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ON FUNCTIONS CONVEX IN THE DIRECTION OF THE
IMAGINARY AXIS WITH REAL COEFFICIENTS

Abstract. Let Y be a subclass of the class of all analytic functions in the unit disk
A having the normalization f(0) = f'(0) — 1 = 0. If there exists an analytic, univalent
function m satisfying the following conditions: m'(0) > 0, A feym < f and for every
analytic function k, k(0) = 0, there is (/\fey k< f) = k < m, then this function is
called the minorant of . Similarly, if there exists an analytic, univalent function M
such that M’(0) > 0, Asey f < M and for every analytic function k, k(0) = 0, there is
(/\ fey f = k) = M < k, then this function is called the majorant of J. It is possible

to give a number of examples of classes of analytic functions for which the majorant or
minorant does not exist. However, if these functions exist then m(A) and M(A) coincide
with the Koebe domain and the covering domain for Y, respectively.

In this paper we determine the Koebe domain and the covering domain as well as the
minorant and the majorant for the class consisting of functions convex in the direction of
the imaginary axis with real coefficients.

Introduction

In our research we use the concept of subordination. We say that an
analytic function f is subordinated to an analytic and univalent function F
in A ={¢ € C : [{|] <1} if and only if there exists an analytic function
w such that w(0) = 0, w(A) C A and f(z2) = F(w(z)) for z € A. Then we
write f < F.

Let A denote the set of all functions f analytic in A and normalized by
f(0) = f'(0) —1 =0, and let Y denote an arbitrary subclass of A.

For a given ), if there exists an analytic and univalent function m satis-
fying the following conditions: m/(0) > 0,

(1) Am=<f
fey
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and for every analytic function k, k(0) = 0, there is

(2) (/\ k%f)=>k<m,
fey
then this function is called the minorant of J. The set [y f(A) is said
to be the Koebe domain for ) and is denoted by K. Clearly, if the Koebe
domain is a simply connected set, then the minorant exists and Ky = m(A).
If there exists an analytic and univalent function M such that M’(0) > 0,

(3) /\f<M

fey
and for every analytic function k, k(0) = 0, there is
(4) (/\ f<k)=>M-<k,

fey

then this function is called the majorant of V. The set sy f(A) is said
to be the covering domain for ) and is denoted by Ly. Notice that if the
covering domain is a simply connected set then the majorant exists. In this
case Ly = M(A).

Let Y denote the known class consisting of all functions which are uni-
valent and convex in the direction of the imaginary axis and having real
coeflicients.

EXAMPLES.

1. Y =65, where § C A is the class of all univalent functions in A. Then
m(z) = 12, z € A. Hence Kg = Aj/4 and the majorant does not exist
(Ls =C).

2. Y=Y. Then m(z) = %—z, z € A, (McGregor, [4]) and the majorant does
not exist (Ly = C).

3. Y = CVR®, where CVR® is the class of univalent, convex and odd
functions in A w1th real coefficients. The set Ky p2) was determined by
Krzyz and Reade (see [1]). Then m maps A onto the set Ky pe and

m/(0) > 0. The majorant is given by M(z) = Wdt (see [3]).

Let n > 2 be a fixed integer. The aim of this paper is to determine the
Koebe domain and the covering domain as well as the minorant and the
majorant for Y™, The class Y™ is the set of n-fold symmetric functions
from Y, i.e.

Y™ = {feY: flez) =ef(z),z € A}, where ¢ = e .

We say that a set D is n-fold symmetric if for ¢ defined above we have
eD = D. The symbol AD is understood as {\z : z € D}.
The very important property of the class Y(® is given in
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LEMMA 1. If f € Y™ then the straight line k : ¢ = e"Tit, t € R is the
symmetry azis of the set f(A).

Proof. The symmetry with respect to the line { = eﬂTit, t € R means that
for arbitrary z,{ € A if

(5) e n = (e_%
then
(6) f(2)e % = f(Q)e™ ™.

