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ON PINCHING THEOREMS FOR COMPACT
PSEUDO-UMBILICAL SUBMANIFOLD

Abstract. Consider submanifolds in the nested space. For a compact pseudo-
umbilical submanifold with parallel mean curvature vector of a Riemannian submanifold
with constant curvature immersed in a quasi-constant curvature Riemannian manifold,
two sufficient conditions are given to let the pseudo-umbilical submanifold become a to-
tally umbilical submanifold.

1. Introduction

M}TP* s an (n + p + q)-dimensional quasi-constant curvature

Riemannian manifold, M["*?(c) is an (n + p)-dimensional submanifold with

Suppose

constant curvature ¢ in My P79 and M™ is a compact pseudo-umbilical sub-
manifold with parallel mean curvature vector in M} "P(¢c). Then we know
that M™ is a submanifold in M srans Now, we use o and ¢’ to denote the
norm of second fundamental form of M™ in My " and M]""P(c) respec-
tively. According to our discussion in the sequel, we can get two sufficient
conditions to make the compact pseudo-umbilical submanifold M™ be a to-

tally umbilical submanifold in M]"*?(c) as follows

THEOREM 1. Suppose M1"+p(c) is a submanifold with constant curvature c
i a quasi-constant curvature space M;Herq and M™ is a compact pseudo-
umbilical submanifold with parallel mean curvature vector in My" TP (c), where
n,p > 2, if the infimum Q of Ricci curvature Ry on M™ satisfies

2n(p — 2)(a+ H2) + (p— 2)(n + 1)(b + b])

©= 22+ n(p—1)]
n—2
+(7’L—2)(C+H2)—m7,

then M™is a totally wmbilical submanifold in M]P(c).
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THEOREM 2. Suppose M1"+p(c) is a submanifold with constant curvature c
in a quasi-constant curvature space My P and M™ is a compact pseudo-

umbilical submanifold with parallel mean curvature vector in M TP (c), where
n,p > 2, if the infimum Q of Ricci curvature Ry; on M™ satisfies one of the
following conditions

—2
(i) Q> (n—2)(c+ H?) - h + (o —nH?),

-2
(i) Q= (n=2)(c+ HY) = o=t + (o’ = nif?),
where p = mln{Q, )} then M™is a totally umbilical submanifold in
Mn-i-p( )
2. Local formulas

We choose a local orthogonal frame field {e1,...,en,€nt1,- -, €nip,

Cntpils-- s Cniprq) on My P79 such that {eq,...,e,} is a tangent frame
field and {en41,...,€ntp} is a normal frame ﬁeld on M"™ when M;"P(c)
restricts to M™. Whlle M27L+p+q restricts to M™, {e1,...,e,} is a tangent
frame field and {en+1,...,€ntp;s Entptis-- -, Entprqt is @ normal frame field

on M™. We fix the range of indices as follows

1<i,5,k,....,<n; 1<AB,...,<n+p+q,

n+l<a,B,...<n+p; n+l1<ayf...<n+ptq
Since My P19 is a quasi-constant curvature Riemannian manifold, its cur-
vature tensor field satisfies
(1) K20 = a(8acdpp — 6apdpc) + b(BacApAp
+6BpAaAC — daDABAC — 6BCAAMD),

where 3" 4 A4 =1 and a, b, A4 are smooth functions on M} P+,
Meanwhile, we can get the following conclusions from [1]

n+p+q n+p
(2) Z trHZ2,, o = Z trHZ2 o>d.
as=n+1 arj=n+1
Let
n+p+q n+p
(3) T=o—trH2,, = Z trH a2, T =0 —trH: | = Z trHp |
as=n+2 a1=n+2

then by properly adjusting the normal frames so that the mean curvature
vector of M™ is in the direction of e, 41, this adjustment can be assured by
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a degenerated transformation, we can get the following relations
(4) T=0—nH?, =0 —nH?* T>71,

and for any A € R the equality

n-+p
(5) > AR
a1=n+2 i,j

n-+p
L+ A) D > e (AL R + hosk Rojie)
ar=n+21i,j5,km

— An(a+ H)7' —Ab(Z)\Q)T — Anb g‘j Z(Z)\ he )
ar=n+2 i m

n+p  n+p+q

+ A Z Z [tr(Ha1Ha2)]2

a1=n—+2 az=n—+2
n+p  nt+ptq

+A > > [ex(HZ HL) — tr(Hay Ha,)?)
a1=n+2 as=n-+2
n-+p n-+p

—A > Y [tr(HZ H,) —tr(Ha Hg, )],

ar=n-+2 f1=n+2

always holds.
Since 0 < Zk: /\% < 1, by Schwarz inequality, we can obtain

n—+p

G o< > Z(ZA ho )

ar=n+2 1
n-+p

< 2 Z(ZV)Z e Y Y-

ar1=n+2 1 a1=n+2 i,m
LEMMA 1. (see [2]) Suppose M P(c) is a submanifold of My P9 M™ is
a submanifold of MTHP(C), 7 and 7' are given by (3), then

n+p nt+ptq

> Y > [tr(He Hay)l? >

a1=n—+2 az=n—+2

> o - (T’)2.

