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ON REAL-VALUED HOMOMORPHISMS IN
COUNTABLY GENERATED DIFFERENTIAL STRUCTURES

Abstract. Real valued homomorphisms on the algebra of smooth functions on a dif-
ferential space are described. The concept of generators of this algebra is emphasized in
this description.

1. Introduction

When all the real homomorphisms defined on an algebra of real functions
defined on a space are evaluations then we say that the space is smoothly real-
compact. There are many articles stating this property for various spaces. In
[11], [4] it is shown that the spaces of real continuous functions on R and R”"
are smoothly real-compact. In [2| this property has been shown for the spaces
of functions of class C* (k = 1,...,00) on separable Banach spaces. Much
information about this topic can be found in [9]. The most important, from
the point of view of Sikorski spaces, is the article 6] since it discusses smooth
real-compactness of smooth spaces which are a wider category than the Siko-
rski spaces. Many conditions for those spaces to be smoothly real-compact
are given there. In [1] and [7] many important results were obtained for a very
wide class of algebras. In our article we emphasize the concept of generators
of a differential space. We use techniques suitable for Sikorski spaces. Real
valued homomorphisms are classified by their values on generators.

2. Basic concepts and definitions

Let M be a nonempty set and C a set of real functions on M. We intro-
duce on M a topology 7¢, the weakest topology in which the functions from
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C are continuous. We say that the set C is closed with respect to superposition
if all functions of a form wo(f1,..., f,) where f1,..., fn € C, w € C®(R"),
n € N, are in C. Adding to C all the functions of this form we obtain what
we will call the superposition closure of C, denoted by scC following Wal-
iszewski [15]. For any A C M by C4 we denote the set of all functions f on
A such that for any p € A there exists an open neighborhood U € 7¢ of p
and a function g € C such that f|yna = gluna. If C = Cas then we say that
C is closed with respect to localization [13]. We call the set of real functions
C on a nonempty set M a differential structure if it is:

i) closed with respect to superposition, C = scC,

ii) closed with respect to localization, C = Cyy.

A differential structure is always an algebra with unity and contains all con-
stant functions.

DEFINITION 1. A pair (M,C) is said to be a differential space if M is
a nonempty set and C a differential structure on it.

We define a differential subspace of a differential space (M, C) to be any
pair (A,C4) where A C M, A # (.

DEFINITION 2. The differential structure C is generated by a set of func-
tions Cy if C = (scCo) -

Thus C is the smallest differential structure that contains Cy. Sometimes
we write C = GenCy. If C = GenCy then for any f € C and any point p € M
there exists an open neighborhood U € 7¢ of p and functions fi,..., f, €
Co, w € C®(R"™), n € N such that fly =wo (f1,...,fn)|v. We say that
the differential space (M, C) is finitely generated if it is generated by a finite
set of a real functions. A differential space is countably generated if it is
generated by a countable set of real functions but it is not finitely generated.

We denote by (R, ;) the differential space with the structure £; gener-
ated by the set of projections Co = {m; : i € I}, where 7; : R — R is defined
by m;(x) = x; for x = (2;);cr. This is a generalization of the Cartesian space
(R™, &) where g, = C*°(R").

The spectrum of an algebra C is the set

SpecC = {x : C — R},

where y is a homomorphism that preserves unity.
Evaluation of the algebra C at a point p € M is the homomorphism
X € SpecC given by

(1) x(f)=f(p) VfeC
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We will denote it by ev,. We define the mapping ev : M — SpecC by the
formula:

(2) ev(p) =evp.

DEFINITION 3. [6] We say that a differential space (M,C) is smoothly
real-compact if any x € SpecC is evaluation at some point p € M.

From this definition it follows that the space (M,C) is smoothly real-
compact when the mapping ev is a surjection. For any f € C we define the
function f : SpecC — R by

(3) F(x) = x(f) Vx € SpecC.

The set of all functions of the form f will be denoted by C. Define 7:C — C
by

(4) T(f)=f vfec.

The mapping 7 is an isomorphism between the algebra C and the algebra C.

