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NECESSARY AND SUFFICIENT CONDITIONS FOR
COMMON FIXED POINT THEOREMS IN
FUZZY METRIC SPACE

Abstract. The aim of this paper is to provide a necessary and sufficient condition
for the existence of a common fixed point of three maps f,g and T in a complete fuzzy
metric space under a general contractive condition. A common fixed point theorem for a
pair of weakly biased mappings, which is more general than weakly compatible mappings
is also proved.

1. Introduction and preliminaries

The evolution of fuzzy mathematics commenced with an introduction of
the notion of fuzzy sets by Zadeh [18] in 1965, as a new way to represent
vagueness in every day life. The concept of a fuzzy metric space has been
introduced and generalized in many ways ([2], [10]). Moreover George and
Veeramani ([4], [5]) modified the concept of a fuzzy metric space introduced
by Kramosil and Michalek [9]. They obtained a Hausdorff topology for
this kind of fuzzy metric space which has applications in quantum particle
physics, particularly in connection with both string and € theory (see, [3]
and references mentioned therein). Many authors have proved fixed point
and common fixed point theorems in fuzzy metric spaces ([1], [11], [13], [15],
[17]). In particular Pfeffer [14] proves that any involution r of a circle S has
a fixed point iff there exists a free involution (# r) of S which commutes
with 7. This result shows an interdependence between commuting mappings
and fixed point concepts. Jungck ({7] , [8]) further highlighted this interde-
pendence in a more general context. This paper deals with necessary and
sufficient conditions for a common fixed point of three self maps f, g and
T, in which the pair {f,T} is compatible and {g,T'} is weakly compatible.
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Moreover, this result does not require the continuity of f and g. A result
proving the existence of a common fixed point for a pair of weakly biased
mappings is also established in a complete fuzzy metric space for an ar-
bitrary ¢-norm. An example, which illustrates the fact that the notion of
weakly biased mappings is more general than that of weakly compatible, is
also presented.

For sake of completeness, following [6] and [16], we recall some definitions
and known results in a fuzzy metric space.

DEFINITION 1.1. ([18]) Let X be any set. A fuzzy set A in X is a function
with domain X and values in [0, 1].

DEFINITION 1.2. ([16]) A mapping * : [0,1] x [0,1] — [0,1] is called a
continuous ¢-norm if ([0,1], %) is an abelian topological monoid with unit 1
such that a xb < cx d, for a < ¢, b < d. Three typical examples of t-norms
are a * b = min{a, b} (minimum t-norm), a * b = ab (product ¢-norm), and
a*b=max{a+b— 1,0} (Lukasiewicz t-norm).

DEFINITION 1.3. The 3-tuple (X, M, «) is called a fuzzy metric space
if X is an arbitrary set, * is a continuous t-norm and M is a fuzzy set in
X2 x [0,00) satisfying the following conditions:

(a) M(z,y,t) >0,

(b) M(z,y,t) =1 for all t > 0 if and only if z =y,
(c) M(z,y,t) = M(y,z,t),

(e) M(z,y,.): (0,00) — [0,1] is continuous,

for each z,y,z € X and t,s > 0.

Note that, M(z,y,t) can be thought of as the definition of nearness
between x and y with respect to t. It is known that M(x,y, .) is nondecreasing
for all z,y € X.

Let (X, M, ) be a fuzzy metric space. For ¢t > 0, the open ball B(z,r,t)
with center x € X and radius 0 < r < 1 is defined by

B(z,r,t)={ye X : M(z,y,t) >1—r}.

The collection {B(z,n,t) : ¢ € X,0 < r < 1,t > 0} is a neighborhood
system for a topology 7 on X induced by the fuzzy metric M. This topology
is Hausdorff and first countable.

Let (X, M, *) be a fuzzy metric space with the following condition
(1.1) tlim M(z,y,t) =1, for all z,y € X.
—00
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For each p € (0,1), we know there exists A € (0,1) (which may depend
on n) such that

(1.2) gl—A)*(l—A)*---*(l-AZZ1—u.

n copies

In [12] we assumed for each p € (0,1), there exists A € (0,1) (which does
not depend on n) such that
(1.3) (1-=X)*xQ1=XA)*---%x(1=XN)>1-p

~

n copies

We will make some remarks concerning (1.3) later.

