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FIXED POINT THEORY ON SPACES WITH
VECTOR-VALUED ,-METRICS

Abstract. The purpose of this paper is to present some fixed point results for gen-
eralized singlevalued and multivalued contractions on a set endowed with one or two
vector-valued b-metrics.

1. Introduction

To our best knowledge, the concept of b-metric space was introduced
by Bakhtin in [1] and the extensively used by Czerwik in [4]. Since then
several papers deal with fixed point theory for singelvalued and multivalued
operators in b-metric spaces (see 2], [4], [10]). The purpose of this paper is to
present some fixed point results for generalized singlevalued and multivalued
contractions on generalized b-metrics spaces. The starting point of this work
was the article D. O’Regan, R. Precup [6]. In the first section we present
some results on a generalized b-metric space and in the second section we
will use two generalized b-metrics. For this second part we used the results
from [7], [8], [9]-

2. Notations and auxiliary results

The aim of this section is to present some notions and symbols used in
the paper.

We will first give the definition of a vector-valued b-metric.

DEFINITION 2.1. Let X be a nonempty set and let s > 1 be a given real
number. A function d: X x X — R} is said to be a vector-valued b-metric
if and only if for all z,y, z € X the following conditions are satisfied:

1. d(z,y) = 0 if and only if z = y;
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2. d(z,y) = d(y,x), for all z,y € X;
3. d(x,2) < s{d(z,y) + d(y, 2)], for all z,y,z € X.

A pair (X, d) is called a generalized b-metric space.

REMARK 2.1. (a) If n = 1 in the previous definition, then we get the
concept of b-metric introduced by Bakhtin.

(b) A b-metric is a particular case of the semimetric in the sense of
M. Cicchese. Actually, Cicchese in [3] replaced the third condition in the
definition of the metric by

(3) There exists A C R4, [0,a) C A, (a > 0) and there exists k > 1 and
¢ : A — Ry such that for all z,y,2 € X we have d(z,2) < p(d(z,y)) +
kd(y, z).

Cicchese proved in [3] a fixed point theorem for a singlevalued contrac-
tion.

(c) On the other hand, there exists a general notion of distance function,
see [5]. Jachymski, Matkowski, Swiatkowski in [5] presented a fixed point
theorem for a singlevalued generalized contraction in a semimetric space in
the sense that d satisfy a more general condition than (3'), namely:

(3") d(z,y) < e(maz{d(z, z),d(z,9)}), for z,y,z € X, where ¢ : Ry —
R+, %g}%&‘(t) = 0.

The advantage for using a b-metric is that it allows us to obtain concrete
results, not only regarding the existence of the fixed point, but also regarding
to the convergence of sequences of successive approximations, data depen-
dence of the fixed point set, the study of well-posedness of the fixed point
problem.

REMARK 2.2. If o, 8 € R* with a = (a1,...a,) and 8= (f1,...,0s) and
c€R by a < we mean ¢o; < f;, for all ¢ € N* and by a < ¢ we mean
a; < ¢, for all i € N*,

We continue by presenting the notions of convergence, compactness,
closedness and completeness in a generalized b-metric space.

DEFINITION 2.2. Let (X, d) be a generalized b-metric space. Then a se-
quence (Zn)nen in X is called:

(a) Cauchy if and only if for all € > 0 there exists n(¢) € N such that for
each n,m > n(e) we have d(zp,zm) <¢,

(b) convergent if and only if there exists z € X such that for all € > 0 there
exists n(e) € N such that for all n > n(e) we have d(zn,z) < €. In this

case we write lim x, = .
n—00
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DEFINITION 2.3. 1. Let (X,d) be a generalized b-metric space. Then a
subset Y C X is called
(i) compact if and only if for every sequence of elements of Y there exists
a subsequence that converges to an element of Y,
(ii) closed if and only if for each sequence (z)nen in Y which converges
to an element x, we have x € Y.

2. The b-metric space is complete if every Cauchy sequence converges.

DEFINITION 2.4. A matrix C € Mpxn(R4) is said to be convergent to
zero if

C* -0, as k — oo.

LEMMA 2.1. (Rus [9]) 4 matrizc C € Myuxn(Ry) is convergent towards zero
if and only if I — C is nonsingular and

(I-C)'=I+C+C*+...
The following result is useful for some of the proofs in the paper.