Assume that the condition (5) is satisfied. We can write it equivalently in

the form
2ri

(7) (=%Zen =Ze.
From properties of f € Y™ it follows that

f(z)e = f(2)e = f(ze)-

Applying (7) we obtain f(z)e = f({). This condition is equivalent to (6). =
REMARK 1. The real axis is another symmetry axis of f(A) because of real
coefficients of f € Y (™. Moreover, from n-fold symmetry each straight line
(=en®, teR, k=0,1,...,2n — 1 is also the symmetric axis of f(A).
The next lemma follows from Lemma 1 and from properties of the class
Yy,
LEMMA 2. The Koebe domain and the covering domain for Y™ are n-fold
symmetric and symmetric with respect to the lines ( = en*t, t € R, k =
0,1,...,2n - 1.
For a fixed n we use the notation: A; ={( €C : 2(j—1)r/n < Arg( <
2jm/n}, j=1,2,.,nand A= {( € C : 0 < Arg( < n/n}. Furthermore,
we will write 3D to denote the boundary of a set D.

From Lemma 2 it follows that we need to determine the boundaries of
the Koebe domain and the covering domain only in the set A.

Koebe domain for odd »

LEMMA 3. If f € Y™, n >3 is odd and w € 9f(A), where Argw € [0, ],
then therays ) : ( =w+it, t >0, (=w+ ei(%'%)t, t > 0 are disjoint
from f(A).

Proof. Let f € Y™ and w € 8f(A), Argw € [0, Z]. From convexity of f
in the direction of the imaginary axis we have l; N f(A) = 0. From n-fold

symmetry we get that the point weF = we'(" %) where n = 2k + 1, does not
belong to f(A). Hence the ray ¢ = we* + it, t > 0 is disjoint from f(A).
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Fig. 1. Polygons: a) n =5, Argv =% b)n=7, Argv= 1.

Therefore, the ray Iy = e ™% {we* +it, t > 0} = {w+ite™*, t > 0} is disjoint
from f(A), too. m

From Lemma 3 it follows that the sector, which has vertex in the point
w and radii /; and Iy, is disjoint from f(A). Hence we have

COROLLARY 1. If f € Y™ n >3 is odd then f is a starlike function.

Let n > 3 be a fixed odd integer.

We consider a family of open and n-fold symmetric polygons which are sym-
metric with respect to the real axis and are such that their successive vertices
u, v, w belong to A and Argu = 0, Argv € (0, Z), Argw = 2. The polygons’
interior angles are of the measure m(1 — 2), 7(1 + +) alternately. We start
from the vertex on the real positive axis. From above it follows that these
polygons have 4n sides.

This set of polygons is extended on limiting cases. If v = u (Argv = 0)
or v = w (Argv = Z), then we obtain regular polygons having n sides and
all angles measuring 7 (1 — 7%) In case v = u, one of vertices belongs to the
real positive semi-axis, and if v = w, then one of vertices belongs to the real
negative semi-axis.

We denote this family of polygons by V.

The Schwarz—Christoffel formulae confirm the existence of exactly one
analytic function which maps A univalently onto a fixed polygon of the

family V and has positive derivative in 0. This function is of the form

Z . (Cn _ eimp)(cn _ e—imp)
(8) AaZHA(S)\[((“—l)2(C"+1)2 dg,

for suitable ¢ € [0, -Z—] and A > 0.

From now on we choose the principal branch of the n-th root.
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Taking A = 1 in (8) we get the function with classical normalization.
We denote this function by F, and the polygon F,(A) by A,. With this
notation all polygons of the family V' can be written as AA,, A > 0.

Moreover, let
9) v1(p) = F(e™).

For a fixed ¢, the point v1(y) coincides with the vertex of the polygon A,
such that its argument is from the range [0, Z]. Hence v; is given by formula

1 n — ne2in
(10) vy [0,%] B(p}_)ezlps 1\1/(1 (1—t )(1 tre? 4P) dt,

0 — tneimp)2(1 + tneincp)Z

and it is an injective function on [0, Z].

THEOREM 1. Let n > 3 be odd. The Koebe domain for Y™ is bounded,
n-fold symmetric and symmetric with respect to the real axis. Its boundary
in the set A is v1([0, T]), where vy is given by (10).

Proof. Let f € Y™ n > 3 be odd.
Assume that Avi(p) € 3f(A), A >0, 0 € [0,Z].
Lemma 3, Lemma 1 and n-fold symmetry of f give us
f(A) T XA, = AF, ().
This and univalence of F,, lead to
[ < AF,.