We assume that a fuzzy metric space (X, M, %) satisfies conditions (1.1)
throughout this paper.

A sequence {z,} in X converges to z ([6]) if and only if for each 0 < € < 1,
and each t > 0 there exists ng € N with

M(zn,z,t) >1—¢

for all n > ng.
A sequence {z,} in X is a Cauchy sequence ([6]) if and only if for each
0 <e<1,and each t > 0 and p € N there exists ng € N with

M(Zn, Tptp,t) >1—¢

for all n > ny.

A fuzzy metric space in which every Cauchy sequence is convergent is
said to be complete. George and Veeramani [4] showed that a sequence {z,}
in a fuzzy metric space (X, M, *) converges to a point z in X if and only
if lim M(zn,z,t) = 1. They also showed that (R, M, ) is not complete in

n—oo

the sense of (6], where M(z,y,t) = and d(z,y) = |z — y|. Recall

t
t+d(z,y)
that, (R, M, «) is called the standard fuzzy metric space. To make R (the
set of all real numbers), a complete fuzzy metric space, they presented a new
definition of a Cauchy sequence: a sequence {z,} in a fuzzy metric space is
a Cauchy sequence, if and only if for each € > 0, and each ¢t > 0 there exists
ng € N with

M(zp,zm,t) >1—¢
for all n,m > ng. This is the definition we will use in this paper.
LEMMA 1.4. ([11]) If, for all z,y € X,t > 0, and for a number g € (0,1),
M(z,y,qt) > M(z,y,t),
then x = y.
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LEMMA 1.5. ([1]) Let (X, M,*) be a fuzzy metric space. If, for each
A €(0,1), we define Ex pr : X2 — RT U {0} as
Exm(z,y) =inf{t > 0: M(z,y,t) >1— A},

then for each p € (0,1), there exists A € (0,1) such that

Eym(z1,70) < Ex m(21,72) + Ex m(z2,23) + -+ + Ex p(Tn—1,Zn)
for any x1,x2,...,z, € X. Also the sequence {x,} is convergent in a fuzzy
metric space (X, M, *) if and only if E) pr(zn,z) — 0. Also the sequence
{zn} is Cauchy in fuzzy metric space (X, M, *) if and only if it is Cauchy
m E)\’M.
(note if (1.3) holds then the A in Lemma 1.5 can be chosen independent
of n).

The following is the special case of Lemma 1.14 in [12].
LEMMA 1.6. Let (X, M, x) be a fuzzy metric space, and ¢ : [0, 00) — [0, 00)
be an onto and strictly increasing function. Then
inf{¢"(t) > 0: M(z,y,t) >1— A} <d"(inf{t > 0: M(z,y,t) >1—A})
for everyxz,ye X , A€ (0,1), and n € N.

DEFINITION 1.7. ([11]) Let f and g be self maps on a fuzzy metric space
(X, M, «). They are compatible (or asymptotically commuting) if,

lim fgx, = lim gfx,

n—o0 n—oo
whenever {z,} is a sequence in X such that lim fz, = lim gz, = z, for

n—00 n—00
some z € X.
DerFINITION 1.8. The mappings f and g from a fuzzy metric space
(X, M,x) into itself are weakly compatible if they commute at their co-
incidence point, that is fx = gz implies that fgz = gfzx.
It is known that a pair {f, g} of compatible maps is weakly compatible

but converse is not true in general.

2. Common fixed point theorems
Let ¢ : [0,00) — [0,00) be an onto and strictly increasing function satis-
[e o]

fying > ¢/(t) < oo for t > 0. We note that lim ¢"(t) = 0, for each t > 0,

#(0) =0, and ¢(t) <t for t > 0.

The following result provides necessary and sufficient condition for the
existence of common fixed point of three maps in a fuzzy metric space for
any {-norm.
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THEOREM 2.1. Let f and g be maps from a fuzzy metric space (X, M, )
into itself.

