
version of the results of Ofoedu [13].

References

[1] R. P. Agarwal, Y. J. Cho, J. Li, N. J. Huang, Stability of iterative procedures with
errors approximating common fixed points for a couple of quasi-contractive mappings
in q-uniformly smooth Banach spaces, J. Math. Anal. Appl. 272 (2002), 435–447.

[2] S. S. Chang et al., Some results for uniformly L-Lipschitzian mappings in Banach
spaces, App. Math. Lett., doi:10.1016/j.aml.2008.02.016.

[3] C. E. Chidume, Iterative algorithm for nonexpansive mappings and some of their
generalizations, Nonlinear Anal. (to V. Lakshmikantham on his 80th birthday) 1, 2
(2003), 383–429.

[4] C. E. Chidume et al., Convergence of the Mann iteration algorithm for a class of
pseudocontractive mappings, Appl. Math. Comput. 194(1) (2007), 1–6.

[5] C. E. Chidume, C. O. Chidume, Convergence theorem for zeros of generalized Lip-
schitz generalized phi-quasiaccretive operators, Proc. Amer. Math. Soc. 134 (2006),
243–251.

[6] C. E. Chidume, C. O. Chidume, Convergence theorem for fixed points of uniformly
continuous generalized phihemicontractive mappings, J. Math. Anal. Appl. 303 (2005),
545–554.

[7] G. Das, J. P. Debata, Fixed points of quasi-nonexpansive mappings, Indian J. Pure.
Appl. Math. 17 (1986), 1263–1269.

[8] K. Goebel, W. A. Kirk, A fixed point theorem for asymptotically nonexpansive map-
pings, Proc. Amer. Math. Soc. 35 (1972), 171–174.

[9] S. Ishikawa, Fixed point by a new iteration method, Proc. Amer. Math. Soc. 44 (1974),
147–150.



Fixed point iterations 569

[10] L. S. Liu, Ishikawa and Mann iterative process with errors for nonlinear strongly
accretive mappings in Banach spaces, J. Math. Anal. Appl. 1945 (1995), 114–125.

[11] W. R. Mann, Mean value methods in iteration, Proc. Amer. Math. Soc. 4 (1953),
506–510.

[12] C. Moore, B. V. Nnoli, Iterative solution of nonlinear equations involving set-valued
uniformly accretive operators, Comput. Math. Appl. 42 (2001), 131–140.

[13] E. U. Ofoedu, Strong convergence theorem for uniformly L-Lipschitzian asymptot-
ically pseudocontractive mapping in real Banach space, Math. Anal. Appl. 321(2)
(2006), 722-728.

[14] B. E. Rhoades, A comparison of various definition of contractive mappings, Trans.
Amer. Math. Soc. 226 (1977), 257–290.

[15] J. Schu, Iterative construction of fixed point of asymptotically nonexpansive mappings,
J. Math. Anal. Appl. 158 (1991), 407–413.

[16] Y. Xu, Ishikawa and Mann iterative process with errors for nonlinear strongly accre-
tive operator equations, J. Math. Anal. Appl. 224 (1998), 98–101.

[17] B. L. Xu, M. A. Noor, Fixed point iterations for asymptotically nonexpansive map-
pings in Banach spaces, J. Math. Anal. Appl. 267 (2002), 444-453.

[18] H. K. Xu, Inequalities in Banach spaces with applications, Nonlinear Anal. 16(12)
(1991), 1127–1138.

HAJVERY UNIVERSITY
43-52 INDUSTRIAL AREA
GULBERG-III, LAHORE, PAKISTAN
E-mail: aarafiq@gmail.com

Received February 2, 2009; revised version March 12, 2012.


	Code: 10.1515/dema-2013-0466