LEMMA 2. (see [2]) Suppose M7 (c) is a submanifold of My P9 M™ is
a submanifold of Mlnﬂ’(c), T and 7' are given by (3), then
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n-+p n-+p

-2
i 0= Z Z tI‘ H2 Hgl) - tr(HalHﬁ1)2] < b (7—,)27
a1=n+2 f1=n+2

(i) 0< Z Z [tr(H, Hﬁl) —tr(Hqy Hp,) ]
a1=n+2 B1=n+2
n+p n+p n
Z Z tI‘ HalHﬁl)] 5( /) )
061 =n+2 B1=n+2
n+p  niptq
(i) 0< Z Z [tr H2 H? )—tr(HalHa2)2]
a1=n+2 as=n+2
n+p
<77 — Z (trHo%l)QSTTI—

a1=n+2

72 < 7.

LEMMA 3. (see [2]) Suppose M™ is a submanifold of M}"*P(c), K is the
infimum of sectional curvatures on M™, then

n—+p
S b (B Rk + bk Rngjr) > nr'K.
ar=n+21i,5,km

LEMMA 4. Suppose M"™ is a pseudo-umbilical submanifold with parallel
mean curvature vector in a Riemannian manifold M”ﬂ’ (c) with constant
curvature (n > 2), K is the infimum of sectional curvatures R;j;j, and Q is
the infimum of Ricci curvatures Ry;, then
n—2

KZQ—(n—2)(c+H2)+mT

Proof. By Gauss equation, we can get the following equality

(7) Rijij = c+ Z [RSRSE — (RS2,

holds when i # j. Meanwhile, by the definition of Ricci curvature we can
obtain

(8)  Rii=) Ruw=(n—1)c+D hi> hgt—> > (b)),

ki o ki a1 ki
9) JJ_ZRJka_ ”_1C+Zh Zh Zzhm
k#j al k#j ar k#j

Then by the identities (7), (8) and (9), we get
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2Rijij — Rii — Rjj +2(n — 2)(c + H?)
= 2¢+2 Z RSt = " 2(ht)? = 2¢ 4 2(n — 2)H”

DI DIEDWIUHEEDBID I RSB IUHE

o k#i o1 ki al k#j a1 k#j
2 2 2
Do (SO 0+ 2niay — 20y
ar#n+1 k#i k#j

RS R - ROy R }

k#i k#£j
2(n — 2)H? + > (hpt')? + ) ()2 + 2ng R — 2(ngt?
k#i k#j
o hn+1 Z hn+1 hn+1 Z hn+1
i 7J :
ki k#j

Furthermore, since M" is a pseudo-umbilical submanifold (h?;rp = Hdyj),

(3) and (4), we have
QRZ‘jij — Ry — Rjj + 2(n — 2)(6 + H2)

= > [Z(h§£)2+2( 2+ 2hGhS; — 2(he)?

ar#n+1 k#i k#j
USSP

k#i k#j
= 0 [ DR 2 g = 205+ (k) + ()]
ar#n+1 k#i k#j
= 3 Do S0 2ni gy — 20 7)
ar#n+1
That is

2Ryjij — Rii — Rjj +2(n — 2)(c + H?)
= 30 [ST SR + 2k — 20k,
ar#n+1  k

Summing from 1 to n with respect to index i (i # j), and using the iden-
tity (3), we can obtain
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> 2Riji; — Y Rii— (n— )Ry +2(n — 1)(n — 2)(c + H?)
i#j i#J

= > [t > (-0
k

ar#n+1 ik k
+ > omg g 23 (g

i#] i#]
> S =) 3 S w2 30 (Som - hg )
ar#n+1 i,k oq;én—i—l k ar#n+1l 1
-2 3 [ - o]
ar#n+1 1@
SRUE WP
ar#n+1 k

which implies
Z2Riﬂj = ZR“ + (n — 1)Rjj — 2(n — 1)(n — 2)(6 + HQ)
i#] i#]
=) > D ()
ar#n+1 k
Since R;; > Q, Rj; > Q, we get

> 2Riji; > 2(n = 1)Q —2(n — 1)(n — 2)(c+ H?)

i
+7H(n—4) Y D ()

ar#n+1 k

Because the choice of index j is arbitrary, we can sum over the index j from
1 to n and get

Z(Z 2Rijij) > 2n(n — 1)Q — 2n(n — 1)(n — 2)(c + H?) + 2(n — 2)7’
i J
Since K is the infimum of sectional curvatures, we have
n—2
K>Q—-(n-2 H) 4+ ——¢
> Q= (n=2)(c+ HY) + it

which completes the proof of the Lemma. =

3. Proofs of theorems

Proof of Theorem 1. Let A > 0, we can derive the following results from
identities (4), (5), (6), Lemma 1, Lemma 3 and Lemma 2(ii).
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(i) When b >0

n-—+p
3 S
ar=n+2 ,j
1
> (1+ Anr'K — An(a+ H*)7' — Abr’ — ! 1 (7")? - g(T/)2
p—

—T'{(l—i-A)nK—An(a—i—HZ)—A(n+1) pillT/_gT/}'