(a) Suppose (1.2) holds. Then f and g have a common fized point in X if
and only if there exists a continuous mapping T : X — fX NgX such
that the pair { f, T} is compatible and {g, T} is weakly compatible, a point
zo i X with Ep(fxo, Txo) = sup{Ex m(fzo, Txo) : X € (0,1)} < 00,
and ‘

(2.1) M(Tz, Ty, ¢(t)) > M(fz,gy,t)

forall z,y € X, and t > 0. Indeed, f, g and T have a unique common
fized point.

(b) Suppose (1.3) holds. Then f and g have a common fized point in X if
and only if there exists a continuous mapping T : X — fX NgX such
that the pair {f, T} is compatible and {g,T} is weakly compatible, and
(2.1) 4s satisfied. Indeed, f, g and T have a unique common fized point.

Proof (a). Suppose fz = z = gz, for some z in X. Define a mapping T
by Tx = 2, for all z in X. Obviously, T is a continuous mapping of X into
FfXNgX and T commutes with f and g and hence {f, T} is compatible and
{g,T} is weakly compatible. Take, zp = z, and note Eps(fzo,Tzo) < 00.
Further, for any ¢ > 0, we have

M(Tz,Ty, ¢(t)) = M(2,2,6(t)) = 1 2 M(fz, gy, 1),

for all z,y € X. This proves the necessity of the condition. Now, conversely
suppose we have a mapping 7" and a point zg as described in the statement
of Theorem 2.1. Define yg = fzp. Since TX C gX, we can choose a point
z1 in X such that gz; = Txg = y1. Also TX C fX gives a point z2 in X
such that fro = Tx; = yo. In general, having chosen the point 9, _9, we
choose a point x5,_; such that gre,—1 = T'za,—2 = yon—1, and a point zy,
such that fzo, = Txo,-1 = yon. From (2.1), we obtain

M(yon+1, Yon+2, #(t)) = M(Tx2n, Txons1, 6(t))
> M(fTon, gTont1,t) = M(Yont1, Y2n, t)
which implies that,

(2.2) M (yon+1, Yant2, (1)) = M(y2n, Yon+1,1)-
Similarly,
(2.3) M (yan+2, Yan+3, 9(t)) = M(Tx2ny2, Trony1, ¢(1))

> M(Y2n+1, Y2n+2, t)-
From (2.2) and (2.3), we arrive at

M(y'n, Yn+1, ¢(t)) > M(yn—h Yn, t)
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Consequently,
M (Yn Ynt+1, 8" (8) = M (Yn—1,Yn, 8" () = M (Yn—2,Yn—1, 6" (1))
> > M(yl,y2a ¢(t)) > M(y()’ W, t)
Now for each X\ € (0,1),
Exm(Yns Yns1) = inf{"(t) > 0: M (yn, Yn+1,6"(t)) > 1 = A}
< inf{¢"™(t) > 0: M(yo,11,t) > 1 — A}
< @"(inf{t > 0: M(yo,y1,t) > 1—A})
= ¢"(Exm(yo, 1)) < 0™ (En(yo, y1))-
Thus Enr(Yn, Yn+1) < ¢™(Enm(yo,y1)). From Lemma, 1.5, for each u € (0,1),
there exists A € (0,1) such that for m > n, we have
Ep s (Yns Ym) < Ex M (Yns Ynt1) + Ex p (Un+1, Ynt2)++ -+ Ex M (Ym~1, Ym)
< Epm(Yn, Ynt1) +Er(Ynt1, Ynt2) + -+ Er(Ym—-1, Ym)
< ¢"(Em(yo, 1)) +0"  (Ear (0, 91)) + - +6™ (Enr(yo, 1))

m—1

<Y F(Emlyo,n)),
j=n

o0 . S .
thus Ep(yn,ym) < X ¢*(Enm(yo,y1))- Since, >, ¢7(t) < oo for t > 0, we
Jj=n 7=1
have that {y,} is a Cauchy sequence in X. Now since X is complete there
exists a point z in X such that lim y, = lim fze, = lim gre,—1 = z.
n—o0 n—oo n—oo
Since T is continuous and the pair {f,T} is compatible, we obtain Tz =
lim fT'zy,. Next we show that Tz = z. Now for any ¢ > 0,

n—00
M(TTzon, Txon_1,d"T1(t)) > M(fTxon, gT2n-1,8%(t)), k € {0,1,2,...}.
Let n — oo to obtain