3. Main results
LEMMA 1. The differential space (R™, e,,) is smoothly real-compact.

Proof. Let x € Spece,,. We define p € R™ by p; := x(m;) for i = 1,...,n.
We will show that x = ev,. It is known that any f € ¢, can be represented
as

(5) fo(p)+Zgi(7Ti—pi) for g1,...,9n € en,

where the functions g; sati;fy 9i(p) = 0;f(p). Then

X(F) = x(F(P) + Y x(g)(x(m) = x(p:) = F(0)+>_ x(9:) (pi —pi) = f(p).
i=1 i=1

Therefore x(f) = f_(p) forall fee,. n

Now we prove:

LEMMA 2. Every differential subspace of the differential space (R™,¢e,) is
smoothly real-compact.

Proof. Let (M,C) be a differential subspace of (R™,e,,). The inclusion map-
ping ¢pr : M — R"™ is smooth and therefore ¢}, : €, — M is a homomor-
phism. From the definition we know that ¢},(f) = f|a for all f € ,. For
any x € SpecC we have x o}, € Spece,. From Lemma 1 we know that

there exists p € R™ such that x o ¢},(f) = x(¢3,(f)) = x(far) = f(p) for all
f € en. Suppose that p ¢ M. Define w € ¢, by

(6) w(l'l,...,l‘n):($1—p1)2+"'—|—(l’n—pn)2-
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Since w|p > 0 we have ﬁ € C. We also know that X((MM)(ﬁ)) =
x(1) =1, and (x o ¢};)(w) = x(w|M) = w(p) = 0. This is a contradiction.
We will show that x = ev,. Let f € C. There exists an open neigh-
borhood U € 7., of p and a function k € &, such that flyny = kluna-
From [14] we know that there exists a bump function ¢ € ¢,, with ¢(p) =1,
lmnu > 0 and @lgn_(arny = 0. From these properties it follows that
(f = £la)dlar = 0. Then x((f — klar)dlar) = (X(f) — x(x[am))x(¢|nr) = 0.

But x(¢ar) = (ear 0 x)(¢) = ¢(p) = 1 so x(f) = x(klar) = k(p) = f(p). We
have shown that x(f) = f(p) forall f €C. u

If the differential structure C of the differential space (M, C) is generated
by a set of functions Cy then we can define a mapping ¢ : M — R by

(7) o(p)(f) = f(p), f€Co.

We will call this mapping the generator embedding. We can prove the fol-
lowing;:

LEMMA 3. A differential space (M,C) with C = GenCqy ts smoothly real-
compact iff the differential space (p(M), (er)pary) for I = |Co| is smoothly
real-compact.

Proof. If Cy separates the points of M then ¢ is a diffeomorphism onto
its image so the result is obvious. So assume that Cy does not separate
points. Then ¢ : M — ¢(M) where ¢(p) = é(p) is surjective but not
injective. Set F := ¢. We know that F* : (er)g(ary — C is an iso-
morphism of algebras. If (M,C) is smoothly real-compact then for any
v € Spec(er)g(ar) there exists u € SpecC such that p = v o (F*)~!. Then
for any g € (1) g(ar), v(9) = w(F*(9)) = plg o F) = g(F(p)). So if u = evy
then v = evp(,).

If (¢(M), (e1)g(ar)) is smoothly real-compact then for any p € SpecC
there exists v € Spec(e) sy defined by v = po F*, so p = vo (F*)~L.
Therefore for any f € C we have u(f) = (v o (¢*) 1) (f) = v((¢*)"L(f)) =
((6")71(f))(q) = f(p) for any p € F~1(q). So if v = ev, then p = ev, for all
peF g m

From the last lemma we know that it is sufficient to work on subspaces
of Cartesian spaces.

COROLLARY 1. Let (M,C) be a differential space with C = GenCy for some
finite Co. Then (M,C) is smoothly real-compact.