Hence 1 = f'(0) < AF,(0) = X, so A > 1. Therefore, if 0 < A < 1 then
[0, Ay (p)] C f(A). Moreover, v1(p) € OF,(A), so vi(p) € 8Ky ).

From the facts given above we conclude that v ([0, Z]) is the Koebe do-
main’s boundary of Y™ in A. Using Lemma 2 completes the proof. =

The condition

() f(a)= [\ Fu(d)

fey() v€l0,z

results from Theorem 1. Since all functions belonging to the class Y™ are
convex in the direction of the imaginary axis and starlike (by Corollary 1),
we have

COROLLARY 2. The Koebe domain for Y™ and odd n > 3 is conver in the
direction of the imaginary axis and starlike.



550 L. Koczan, M. Sobczak-Kneé, P. Zaprawa

THEOREM 2. The function

_ § (1 —tn)(1 - tnz2n)

(1 — t"z)2(1 + tnz)?2

s the minorant of the class Y(" for odd n > 3.

Proof. For a fixed ¢ € [0, 7] we have

F(e) = ei‘f’i ’\1/( (1 —t7)(1 — treZin®)

5 1— tnemzp)2(1 + tnemgo)2

Values F(€'¥) coincide with the values of the function v;(p). Moreover, F
is an n-fold symmetric and injective function on JA, so it is univalent in A.
Hence F is the minorant of Y("), u

COROLLARY 3. The minorant F of the class Y™ for odd n > 3 is convez
in the direction of the imaginary azis (F/F'(0) € Y™ ) and starlike.

Koebe domain for even n
LEMMA 4. If f € Y™ n is even and w € f(A), where Argw € [0,Z
thentheraysl; : (=w+1i,t >0, h:(=w+e (_—2)t t>0 are dzsyomt
from f(A).
Proof. Let f € Y™ and w € 8f(A), Argw € [0,Z]. By Lemma 1 points
@ and We = We ' do not belong to f(A). The function f is convex in the
direction of the imaginary axis so l1Nf(A) = 0 and {wWe+it, t > 0}Nf(A) =
(. Since f(A) is symmetric with respect to the line { = ent, t € R, we have
LNnflA)=0

From Lemma 4 we conclude that for n > 4 the sector, which has vertex
in the point w and radii {y and ls, is disjoint from f(A). Observe that if
n = 2 then the line [; coincides with [3. We have

COROLLARY 4. If f e Y™ n >4 is even, then f is starlike.

Let n be a fixed positive even integer.
For n > 4 we consider a family of open and n-fold symmetric polygons, which
are symmetric with respect to the real axis and such that their successive
vertices u, v, w belong to A and Argu = 0, Argv € (0,%), Argw = Z.
The polygons’ interior angles at these vertices are of the measure 7(1 — i),
(1 + %) m(l— —) respectively. From above it follows that these polygons
have 4n sides.

We extend this set of polygons on limiting cases. If v = u (Argv = 0)

then we obtain a regular polygon having n sides and all angles measuring
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(1 — %) The arguments of the polygon’s vertices are equal to Z(2j + 1),
j=0,1...,n—1. In case v = w (Argv = ), the polygon has 2n sides and
its angles are 7(1 — %), m(1+ 2), alternately. Moreover, the argument of the
polygon’s vertices are equal to %5,  =0,1,...,2n — L.

We denote this family of polygons by W.

For n = 4 the sets of the family W are unbounded. Every fourth vertex of
such a polygon is extended to infinity. For this reason both sides adjacent to
every such vertex are parallel. In this way we obtain a star-shaped set with
four unbounded strips. The thickness of strips is growing as Argv tends
to Z. In cases Argv = 0 and Argv = 7 these sets become four-pointed
unbounded stars.

By the Schwarz—-Christoffel formulae there exists exactly one analytic
function which maps A univalently onto a fixed polygon of the family W
and which has positive derivative in 0. This function is of the form

(Cn _ emqa)Q Cn _ e—zmp)
(11) A>3z~ B \/ "1 1) d¢,

for suitable ¢ € [0, %] and B > 0.