M(Tz,z,¢**1(t)) = M(Tz,2,"(t)),
and so for any k € {0,1,2,...} we have
(2.4) M(Tz, 2, (t)) > M(Tz, z,1).

Since ¢(t) < t for t > 0 and M(z,y,t) is a nondecreasing function with
respect to t, for all z,y € X, we have for any ¢t > 0 that

(2.5) M(Tz,z,¢**1(t)) < M(Tz,z,t).

From (2.4) and (2.5), M(T'z,2,t) = C. Taking t — oo, we obtain C =1 and
hence Tz = z. Since TX C fX, there exists t € X such that ft = T'z. Next,
we claim that Tt = z. From (2.1),

M(Tta T:I;Qn—la ¢(t)) > M(fta gTon-1, t)
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Let n — oo to obtain
M(Tt, z,¢(t)) > M(ft,2,t) = M(z,2,t) = 1.

Now since, M(Tt,z,t) > M(Tt,z, ¢(t)), we have M(Tt,z,t) = 1 for every
t > 0, and hence, Tt = z = Tz = ft. Now {f,T} is compatible, Tt = ft
implies that T'ft = fTt and hence fz = 2. As TX C gX, there exists a
u € X such that Tz = gu. Now we show that Tu = z. From (2.1), for every
t > 0, we have

M(Tz,Tu,¢(t)) > M(fz,gu,t) = M(z,2,t) =1,
S0,
M(Tz,Tu,t) > M(Tz,Tu,$(t)) > 1.

Thus Tu = Tz. Since {T,g} is weakly compatible, Tu = gu implies that
gTu = Tgu, and hence gz = gTu = Tgu = Tz = z, thus z is a common
fixed point of f,g and T which establishes the sufficiency of the condition.
Next, suppose that u; and uz are two common fixed points of f, g and T.
Now, for any k € {0,1,2,...}, and ¢ > 0 we have

M (u1,ug, ¢ (t)) = M(Tur, Tug, ¥ (1))
> M(fu1, gus, ¢*(t)) = M(u1,us, ¢*(t))-
Thus,
M (u1, ug, ¢5T1(t) > M(uy,u2, 0% () > -+ > M(uq, us, t).
On the other hand we know for any ¢t > 0 that we have,
M (uy,ug,t) > M(uy,ug, ¢*F1(t)),

and so we have M (u1,ug,t) = C. Let t — oo, and we obtain C = 1 and
hence u; = us.

Proof (b). The argument is as in case (a) except we use the last two lines
of Lemma 1.5.

COROLLARY 2.2. Let f and g be maps from a fuzzy metric space (X, M, *)
into itself, where  is a minimum t-norm. Then f and g have a common fized
point in X if and only if there exists a continuous mappingT : X — fXNgX
such that the pair {f,T} is compatible and {g, T} is weakly compatible, and

M(Tz, Ty, ¢(t)) = M(fz, gy,t)

forallz,y € X, and t > 0. Indeed, f, g and T have a unique common fized
point.
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Proof. Note that the result follows from Theorem 2.1(b), since (1.3) holds
because

Sl—A)*(l—A)*---*(l—A)=1—)\.

”

o

n copies

ExXAMPLE 2.3. Let X = [0,1] and * be a minimum norm. Let a > b > 1
with a sufficiently larger than b. Let M be the fuzzy metric defined by

-1
M(z,y,t) = [eXP(|x : y|)] , forall z,y € X,t > 0.

Take ¢(t) = kt, where k € [3,1), fo = % and gz = 2. Now define a

continuous map Tx = (—z%. Note that the pair {f,T} is compatible and
{g, T} is weakly compatible, and

_ lz—y\]™ 3z —w[\]7"_
M(Tz, Ty, kt) = |exp ot > |exp p” = M(fz,gy,t).