Proof. By using the generators Cy we can embed (M, C) into (R, (g¢,) #(M))
and then from Lemmas 2, 3 we derive that (M, C) is smoothly real-compact. =
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From Corollary 1 we obtain:

LEMMA 4. Let (M,C) be a differential space. Any x € SpecC satisfies the
following condition:

(8) X@o (fireees Fa)) = w(X(F1), - X(F))s

forallw € e, and f1,...,fn€C, neN.

Proof. Let (i, ...,5, € C be arbitrary functions. We define the mapping
F:(M,C)— (R ¢e,) by:

F(p) = (B1(p),...,Bn(p)), pe M.

This mapping is smooth and it is onto its image. Therefore the mapping
F* 1 (en)p(uy — C is a homomorphism. For any x € SpecC we have
x o F'* € Spec((en) p(ary)- From Corollary 1 we know that there exists ¢ €
F (M) such that x o F* = ev, for some ¢ € F'(M). Also there exists p € M
such that

(x o F*)(w|pany) = evppy(Wlpon) Yw € en.
We can rewrite this in the form

X(wo F)=w(F(p)) =w(Bi(p),...,0u(p) Yw € ey.
By setting w = m;, i = 1,...,n, we obtain x(3;) = x(m o F) = mi(F(p)) =
Bi(p) and finally x(wo (B1,...,8n)) =w(x(B1),...,x(Bn)) for all w € &,,. u

Now we prove the following:

LEMMA 5. Let (M,C) be a differential space such that C = GenCy and let
X € SpecC. If x|c, = evp|c, then x = evp.
Proof. First we will show that if f € scCp then x(f) = f(p). From Lem-
ma 4 we know that y(wo (B1,...,0n)) = w(x(51),-.-,x(Bn)) for w € &,
and Si,...,08, € Cp. We also know that x(58;) = evy(8i) = Bi(p). We
can write x(w o (B1,...,6n)) = w(B1(p), ..., Bn(p)) =wo (B1,...,8n)(p) =
evp(wo (Bi,...,0n)). So we see that X|seccy = €Vplsccy-

Now let f € C be an arbitrary function. We know that for every p €
M there exists an open neighborhood U € 7¢, functions fSi,...,8, € Cy
and a function w € g, such that f|ly = wo (61,...,0n)|v. There also
exists a bump function @ which separates the point p in the set U. This
function is constructed by compositing some function from e, with some
generators from Cy. We know that the homomorphism x equals evaluation
at p on this function, so x(¢) = ¢(p) = 1. Now the following equality holds:
¢ (f —wo(f1,...,0n)) = 0. By applying the homomorphism x to this
equality we obtain x (&) x(f —wo (B1,...,0n)) = x(f) —x(wo (B1,...,0n))

=0s0 X(f) = X(w © (617" . 7Bn)) = evp(wo (ﬁlaﬁﬁn)) = f(p) = €Up(f).
We see that x(f) = f(p) forall feC. u
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From Lemma 5 we get:
COROLLARY 2. The differential space (R, 1) is smoothly real-compact.

Proof. Let x € Speces be any homomorphism. Define p € R by p; = x(7;)
for i € I. Then x(m;) = m;i(p) so x(m) = evy(m;). Since the structure e;
is generated by the set {m; : i € I} we see that x is evaluation at p on the
generators. From the last Lemma we derive that x is an evaluation on the
whole 7. n

By using the whole C as the set of generators we can embed M in RC.
We denote this embedding by ¢ so ¢« : M — RS, «(p)y = f(p). This is
a special case of a generator embedding. We can also map SpecC into RC
using the mapping # : SpecC — R defined by x(x); = F(x) = x(f). Ttis
obvious that ¢« = koev. In [6] Kriegl, Michor and Schachermayer have shown
that +(M) is dense in x(SpecC) in the Tikhonov topology of RC. Since the
mapping k is a homeomorphism one can easily see:

COROLLARY 3. ev(M) is dense in SpecC in the topology 7s.

This property will allow us to prove an interesting fact about the space

(SpecC,C).

LEMMA 6. If (M,C) is a differential space then (Spec C,é) is a differential
space.

Proof. To prove that (SpecC, ¢ ) is a differential space, we have to show that
the set C is closed with respect to superposition with smooth functions from
€n and is closed with respect to localization.