LEMMA 2.2. Let (X,d) be a generalized b-metric space and let {zx}}_ C
X. Then:

d(n, To) < sd(xo, 1) 4 - - - + 8" td(zn_2, Tn_1) + sV d(zn_1, Tn).
3. Fixed point theorems for operators on generalized b-metric space
The first main result of this paper is the following:

THEOREM 3.1. Let (X, d) be a complete generalized b-metric space. Assume
that the operator f : X — X satisfies the following conditions:

(a) f is continuous;
(b) there exists matrices M, N, P € Myxn(Ry) with:

(i) (I — N — Ps) is nonsingular and (I — N — Ps)™! € Muxn(Ry);
(ii) sC is convergent towards zero, where C = (I — N — Ps)"Y{(M + N +

Ps);
(iii) d(f(z), f(y)) < Md(z,y)+ Nld(=, f(x))+d(y, f(v))]+ Pld(z, f(y))
+d(y, f(x))], for all z,y € X.

Then:

1. f has a fixed point x*inX.
2. If, in addition, (I — M — 2P) is nonsingular and (I — M — 2P)™! ¢
Muxn(Ry), then =* is unique.
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Proof.

1. Let zp € X. Consider the sequence of successive approximations for f
starting from xp, i.e. o1 = f(x,). We have that:

d(z1, z2) = d(f(x0), f(21))
< Md(zo, z1) + N{d(zo, f(%0)) + d(z1, f(z1))]
+ Pld(xo, f(z1)) + d(z1, f(0))]
= Md(zo, 1) + N[d(zo, z1) + d(z1,22)] + Pd(z0, 2)
< Md(zo, 1) + Nld(zo, z1) + d(z1, z2)]
+ Ps[d(xzo,x1) + d(z1, z2)].
Thus
d(z1,z2) < (I — N — Ps)"Y(M + N + Ps)d(xo, x1) = Cd(zq,z1).
For the next step we have:
d(z2, z3) = d(f(z1), f(z2))
< Md(z1,32) + N{d(z1, f(21)) + d(z2, f(22))]
+ Pld(z1, f(x2)) + d(2, f(1))]
= Md(zy,z2) + N[d(z1,x2) + d(z2, x3)] + Pd(z1,x3)
< Md(zx1,z2) + N[d(z1,12) + d(z2,23)]
+ Psld(z1,z2) + d(z2, z3)].
This implies that
d(z2,z3) < (I — N — Ps)"Y(M + N + Ps)d(z1,z2) = Cd(z1,z2)
< C%d(zg, 1)
By an inductively procedure we obtain that:
d(xy, Trp1) < C*d(zo,x1), for each k € N.

We will prove next that (zx)ren is Cauchy, by estimating d(zg, Zx4p)-
We have:

d(zk, Thip) < 8d(Tk, Tht1) + 82 d(The1, Thpo) + - + L 2d(Thip-3, Thip-2)
+ 7 d(@hyp-2, Trip-1) + S A(Thip-1, Thip)
< sC*d(xo,z1) + s2C¥ld(mg, 1) + - - - + sPT2CHP3d (g, z1)
+ sPTICHP 24 (2, 1) + sPTICHP (g, 1)
= sC*d(z9,21)[I + sC + - -+ + sP2CP~% 4 sP~2CP~1]
< kad(:zzo, ) I+sC+---+ sP20P2 4 s”_lC”_l]
< sC*d(xo,z1)(I — sC)7 < (sC)*d(x0,21)(I — sC) 1.
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Note that (I —sC) is nonsingular since sC is convergent to zero. This implies
that the sequence (x)ken is Cauchy. From the fact that (X, d) is complete
we have that there exists * € X such that d(zx,z*) — 0, as k — oo.

By (a) we have that d(f(zg-1),f(z*)) — 0, as & — oo. But
d(f(zk_1), f(z*)) = d(zx, f(z*)). Hence we have z* = f(z*), so z* is a
fixed point for f.

2. For uniqueness we suppose that there exists y € X such that y = f(y).
We have that:

d(z*,y) = d(f(z"), f(¥))
< Md(z*,y) + N{d(z", f(z")) + d(y, f ()]
+ Pld(z*, f(y)) + d(y, f(z%))]

= Md(z*,y) + 2Pd(z*,y).