Thus T satisfies the conditions of Cor. 2.2 and hence f,g and T have a
unique common fixed point.

COROLLARY 2.4. Let f be a map from a fuzzy metric space (X, M, x) into
itself.

(a) Suppose (1.2) holds. Then f has a fized point in X if and only if there
exists a continuous mapping g : X — fX which commutes with f, a
point xg in X such that Ep(fzo,g9x0) = sup{Ex m(fro,920) : A €
(0,1)} < o0, and g satisfies

M(gz, gy, 9(t)) = M(fz, fy,t),
forall z,y € X, and t > 0. Indeed, f and g have a unique common fized
point.
(b) Suppose (1.3) holds. Then f has a fized point in X if and only if there
exists a continuous mapping g : X — fX which commutes with f, and
g satisfies
M(gz, gy, ¢(t)) > M(fz, fy.t),

forallz,y € X, andt > 0. Indeed, f and g have a unique common fized
point.

COROLLARY 2.5. Let f and g be commuting maps from a complete fuzzy
metric space (X, M, ) into itself.
(a) Suppose (1.2) holds, f is continuous and fX C gX. Assume there exists
k € N with,
M(f*z, fry, 6(t) > Mgz, gy, t),
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for all x,y € X, t > 0, and there exists a point o in X such that
Enm(f*zo, gzo) = sup{E,\,M(fkmo,g:vo) : A€ (0,1)} < oo. Then f and
g have a unique common fized point.

(b) Suppose (1.3) holds, f is continuous and fX C gX. Assume there exists
k € N with,

M(f*z, foy, ¢(t)) > M(gz, gy, t),
forallz,y € X, t > 0. Then f and g have a unique common fized point.

DEFINITION 2.6. Let f and g be maps from a fuzzy metric space (X, M, )
into itself. The pair {f, g} is said to be weakly f-biased if whenever fz = gx
for some z in X then for all ¢ > 0, one has

M(fgz, fz,t) > M(gfz, gz,1).

Obviously any weakly compatible pair {f,g} is weakly f-biased and
weakly g-biased. The following is the example of a pair of a maps {f, g}
which is weakly f-biased but not weakly g-biased. Also the pair {f,g} is
not weakly compatible.

ExAMPLE 2.7. Let X = [0,1] and a *x b = min{a,b}. Let M be the
standard fuzzy metric induced by d, where d(z,y) = |z — y| for z,y € X.
Then (X, M, *) is a complete fuzzy metric space. Let fx = %(:c + 1) and
gr =1—x. Now, f% = g%, and M(fg%,f%,t) > M(gf%,g%,t) for all ¢ > 0.
Note that the pair {f, g} is not weakly compatible.

ExaMPLE 2.8. Let ([0,1], M,*) be a complete fuzzy metric space. Let
fl=0and fr = 1whenz # 1 and gz = 1 for all z € [0, 1]. Here fO = g0 but
M(fg0, f0,t) # M(gf0,g0,t) for all ¢ > 0 so the pair {f, g} is not weakly
f-biased.

In the following theorem we assume that ¢ : [0,00) — [0,00) is an onto

and strictly increasing function with lim ¢™(t) = 0, for ¢ > 0. Note we do
n—oo

not assume that 5 ¢’(t) < oo for ¢t > 0.

j=1

THEOREM 2.9. Let f be a map from a fuzzy metric space (X, M, *) into

itself.

(a) Suppose (1.2) holds. Then f has a fized point in X if and only if there
exists a continuous mapping g : X — fX, g(X) is complete in X, the
pair {f,g} is weakly f-biased, a point o in X with Ep(fzo,gx0) =
sup{Ex m(fzo,9%0) : A € (0,1)} < 00, and

(2.6) M(gz, gy, #(t)) > M(fz, fy,t),

forallz,y € X, andt > 0. Indeed, f and g have a unique common fized
point.
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(b) Suppose (1.3) holds. Then f has a fized point in X if and only if there
ezists a continuous mapping g : X — fX, g(X) is complete in X, the

pair {f,g} is weakly f-biased, and M(gz, gy, $(t)) > M(fz, fy,t), for
all z,y € X, and t > 0. Indeed, f and g have a unique common fixed

point.