Let g = wo(fl, .. ,fn) for some w € e, and fi, ..., fn € C. From Lemma
4 we know that X
g(x) =wo (fi,., fo)(x) = T(wo (f1,..., fu))(X) Vx € SpecC. We have
shown that g € C so C is closed with respect to superposition.

Let a function f : SpecC — R satisfy the localization condition in the
space (SpecC,é). For any open subset U € SpecC there is § € C such
that f|; = g|;. We can uniquely define a function h : M — R by the
condition h(p) = f(ev,) for all p € M. For any open set U € SpecC the set
U={peM:ev € U } is open. From the definitions of h and U we know
that hly = g|ly. Because g € C it follows that h € C. We also know that
ﬂ\evM = flevas. From Corollary 3 we derive that f = h. This means that
fe C so C is closed with respect to localization. m

Now one can prove the following lemmas:

LEMMA 7. If (M,C) is a differential space with the structure C generated
by Co then the differential structure C of the differential space (SpecC, C) 18
generated by Co.
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Proof. Assume that Cop = {f; : i € I}. We know that for any f € C
there exists an open covering of M such that on each set U of this cov-
ering the function f can be expressed in the form w o (f1,..., fn) where
fi,---yfn € C and w € g,. For each open set U of the covering we de-
fine 7 = {ev, € SpecC : p € U}. On the set U we consider the function
f =7wo (fi,...,fn). The sets of the form U might not be a cover-
ing of SpecC but their union is dense in SpecC. Therefore we can prolong

uniquely this representation of f on the whole SpecC. We have shown that
C=Gen(Cj. u

LEMMA 8. For any differential space (M, C) the differential space (SpecC, é)
18 smoothly real-compact.

Proof. We need to show that for every homomorphism x € Spec(? there
exists a homomorphism 1) € SpecC such that ¥ = evy. Since the algebras

C and C are isomorphic we can define uniquely x € SpecC by the formula

x(f) = x(f). We will show that ¥ = ev,. Indeed evx(f) = f(x) = x(f)
=X(f) =

LEMMA 9. Let (M,C) be a differential space and C = GenCy. If x1,x2 €
SpecC are equal on the generators, xile, = Xx2lc,, then they are equal,
X1 = X2-

Proof. Assume that xi|c, = x2|c, and x1 # x2. From the last lemma we
know that the differential structure C of the differential space (SpecC C) is
generated by Co. From the condition y1|c, = x2lc, we derive that f(x1) =
f(x2), for all f € Cp. But we know that if the generators do not sepa-
rate points then all the functions do not separate points so Vf € Cf(x1) =
f(x2) and it follows that xi(f) = x2(f) for all f € C . This means that
X1 = X2 =

LeMMA 10. If (M,C) is differential subspace of (]RI,EI) then any function

f € C is uniquely continuously prolongable to f : M — R, where M = {p €
R’ : 3y € SpecC such that p; = x(mi|p) Vi € I}.

Proof. We define f(p) = f(x) where y € SpecC is such that x(m;) = p;
for all ¢ € I. Since a homomorphism is uniquely defined by its value on
the generators (Lemma 9) this definition is correct. We see that if p € M
then x = ev, and f(p) = f(ev,) = f(p) so this is indeed a prolongation.
This prolongation is continuous since the function f is a realization of the
function f on the set M which is the image of SpecC under the generator
embedding using the generators 7(m;|ar),7 € I. Uniqueness follows from the
fact that M is dense in M in the topology of R!. u
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From Lemma 10 we obtain:

COROLLARY 4. When (M,C) is a differential subspace of (R, e1) generated
by Co = {mi|as : @ € I} then the mapping x : Co — R defined on generators
byx(milar) = pi for some p € M — M can be prolonged to a homomorphism
on the whole C iff all the functions from C are prolongable to p.

Let M = RN — {0} and Cp; = (en)ar- Then (M,Cypy) is a differential
subspace of (RN, en). We will show that this space is smoothly real-compact.