This implies that
(I - M - 2P)d($*,y) < Ov
sox*=y. m
The next result is the multivalued variant of the previous theorem.

THEOREM 3.2. Let (X,d) be a complete generalized b-metric space and
F : X — Py(X) be a multivalued operator such that there exists matrices
M,N,P € Myxn(Ry) with:

(i) (I — N — Ps) is nonsingular and (I — N — Ps)™! € Muxn(R4),(I = Ps)
is nonsingular and (I — Ps)™! € Muxn(R4) and [I — s(I — Ps)"!N} is
nonsingular and [I — s(I — Ps)"'N]7! € Mpuxn(Ry);

(ii) sC is convergent towards zero, where C = (I— N —Ps)™}(M + N + Ps);

(iii) for each z,y € X and each u € F(x) there ezists v € F(y) such that:

d(u,v) < Md(z,y) + N[d(z,u) + d(y,v)] + Pld(z,v) + d(y, u)]
Then F has a fized point z* in X.
Proof. Let zp € X and z; € F(xp). there exists 2 € F(z1) such that
d(z1,x2) < Md(xo, z1) + Nd(zo,z1) + d(z1, 22)] + Pld(z0, z2) + d(z1,21)]
= (M + N + Ps)d(zo,z1) + (N + Ps)d(z1, z2).
So we have:
d(z1,29) < (I = N — Ps)™ (M + N + Ps)d(zq,x1) = Cd(xo, 1)
There exists z3 € F(x2) such that
d(z2,z3) < Md(z1,22) + Nd(z1,z2) + d(x2, 3)] + Pld(z1,z3) + d(z2, Z2)]
= (M + N + Ps)d(z1,z2) + (N + Ps)d(z2, x3).
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So we have:
d(z9,23) < (I — N — Ps)"Y(M + N + Ps)d(x1, ) = Cd(x,29)
< C?%d(wo, z1).

By an inductively procedure we can construct a sequence {xg)ken in X
such that:
zy € Fzg_1),k € N

and
d(z, Txy1) < C*d(zo, 1),k € N.

We will prove next that (zx)ken is Cauchy, estimating d(zk, €x+p). Thus
we have:

d(Tk, Ttp) < 8A(Tk, Thy1) + 82d(Tht1, Thra) + -+ + 8P 2d(Thtp—3) Thip_2)
+ P d( @y p—2, Thap—1) + 8 d(Thap—1, Thtp)
< kad(:vo, z1) + 32ck+1d(x0,x1) 4+ 4+ sp_2Ck+p_3d(:1:0, x1)
+ sPTICRHP2 (2, 1) + SPTICHP (2, 1)
= sC*d(xg, z1)[I + sC + - - - + sP72CP72 4 P72CP7 1]
< sC*d(xzg, z1)[T + sC + - - - + sP72CP~2 4 sP~10P7 ]
< sC*d(zg, 1) (I — sC) ! < (sC)*d(zo, 21)(I — sC) L.
Note that (I —sC) is nonsingular since sC is convergent to zero. This implies
that the sequence (zg)ken is Cauchy. From the fact that (X, d) is complete
we have that there exists z* € X such that d(zg,z*) — 0, as k — oo.
For zy € F(xzk-1) there exists ug € F(z*) such that
d(zg, ug) < Md(zg_1,2") + N[d(zg—1, k) + d(z*, ug)]
+ Pld(zk_1,ux) + d(zk, z%)]
< Md(z—1, %) + N(d(zp—1, zx) + d(z7, up)]
+ Plsd(zk—1,zr) + sd(zk, ug) + d(zk, %))
So we have:
(I — Ps)d(zg, ux) < Md(zk_1,z*) + Nld(xk—1, xk) + d(z*, ug)]
+ Psd(zk_1,zx) + Pd(zk, z*).
We will next estimate d(z*,ux) and obtain
d(z*,ug) < s[d(z*, 1) + d(zg, up)] < s{d(z*, z) + (I — Ps)™!
[Md(z_1,2")+ N|[d(zg—1, zk) + d(z*, ug)] + Psd(zg_1, zx) + Pd(zk, *)]}
= s(I—Ps) ' Nd(z*, ug) + s{d(z*, zx) + (I — Ps) !
[[Md(zk—1,2%) + Nd(zk—_1,zk) + Psd(zg_1, zx) + Pd(zi, z*)]}.
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So we have:

(I —s(I — Ps)"'N]d(z*,uz) < s{d(z*,zx) + (I — Ps) " [Md(zk_1,2*) +
Nd(zg_1,zx)+Psd(zg—1,zk)+Pd(zg, z*)]} — 0,as k — oo. Hence uy, — z*.
But ux € F(z*) and F(z*) is closed so we obtain that z* € F(z*). w
REMARK 3.1. It is an open problem to give results of this type for sin-

glevalued and multivalued operators on semimetric spaces, in the sense of
Jachymski, Matkowski, Swiatkowski [5].