Proof (a). Suppose fz = z for some z in X. Define a mapping g of X
into itself by gx = z for all  in X. Obviously, g is a continuous mapping
of X into fX and M(fgz, fz,t) = M(gfz, gz,t) for every t > 0 whenever
fx = gz for some z in X. Further, for any ¢t > 0, we have

M(gz, gy, 9(t)) = M(2,2,¢(t)) =1 > M(fz, fy,t),

for all z,y € X. Take, g = z, then obviously, Ep(fxo,g29) < oo. This
proves the necessity of the condition. Now, conversely suppose that we have
a mapping g and a point zy as described in the statement of Theorem 2.9.
Define yo = fxg. Since gX C fX, we can choose a point z; in X such that
fr1 = gzo = 1. In general having chosen the point x,,_;, we choose a point
zp, such that fz, = grn_1 = yn. From (2.6), we obtain

M(yn: Yn+1, ¢n(t)) = M(gxn—-la gn, ¢n(t)) 2> M(f.'L'_n_l, fxn, (:bn_l(t))
= M(9Zn_2, 9Tn—1,¢" ' (£)) > M (fTn—2, fTn—1,8"(t))
Z Z M(fIOfolat) = M(y()ayl’t)'
Now for each X € (0,1),
Ex m(Yns Ynt1) = inf{@"(t) > 0: M(yn, Yn+1,9"(t)) > 1 — A}
< 1nf{¢n(t) >0: M(yanht) >1- )‘}
< ¢"(inf{t > 0: M(yo,y1,t) > 1 = A})
= ¢"(Exm(¥0,91)) < ¢"(Enr(yo, v1))-
Thus Ex v (Yn, Yn+1) < ¢™(Epm(yo, y1)) for each A € (0, 1), and so
EM(yna yn+1) < ¢n(EM(y07 yl))
Let € > 0 be fixed. Then there exists a n € N so that
(2.7) EpM(Yns Ynt1) <€ — ¢(e).
Now,

M(y'n—}—l’ Yn+2, d)(t)) = M(gl‘na 9Tn+1, ¢(t )
Z M(fmny f$n+1,t) ot M(yn) yTH—l’t)

implies that
(2.8) Ex M (Ynt1,Ynv2) < O(Ex M (Yn, Ynt1)), for each X € (0,1).
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From Lemma 1.5, for u € (0, 1), there exists A € (0,1) with

Epm (Yns Ynt2) < Ex M Wn, Ynt1) + Exm (Uns1, Ynt2),
which from (2.7) and (2.8) further implies that

By mt(Yns Ynt2) < Ex M Yno Ynt1) + S(Ex M (Yns Ynt1))
< Epr(Yn, Ynt1) + O(Em(Yns Yn+1))
<e—¢(e) +dle — ¢(e)) <e.
Thus Ep(Yn, Yn+2) < €. Now again for each p € (0, 1), there exists A € (0,1)
such that
By m(Yns Yn+3) < Exm(Yn Yn+1) + Ex m(Yn+1, Ynt3)
< Ex M (Yns Yn+1) + S(Ex M (Yns Yn+2))
< Ep(Yns Ynt1) + S(Em(Yn, Ynt2))
<e—o(e) +(e) =¢;

note, in the proof we used the fact that

M(yn-f-lv Yn+3, ¢(t)) = M(gxnv 9Tn42, ¢(t))
2 M(fl‘na fwn+2a t) = M(yfh Yn+2, t),

50 Ex M(Ynt1,Yn+3) < &(Exm(Yn,Yn+2))- Thus Eprs(yn, ynt3) < €. By in-
duction, Enf(yn,ynik) < € for k € N. Thus {y,} is a Cauchy sequence
in X. Now since gX is complete, there exists a point z in gX such that
lim y, = lim fz, = 2. Since z € gX, we obtain a point « in X such that
n—oo n—o0
fu = z. Moreover,

M(gzn,gu,¢(t)) > M(fwna fuat) - 17 as n — 0.