Let A= @, then we have

n+p n—+p

1
10 ar= 3T Sogee Y Yagang
ar=n+21i,j5,k ar=n+2 i,j
n-+p
> ) D (b
a1=n+217jk

+ nTT/{[Q +(p = Dn]K — (p = Dn(a + H?) = (p = 1)(n + 1)b}
n+p

/
-2
> 041 o o o 2 n /
> ) D () {[Q—f-(p 1)n][Q (n=2)(c+ H)+op
ar=n+214,7,k
~p = Dnla+ B = (= )(n + b,
(ii) When b < 0
n+p 1 n
Z ZhalAhc” > (1+A)nT'K — An(a + H)7' + A 1(7')2 — 5(7’)2
aj=n+2 i,j P
=78 (1+ A)nK — An(a + H?) + A !
p—1 2 '
Let A= @, then we have
1 n—+p n+p
(1) AT = SN P+ DD D AR
ar=n+21,5,k a1=n+2 i,j
n+p
> Y > ()P + {[2+( 1)n]{Q—(n—2)(c+H2)
ar=n+21,5,k

n LQ)T’] —(p—Dn(a+ HQ)}.

n(n —1
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Obviously, the right hand side of inequalities (10) and (11) are nonnegative.
By Hopf maximum principle, we know that 7/ is a constant, then A7’ = 0,
SO

(12) %T/{[Q+(p—1)n] [Q—(n—2)(c+H2)+Jn—__2l)T’}

—(p—l)n(a+H2)—(p—l)(n—l—l)b}:0, b>0,

and
1) {2 e-0ne- @2 5+ 2]
—(p—1)n (a+H2)} 0, b<0.
When
o= 2 =2 e+ ) + (= Dn+ H(b+ )
2[2+n(p—1)]
4+ (n —2)(c+ H?) — %7’/.
Using the identities (12) and (13), we can get
7 =0.
When
Q= 2n(p —2)(a+ H?) + (p — 2)(n + 1) (b + [b])
22+ n(p—1)] I
+ (n—2)(c+ H?) — mT',

inequalities in Lemma 2.1 and Lemma 2.2 become equalities, so
n—+p n—+p n+p

Z Z [tr(H, Hﬁl —tr(Ha Hp, )? [ Z trH }

ar=n+2 f1=n+2 a1=n+2
The identity (14) holds if and only if the two following identities hold
n—+p n—+p

) (% L) =03 eH
a1=n+2 (e %1
(16) AP = A2 =2[(A\) + (AP = 22 (AJ1)?
However, equality (15) is equal to
(17) trHy = trHy g = = trHy,,,

and we can derive the following identity from (16)
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(18) A1 =0, i=1,...,n
which implies
(19) trH2 =Y (A1) =0.

i
Combining (17) with equality (19), we obtain 7/ = 0. Together with the fact
M™ is a pseudo-umbilical submanifold in M, e (c), then we get that M™ is
a totally umbilical submanifold in M7 P (c). =

Proof of Theorem 2. Let A = 0, combining (4), (5), Lemma 2.3 with
Lemma 2.2 (i), (ii), we can obtain the following inequalities

n+p

(i) Z ZhalAhal >nr'K — —— 2(7_/)2
a1=n+2 1i,j p— 1
=n7'[K — —nfp__i) (o' — nH?))
—9 _9
>nr'[Q — (n—2)(c+ H?) + n(nn — 1)7- _ nfp— 1)(0/ —nH?),
n+p _q
(i) Z thAhm >nT p (T/)Z
aj=n+2 i,j -1
2 ~2
e nfp— (0 = i)
—9 _
> n7'[Q — (n— V(e + H?) + —— N n?p —y(o — i)
n—+p )
(iii) Z thAho‘l >nr'K — 5( ™2 > nr'(K — 57.)
a1=n+2 i,j
:n;— [2K (U—TLH2)]
' —9
> 2 021Q — (n - 2)(c+ H?) + nZ‘n )~ (o i),
n—+p .
(iV) Z ZhalAhal >77,TK—§( )ZZnT/(K_éT/)
ar=n+2 ,j
= nT/[K - %(0-/ _ nHQ)]
>nr'[Q — (n—2)(c+ H?) + %7—/ _ %(0/ —nH?).
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Similar with the proof of Theorem 1, we can get the conclusion that
M™ is a totally umbilical submanifold in M["*?(¢) under the assumption of
Theorem 2. =

REMARK 3. The key Lemma 4 has been pointed out in [3] for showing that
under suitable assumptions therein a compact pseudo-umbilical submanifold
with parallel mean curvature vector in a space form must be a totally um-
bilical submanifold. Here we would like to give the detailed proof again to
emphasize the importance of this lemma in the derivation of Theorem 1 and
Theorem 2. The sufficient conditions given here are sharper than those in
[4], which implies our conclusions generalize the main results in [4].
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