Taking B = 1 in (11) we get the function with classical normalization.
This function is denoted by G, and the polygon G,(A) by B,. With this
notation all polygons of the family W can be written as AB,, A > 0.

Moreover, let us denote

(12) va() = Gy(e™).

This means that v2(yp), when ¢ varies in [O, %], coincide with the vertices
of polygons B, for which arguments are from the range [0, %] Hence v, is

Fig. 2. Polygons: a) n =6, Argv=5% b)n =38, Argv=0.
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given by the formula

1 _ tn 1 _ tne2m<p)2
13 : [O B
(13) U2 Sprre \/(1 fren)I(1 F treine )2 dt

and it is an injective function on [0, 7.

We consider the function G, in case n = 2. We have

z 1_(2 —2up)(1 <2 2in) _ z 1 1+1:2
Gol2) = (S, —Epare LT erma i dyler

where @ = sin?¢ € [0,1]. This function belongs to Y?). Moreover, for a
fixed p € [0, %)

1 . 1-—-singp
14) Gy(A +— bb> —cos?pln ———~ | ¢.
(14) G,(A) = C\{ cos? p+1i 4<2sm<p cos ('Oln1+sin<p>}

Furthermore,

. . 1
(15) G,(e'?) = gcos2 Y+ % <2 sin ¢ — cos® pln ﬁ) .

In case ¢ = I we have
Gz(8)=C\ {:I:ib,b > %} and G (i) = 2

THEOREM 3. Let n be even. The Koebe domain for Y™ is bounded, n-fold
symmetric and symmetric with respect to the real azis. Its boundary in A is
v2([0, Z]), where vy is given by (13).

Proof. Let f € Y(®) n be even.

I. n = 2. Assume that f € Y® and w € 8f(A), where Rew > 0, Imw > 0.
Hence the points —w, W, —w do not belong to f(A). From properties of Y@
it follows that four rays k) = {w+it,t > 0}, ko = {—w+it,t > 0}, ks = —ki,
ks = —kg are disjoint from f(A). Consequently, f is subordinated to G, for
a suitable ¢ € [0, 7]. Therefore, 1 = f'(0) < G,(0) = 1 and f = G.,.
From the above we conclude that
() 7a)= [ Gua).
Fey® €[0,7]

The assertion follows immediately from (14) and (15).
II. For n > 4 the proof is similar to the proof of Theorem 1. a
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COROLLARY 5. The boundary of the Koebe domain for Y@ in A consists
of the curve given by the parametric equation

z(a) = (1-a)f
{y(a):%[ﬁ_%(l—a)lnb@]’ a€[0,1)

and the point (0, 3).

The condition

N fa)= [ Fu(a)

feym e,

for even n results from Theorem 3. Since all functions of the class Y™ are
convex in the direction of the imaginary axis and starlike (by Corollary 4)
we have

COROLLARY 6. The Koebe domain for Y and even n is convez in the
direction of the imaginary axis and starlike.

Proof. We shall prove this fact only for n = 2. Otherwise, this corollary is
the simple consequence of the definition of Y™ and Corollary 4.

Assume that the Koebe domain for Y(?) is not starlike. It means that
there are two points w;, we belonging to the boundary of this set such that
Argw; = Argwsy € (0,7) and |wy| < |wz|. Hence, there exist two functions
GGy, € Y@ such that

Gy (0A)N AL = {wy +1it, t > 0}

and
Gp,(0A)N Ay = {wa +it, t > 0}.

Therefore,

_ o

Gsoz lelG‘Pl
and o]
w2

Combining it with the normalization of G,,, G, we obtain |w;| = |we|, a

contradiction. =
THEOREM 4. The function

_ 1 n (1 — tn)2(1 _ tnz2n)2
G(Z) - Z(S) \/(1 _ tnzn)4(1 + tnzn)2dt

is the minorant of the class Y("), for even n.

The proof of this theorem is similar to the proof of Theorem 2.
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In case n = 2 the function G can be written in the form

(1+ 22)? arctan » 1-22 2 + 3 .
=" nz-— =24+ —=2+...
422 4z 3 15
COROLLARY 7. The minorant G of the class Y™ for even n is convez in

the direction of the imaginary azis (G/G'(0) € Y(™ ) and starlike.