Hence gz, — gu, which implies that fu = gu. Now, we claim that gu =
uj(say) is a fixed point of g. Since the pair {f, g} is weakly f-biased, therefore
for any k € {0,1,2,...} and ¢ > 0, we obtain

M(g%u, gu, ¢**1(t)) > M(fgu, fu, $*())
> M(gfu,gu,¢*(t)) = M(g%u, gu, ¢*(t)).
Thus for any k € {0,1,2,...} and t > 0 we have
(2.9) M(g*u, gu, ¢*F1(t)) > M(g%u, gu, t).

Since ¢(t) < t for t > 0 and M(x,y,t) is a nondecreasing function with
respect to t, for all x,y € X, we have for any ¢ > 0 that

(2.10) M(g%u, gu, t) > M(g*u, gu, **1(t)).

From (2.9) and (2.10) we have M(g?u, gu,t) = C for t > 0. Taking t — oo,
we obtain C' = 1 and hence u; is a fixed point of g. Now, again for any
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k€ {0,1,2,...} and t > 0, we obtain
M (fur,ur, ¢*41()) = M(fgu, fu, () = M(gfu, gu, 6" (1))
> M(ffu, fu, ¢"(t)) = M(fu1,u1, 6" (2)).
Thus for any k € {0,1,2,...} and ¢ > 0 we have
M (fuy,u1, ¢*FH(t) > M(fug,ug,t).
Also, for any ¢ > 0 and k € {0,1,2,...}
M (fuq,uy, ¢*T1H(t)) < M(fur,uy,t).

Hence M(fuy,u1,t) = C. Taking t — oo we obtain C = 1, and u; is a
fixed point of f. Thus u; is a common fixed point of f and g, and this
establishes the sufficiency of the condition. Now, if we suppose that us is
another common fixed point of f and g, then for any k € {0,1,2,...}, and
t > 0 we have

M (uy, up, ¢4 (t)) = M(gur, gua, ¢*¥'(t))
> M(fui, fus, $"(t)) = M (u1, uz, ¢"(t)).

Thus, for any k£ € {0,1,2,...} and t > 0 we have

M (uq,ug, ¢¥71(t)) > M(u1,ug,t).
On the other hand we know for any ¢ > 0 that we have,

M(u1,ug,t) > M(ui,us, H*HL(t)),
and so we have M (uj,ug,t) = C. Let t — oo, and we obtain C = 1 and
hence u; = us.

Proof (b). The argument is as in case (a) except we use the last two lines
of Lemma 1.5.

COROLLARY 2.10. Let f be a map from a fuzzy metric space (X, M, *)
into itself, where * is a minimum t-norm. Then f has a fized point in X
if and only if there exists a continuous mapping g : X — fX such that the
pair {f, g} is weakly f-biased, and

M(gz, gy, #(t)) > M(f=, fy,1t)

for all z,y € X, and t > 0. Indeed, f and g have a unique common fired
point.

EXAMPLE 2.11. Let ([0,1], M, %) be a complete fuzzy metric space. Let
fr=1-z,when0 <z <1land f1 = 1. Define g = 1 for all z € [0, 1]. Take
zo = 0, then Ep(fxo,970) < 00, f(0) = g(0) implies that M(fg0, f0,t) =
M(gf0,90,t), and M(gz, gy, $(t)) > M(fz, fy,t) for every t > 0. Thus the
pair {f, g} satisfies every condition of Theorem 2.9 (case (a)) and hence have
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a common fixed point. Note that the pair {f, g} has two coincidence points
but has a unique common fixed point.