LEMMA 11. There exists a function & € Cpr which is not prolongable to any
continuous function on RN,

Proof. We know that there exists a function ¢ € C*°(R) satisfying the
following properties:

1.VzeR ¢(x)€][0,1]

2. supp(¢) € (—o0,1]

3. ‘b‘[o,%] =1.

For any k € N we define j;, : RN — R by the formula:

k
pel(en)) = > a3
=1

for (x,) € RN, Then g; € C>®*(RY), and pj, = pr|asCar. We define € : M — R
by:

9) E((zn)) = Y Sk pr((n)))-
k=1

We will show that this function belongs to the structure Cp;. For any k € N
we can define the closed subset Ay = {(z,) € M : kK pp((z,)) < 1} =
{(zn) € M : pp((zn)) < k%} We see that supp(¢ o (k%py)) C Ay. For any
(xn) € M the sequence p((zy)) is non-decreasing with respect to k and
there exists kg € N for which % < pio((x5)). This means that (x,) ¢ Ag.
Therefore ey Ak = . We also know that Ap,q C Ag. Let us define the
family of open subsets Uy, = M — Ay. Of course oy Up = M. If (z,,) € Uy,
then ¢(k?py((7,)) = 0. Then for all m > k, z,, € Uy, 50 ¢(m?py,((2,))) = 0.
This means that only a finite number of elements are non-zero in the sum
(9) and therefore

k—1
E((zn) = D d(2i((z0))),
j=1

so &|y, € Cu, = (Cmr)u, for all k € N. From the localization closedness of the
differential structure we derive that £ € Cps. Now we will define a sequence
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in M convergent to 0 on which the function ¢ diverges. Let 2z, = (2pnk)
where
1 _
N B for n =k,
n,k
0 for n # k.

We can see that limg_,o 2 = 0 € RN and
L for j >k,

pi((2k)) = {W

0 for j <k
For j < k we obtain ¢(j%p;((zx))) = 1 and therefore

00 k
(@) =D o(Ppi((ar) = Y 1=k
Jj=1 j=1

This means that limg_,o, &((xr)) = +oo. The function £ is not prolongable
to any continuous function in RY. u

Now we prove
LEMMA 12. The differential space (M,Cypr) is smoothly real-compact.

Proof. From Lemma 9 we know that the set SpecCys may contain only one
homomorphism xg which is not an evaluation. This homomorphism would
be defined on the generators by the formula yo(m;|57) = 0 for all i € I. So
there would be only one point 0 € M — M. But it cannot be so since from
Corollary 4 we know that all the functions from Cp; are prolongable to the
point 0. From the last lemma we know that there exists a function £ € Cyys
which is not prolongable. =

One can easily see

COROLLARY 5. For anyp € RN the differential space (RN—{p}, (eN)rRV—{p})
is smoothly real-compact.

Proof. This space is diffeomorphic to (M,Cyy) so it is smoothly real-com-
pact. m

DEFINITION 4. The disjoint union of differential spaces (M,C) and (N, D)
where M NN = () is the differential space (M U N,C & D). The structure
C @ D is defined by the property f e C&D <= f|y € C and f|ny € D.

We will prove:

LEMMA 13. If differential spaces (M,C) and (N,D) are smoothly real-
compact then the differential space (M UN,C @ D) is smoothly real-compact.

Proof. Elements of the algebra C @ D are pairs (f,g) where f € C and
g € D. Let x € Spec(C @ D). We shall show that it is evaluation at
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some point p € M U N. From the equalities (0,1) + (1,0) = (1,1) and
(0,1)(1,0) = (0,0) we obtain two cases:

1) x((1,0))=1 and x((0,1)) =0,

2)  x((1,0)) =0 and x((0,1)) = 1.
Since every function from C @ D can be uniquely decomposed as (f,g) =
(f,0)(1,0) + (0,¢)(0,1) the homomorphism y acts as follows:

x((f,9)) = x((£,0))x((1,0)) + x((0, ))x((0,1)).