G(z)

Covering domain for odd n

LEMMA 5. If f € Y™, n >3 is odd and w € f(A), where Argw € [0, 2,
then the segments
{C=w—it, t>0}NA

{( =w+eGtal, ¢ > 0} NA
are contained in f(A).

Proof. Let f € Y™ and w € f(A). From n-fold symmetry of f the point
wek = wel™ %) where n = 2k + 1, belongs to f(A). Since the function
f is convex in the direction of the imaginary axis and has real coefficients,
the segments [@,w] and [wWe*, we*] are contained in f(A). Using n-fold
symmetry of f once again the segment [@e ?* w] = [we,w] is included in
f(A), too. =

Let n > 3 be a fixed odd integer.

We consider a family of open and n-fold symmetric polygons, which are
symmetric with respect to the real axis. For each polygon both sides diverg-
ing from the only vertex u in A are orthogonal to the radii of A in such a
way that we obtain the polygon with 2n sides. The polygon’s all interior
angles are of the measure 7(1 — %)

We extend the polygons’ family as follows. If Argu = 0 or Argu =

= then we obtain a regular polygon having n sides and all angles of the

measure 7(1 — %) The arguments of the polygon’s vertices are equal to 2%,

i=01l...,n—1or Qj—:;lﬁ, 7 =0,1...,n— 1, respectively. Hence in all
cases the polygons are convex.

It means that the covering domain for Y™ is the same as the covering
domain for CVR™), which was determined in [3].

THEOREM 5. Let n > 3 be odd. The covering domain for Y™ 4s bounded,
n-fold symmetric and symmetric with respect to the real aris. Its boundary
in A is w1 ([0, T]), where

1
. T ip 1
(16) Uyt [0; n] Ep—e (S) Q/(1 — ) (1 — {ne2ing) dt
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Fig. 3. Polygons: a) n =5, Argu=35 b)n=7, Argu=0.

The covering domain possesses a similar property to the property of the
Koebe domain (compare to Corollary 2).

COROLLARY 8. The covering domain for Y™ and odd n > 3 is convezx in
the direction of the imaginary axis and starlike.

The next corollary results from Theorem 5

COROLLARY 9. The function

: 1
J(2) = Z(S) Y (OO

is the majorant of the class Y™, for odd n > 3.

Proof. Let n > 3 be a fixed odd integer. For an arbitrary fixed ¢ € [0, %
we have
. 1 1
J(e*¥) = e* | ——dt
0 n (1 _ tn)(l — tne2mzp)

Hence the values of J(e¥) coincide with ui(¢) for all ¢ € [0,Z]. From
univalence and n-fold symmetry it follows that J is the majorant of the
class Y("). u

COROLLARY 10. The majorant J of the class Y™ for odd n > 3 is convez
in the direction of the imaginary azis (J/J'(0) € Y™) and starlike.

Applying the hypergeometric function one can write J in the form

U F(L L pmy. T/
J(2) =2Fi(5 5, 1:27) sin(ﬂ/n)z
Since for all z € A there is |J(z)| < [J(1)| = 2F1(3,1,151) - Sin’;ﬂnn) =

%B(%, 1 — 2), where B means the beta Euler function, so we have

n
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COROLLARY 11. For odd n > 3 we have sup{|f(z)| : feY™ ze A} =
ul(O) = %B(}—l—, 1- %)

Covering domain for even n

LEMMA 6. If f € Y™ n is even and w € f(A), where Argw € |0, ], then
the segments
{C=w—it, t>0}NA
{¢=w+e@ e t>0bna
are contained in f(A).

Proof. Let f € Y™ and w € f(A), where Argw € [0, 2]. By Lemma 1 the

point we = Te'n belongs to f(A). From convexity of f(A) in the direction
of the imaginary axis and symmetry with respect to the real axis we obtain
the segments [w,w] and [wg, we] are contained in f(A). Moreover, using
n-fold symmetry of f once again we get [w,we?] C f(A). =

Let n be a fixed positive even integer.