4. Fixed point theorems for operators on generalized b-metric space
with two b-metrics

THEOREM 4.1. Let (X,6) be a complete generalized b-metric space and d
another vector-valued b-metric on X. Assume that the operator f: X — X
satisfies the following conditions:

(a) f is (d,d)-uniformly continuous or there exists a matric U € Mpxn(Ry)
such that 6(z,y) < U -d(z,y), for all z,y € X;
(b) f is (8, 0)-continuous;
(c) there exist matrices M, N, P € Myxn(R4) with:
(i) (I — N — Ps) is nonsingular and (I — N — Ps)™! € Muxn(Ry);
(ii) sC is convergent towards zero, where C =(I—-N—Ps)~'(M+N+Ps);
(iif) d(f(x), f(y)) < Md(z,y)+ Nld(z, f(z))+d(y, f(y))] + Pld(z, f(y))
+d(y, f())], for all 2,y € X.
Then:
1. For any xo € X we have 5(f*(xg),z*) — 0, as k — 0o, where z* is a
fixed point for f.
2. If, in addition, (I — M — 2P) is nonsingular and (I — M —2P)~! €
Miuxn(Ry) then z* is unique.
Proof.
1. Let g € X. Consider the sequence of successive approximations for f
starting from zo, i.e. g1 = f(zk). We have that:

d(z1,z2) = d(f(20), f(z1))
< Md(zo, z1) + Nd(zo, f(20)) + d(z1, f(z1)))
+ Pld(zo, f(71)) + d(1, f(20))]
= Md(zg,x1) + Nld(zg,z1) + d(z1, 22)] + Pd(xo,z2)
< Md(xo,z1) + N{d(zg, z1) + d(z1, z2)]
+ Ps[d(xg,x1) + d(z1, x2)].
So we have:

d(z1,72) < (M + N + Ps)d(zg, 1) + (N + Ps)d(zy, z2).
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Thus
d(zy,z2) < (I — N — Ps)‘l(M + N + Ps)d(xo, z1) = Cd(zo, x1)-
For the next step we have:
d(z2, x3) = d(f(21), f(x2))
< Md(z1, x2) + N[d(z1, f(21)) + d(z2, f(22))]
+ Pld(z1, f(x2)) + d(z2, f(21))]
= Md(z1,z2) + N[d(z1,z2) + d(z2,z3)] + Pd(z1,x3)
< Md(zy1,z2) + N[d(z1,22) + d(x2, x3)]
+ Psld(z1,xz2) + d(z2, x3)].
This implies that
d(z9,23) < (I — N — Ps)"Y(M + N + Ps)d(x1,22) = Cd(xy,22)
< C%d(zo, 1)

By an inductively procedure we obtain that:
d(zy, zre1) < C*d(xo,z1), for each k € N.

We will prove next that (zj)ren is Cauchy, by estimating d(zg, Trp)-
We have:
d(zk, Thtp) < 8d(Th, Tht1) + 8°d(Thtt, Thy2) + - + P 2d(Thsp—3) Thtp—2)

+ 7 d(Thtp-2, Thip-1) + & A(Thrp-1, Thip)
< sCkd(xo, 1) + s2C¥ d(xo, 21) + - - - + PT2C¥P3d (20, 1)

+ sPTLOR P20, 1) + sp_ICk“’—ld(aro, x1)
sC*d(zg,21)[I + sC + - -« + sP72CP~2 4 P72CP7]
sC*d(zo, z1)[I + sC + - + sP72CP2 4 P71 0P
sC*d(zg, 1) (I — sC)™! < (sC)*d(xo, z1)(I — sC) L.