In case 1) we will get x((f,9)) = x((,0)) and in case 2), x((f,g)) =
x((0, f)). The algebra of functions of the form ((f,0)) € C&D is isomorphic

to C. Therefore a homomorphisms ¢ € SpecC can be extended to a homo-
morphism from C @ D by the formula ((f,g)) = ¥(f). All the homomor-
phisms in case 1) are of this form. Therefore in case 1) the homomorphism
x((f,9)) = ¥(f) where ¥ € SpecC is such that ¢» = y. But since the
space (M, C) is smoothly real-compact there exists a point p € M such that
¥ = evp. Then we can write x((f, 9)) = evy((f,9)) = (f,9)(p) = f(p) +9(p)
for p € M UN. We have shown that in case 1) the homomorphism x is an
evaluation. For case 2) the proof is analogous. m

DEFINITION 5. We denote by & the differential structure on RY generated
by the set Co = {m; : i € N} U{6,}, where 6, is the characteristic function of
the point p € M.

LEMMA 14. The differential space (RN,E) is smoothly real-compact.

Proof. We can decompose the space (RY, ) into the direct sum of the spaces
(RN — {p}, (en)rr_{py) and ({p}, F(p)) where F(p) is the algebra of all func-
tions on the singleton space. From the definition of (RY,&) it is obvious
that RN = {p} U (RN — {p}) and & = (en)ri_gpy ® F(p). Both spaces in
the direct sum are smoothly real-compact so the space (RY, &) is smoothly
real-compact. »

Now we present the main results:
THEOREM 1. Any differential subspace of (RY, ex) is smoothly real-compact.

Proof. Let vy : (M,C) — (RN ey) be the inclusion mapping. For any
X € SpecC, xou}; € Spec(ey). The space (RN, ey) is smoothly real-compact
so there is p € RN such that y o Uh = €Vpley-

We need to show that p € M. Assume that p ¢ M. We can treat the
space (M, C) as a differential subspace of (RN, ). Let vps : (M,C) — (RN, &)
be the inclusion. Then yov}, € Specé. Because the space (RN , €) is smoothly
real-compact there exists a point ¢ € RN such that y o vy = evgls. We know
that on common generators m; the equalities x(m;|n) = evp(m;) = p; and
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X(mi|amr) = evg(m;) = ¢; holds for all i € N. This specifies all the coordinates
so p = q. Therefore we can write x o v}, = evp|z. So (x o Vi) (0p) = evp(6)p)
= 1. We have a contradiction with the fact that (x o v}y,)(0p) = x(Op|m) =
x(0) = 0. We see that p € M and x o ¢}, = evplsy. So x(mi|am) = evp(m| M)
for all i € N. The set {m; : i € N} is the set of generators of the differential
space (M,C). We derive that x = ev,. =

COROLLARY 6. Any countably generated differential space is smoothly real-
compact.

Proof. Every countably generated differential space can be treated as a sub-
space of (RN, en). From Theorem 1 we know that all subspaces of this space
are smoothly real-compact. m

4. Conclusion

We have shown how a real-valued homomorphism act on the algebra of
smooth functions in a differential space. It is sufficient to examine its value
on the generators of the differential structure. A non-prolongable function on
a differential space of sequences without zero sequence is constructed. From
the existence of this function we deduced that countably generated struc-
tural algebra C of a differential space (M, C) gives all information about the
set M because the set SpecC contains only real valued homomorphisms of
the form ev, for p € M. Therefore the geometry of such spaces can be built
on their algebras. The choice of generators of the differential structure is not
unique so it is important to choose the smallest one. It is also shown that
the pair (Spec C,é) is a differential space for any differential space (M,C).
For countably generated differential spaces, (M,C) and (Spec C,é) are dif-
feomorphic. Theorem 1 has been obtained as a result of observations about
generators. From [1| and [7] it also follows as a conclusion from a much
wider theory. In [12] there is an important theorem which gives a sufficient
condition for an algebra of functions on an arbitrary topological space to
be smoothly real-compact. We could easily show that countably generated
differential spaces satisfy this condition. But we have presented our proof
using techniques of differential space theory.
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