EXAMPLE 2.12. Let X = [0,1] and a * b = min{a,b}. Let M be the
standard fuzzy metric induced by d, where d(z,y) = |z — y| for z,y € X.
Then (X, M, %) is a complete fuzzy metric space. Let

fom {5(1—x),x €l0.3)u
4

and gz = % for all = € [0,1]. Here, f% = g% implies that M(fg%,f%,t) =

M(gf%,g%—,t), and M(gz, gy, #(t)) > M(fz, fy,t) for every t > 0. Thus the

pair {f, g} satisfies the conditions of Cor. 2.10 and hence have a common

fixed point.

REMARK 2.13. The results presented in this paper can be extended to
L-fuzzy metric spaces.

Acknowledgement. The authors are thankful to the anonymous ref-
erees for their critical remarks which helped to improve the presentation of
the paper

References

(1] H. Adibi, Y. J. Cho, D. O’ Regan, R. Saadati, Common fized point theorems in
L-fuzzy metric spaces, Appl. Math. Comp. 182 (2006), 820-828.

{2] Z. K. Deng, Fuzzy pseudo-metric spaces, J. Math. Anal. Appl. 86 (1982), 74-95.

{3] M. S. El Naschie, On a fuzzy Khaler-like manifold which is consistent with two slit
experiment, Int. J. Nonlinear Sciences and Numerical Simulation 6 (2005), 95-98.

[4] A. George, P. Veeramani, On some results in fuzzy metric space, Fuzzy Sets and
Systems 64 (1994), 395-399.

[5] A. George, P. Veeramani, On some results of analysis for fuzzy metric space, Fuzzy
Sets and Systems 90 (1997), 365-368.

[6] M. Grabiec, Fized points in fuzzy metric spaces, Fuzzy Sets and Systems 27 (1988),
385-389.

[7] G. Jungck, Commuting mappings and fized points, Amer. Math. Monthly 83 (1976),
261-263.

[8] G. Jungck, Common fized points for noncontinuous nonself maps on nonmetric
spaces, Far East J. Math. Sci. 4 (2) (1996), 199-215.

[9] I Kramosil, J. Michalek, Fuzzy metrics and statistical metric spaces, Kybernetika
(Prague) 11 (1975), 336-344.

{10] O. Kaleva, S. Seikkala, On Fuzzy metric spaces, Fuzzy Sets and Systems 12 (1984),
215-229.
{11] S. N. Mishra, N. Sharma, S. L. Singh, Common fired points of maps on fuzzy metric

spaces, Internat. J. Math. Math. Sci. 17 (1994), 253-258.



900 D. O’Regan, M. Abbas

[12] D. O’ Regan, R. Saadati, Some common fized point theorems for weakly commuting
maps in L-fuzzy metric spaces, Dynamics of Continuous, Discrete and Impulsive
Systems, series A, to appear.

[13] V. Pant, Contractive conditions and common fized points in fuzzy metric space, J.
Fuzzy Math. 14 (2) (2006), 267-272.

[14]) W. F. Pfeffer, More on involution of a circle, Amer. Math. Monthly 81 (1974), 613-
616.

[15] R. Saadati, A. Razani, H. Adibi, A common fixed point theorem in £-fuzzy metric
spaces, Chaos Solitons Fractals 33 (2007), 358-363.

[16] B. Schweizer, A. Sklar, Statistical metric spaces, Pacific J. Math. 10 (1960}, 313-334.

[17] B. Singh, M. S. Chauhan, Common fixed points of compatible maps in fuzzy metric
spaces, Fuzzy Sets and Systems 115 (2000), 471-475.

[18] L. A. Zadeh, Fuzzy sets, Inform. and Control 8 (1965), 338-353.

D. O’ Regan

DEPARTMENT OF MATHEMATICS
NATIONAL UNIVERSITY OF IRELAND
GALWAY, IRELAND

R-mail: donal.oregan@nuigalway.ie

Mujahid Abbas

DEPARTMENT OF MATHEMATICS

INDIANA UNIVERSITY

BLOOMINGTON, IN 47405-7106. U.S.A

Permanent address:

DEPARTMENT OF MATHEMATICS

LAHORE UNIVERSITY OF MANAGEMENT SCIENCES
54792-LAHORE, PAKISTAN

E-mail: mujahid@lums.edu.pk

Received May 23, 2008.