For n > 4 we consider a family of open and n-fold symmetric polygons,
which are symmetric with respect to the real axis and such that two succes-
sive vertices u, v belong to A and Argu € (0,7), Argv = Z. Moreover, for
each polygon one of its sides diverging from the vertex u is orthogonal to
the real axis. The polygon’s interior angles adjacent to these vertices are of
the measure 7(1 — 2), m(1+ 2). Hence these polygons have 3n sides.

For n > 6 we extend the family of polygons on limiting cases. If Argu =0
then we obtain a regular polygon having 2n sides and angles 7(1— %), 7r(1+%)
alternately, counting from the vertex on the real positive semi-axis. In case
u = v the polygon is regular and has n sides and angles of the measure
w(l — %) The arguments of the vertices of such a polygon are equal to
2(2j+1),j=0,1...,n~1. This family of polygons will be denoted by .

From the Schwarz—Christoffel formulae there exists exactly one analytic
function, such that its derivative in 0 is positive and it maps A univalently
onto a fixed polygon of the family ¢/. This function is of the form

(17)  A3ze D T\/(C ¢+ 1)° “pdt

0 n _ einw)?((n —e
) s
for suitable ¢ € [O, _ﬁ] and D > 0.

Taking D = 1 in (17) we get the function with classical normalization.
We denote this function by H,, and the polygon H,(A) by D,. With this
notation all polygons of the family I/ can be written as AD,, A > 0.
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Fig. 4. Polygons: a) n =6, Argu=% b)n=38, Argu=0.

Moreover, let us denote

(18) uz() = Hy(™).
With this notation ua(¢) is the vertex of polygon D,, whose argument is in
[0, Z]. Hence

(1 + tneine)2
. ip
(19) Uz [0 Spre \/(1 _ t" 1 _ tne2zmp)

Obviously, ug is an injective function on [0, Z].

THEOREM 6. Let n > 6 be even. The covering domain for the class Y™ is
bounded, n-fold symmetric and symmetric with respect to the real azis. Its
boundary in A is uz([0, I]), where uz is given by (19).

Proof. Let f € Y™ n > 6 be even.
Assume that Aua(p) € 0f(A), A >0, ¢ € [0, Z]. By Lemma 6
f(A) D AD, = AH,(A).
Combining it with univalence of H, it follows that
AH, < f.

Hence A = AH;,(0) < f'(0) = 1. Therefore, if A > 1 then Aua(p) ¢ f(A)
and if 0 < A < 1 then [0, Aua(p)] C f(A). Moreover, ua(p) € OH,(A),
which means that ua(¢) € Ly ). Hence u2([0, Z]) is the boundary of the
covering domain for Y™ in A. From Lemma 2 we get the conclusion of this
theorem. m

THEOREM 7. The covering domain for Y#) is unbounded, 4-symmetric
and symmetric with respect to the real azis. Its boundary in A is u2((0, §]),
where uy is given by (19).

The proof of Theorem 7 is similar to the proof of Theorem 6.
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THEOREM 8. The covering domain for Y2 is the whole plane C.
Proof. Let n = 2. For the function H,, which was defined above, we have
141z

1—iz’

Hy(z) =

2
152 and H%(z) = 4 log

Hence
C=Ho(A)UHz(A)C | f(a
2 fey @)

For even n > 4 by Theorem 6 and Theorem 7

U f@)= U H,(

fey® »€l0

All functions belonging to the class Y™ are convex in the direction of the
imaginary axis and starlike (by Corollary 4) so we have

COROLLARY 12. The covering domain for Y™ and even n > 4 is convez
in the direction of the imaginary azis and starlike.

The proof of the following corollary is similar to the proof of Corollary 9.
COROLLARY 13. The function

1 1 N on)2
H(z) = z 1\1/(1 — En);_(:tl Z t)nZZn)2dt

0

is the majorant of the class Y™ for even n > 4.

COROLLARY 14. The majorant H of the class Y™ for evenn > 4 is convez
in the direction of the imaginary azis (H/H'(0) € Y™) and starlike.

Since |H(z)| < |H(1)| = {5 ¥/ %dt, we have

COROLLARY 15. For even n we have

11 2
_ B(3-7)
sup{|f(2)| : fEY("),zeA}: u(0) = VI forn>6
00 forn=2o0rn=4.
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