IN A

Note that (I —sC) is nonsingular since sC is convergent to zero. This implies
that the sequence (xg)ken is d-Cauchy. It follows from (a), that (zx)gen is
a 0-Cauchy sequence. Since (X,4) is a complete generalized metric space,
there exists z* € X such that §(zg,z*) — 0, as k — .

By (b) we have that &(f(zg-1),f(z*)) — 0, as k — oo. But
0(f(zx_1), f(z*)) = 6(zk, f(z*)). Hence we have z* = f(z*). Thus z* is
a fixed point for f and

§(f*(xo),z*) — 0, as k — 0.
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2. For uniqueness we suppose that there exists y € X such that y = f(y).
We have that:

d(z*,y) = d(f(z"), f(y))
< Md(z",y) + N(d(z*, f(z%)) + d(y, f())]

+ Pld(z", f()) + d(y, f(z7))]
= Md(z",y) + 2Pd(z", y).
This implies that
(I — M -2P)d(z*,y) <0,
so * = y.

Since §(f(zk-1), f(z*)) — 0, as k — oo and z* is a unique fixed point
of f, we have

8(f*(xp),2*) = 0, as k — co. m
The next result is the multivalued variant of the previous theorem.

THEOREM 4.2. Let (X,6) be a complete generalized b-metric space and d
be another vector-valued b-metric on X. Assume that for the multivalued
operator F : X — Py(X) the following conditions are satisfied:

(a) there ezists
U € Muyxa(Ry)

such that 6(z,y) < U -d(z,y), for all z,y € X
(b) F:(X,8) — (P(X), Hs) ts closed (i.e. it has closed graph);
(c) there exist matrices M, N, P € Muxn(R;) with:

(i) (I — N — Ps) is nonsingular and (I — N — Ps)™! € Muxn(Ry);
(ii) sC is convergent towards zero, where C=(I—-N—Ps)~!(M+N+Ps);

(iii) for each z,y € X and each u € F(x) there exists v € F(y) such
that:

d(u,v) < Md(z,y) + Nld(z,u) + d(y,v)] + Pld(z,v) + d(y,u)].
Then F has a fized point £* in X.
Proof. Let o € X and x; € F(xg). There exists z2 € F(x;) such that

d(z1,z2) < Md(xo,x1) + N[d(zo, 1) + d(z1,z2)| + Pld(0, x2) + d(z1,T1)]
= (M + N + Ps)d(zg,z1) + (N + Ps)d(z1,z2).

So we have:

d(z1,29) < (I — N — Ps)"Y(M + N + Ps)d(zo,z1) = Cd(xy, z;).
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There exists z3 € F'(z2) such that
d(z2, x3) < Md(z1,z2) + N[d(z1,z2) + d(x2, x3)] + Pld(z1,73) + d(T2, 72)]
= (M + N + Ps)d(z1,z2) + (N + Ps)d(xo, x3).
So we have:
d(z9,73) < (I — N — Ps)™Y(M + N + Ps)d(z1,z2) = Cd(z1,z2)
< C?d(zg, x1).

By an inductively procedure we can construct a sequence (zg)ren in X
such that:

TE € F(wk_l),k‘ €N
and
d(zk, Thy1) < CFd(zo,21).

We will prove next that (zy)ken is Cauchy, estimating d(zk, Tx4p). So we
have:

(@, Thrp) < 8d(Tk, Thi1) + 82 A(@ps1, Thy2) + - + 8P (@ip3, Thyp2)
+ 8P d(Thp-2, Thap—1) + P d(Thtp-1, Thip)
< sC*d(zo,x1) + s2C¥ ld(wo, 21) + - - - + PT2CHP3d (2o, 1)
+ sPTLCMP2d (g, 1) + sPTICHP (1o, )
= sC*d(zg,x1)[I + sC + - - - + sP72CP~2 4 sP~2CP ]
< sC*d(zg, z1)[I + sC + -+ - + sP72CP72 4 sP71COP]
< sC*d(zg, 1) (I — sC) 7t < (sC)*d(zg, 21)(I — sC) L.
Note that (I—sC) is nonsingular, since sC is convergent to zero. This implies
that the sequence (zy)ken is d-Cauchy. It follows from (a), that (z)ken is
a 0-Cauchy sequence. Since (X, §) is a complete generalized metric space,

there exists z* € X such that §(zg,z*) — 0 as kK — oco. From (b) we get that
z* € F(z*). =
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