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FIXED POINT THEORY ON SPACES WITH 
VECTOR-VALUED 6-METRICS 

Abstract . The purpose of this paper is to present some fixed point results for gen-
eralized singlevalued and multivalued contractions on a set endowed with one or two 
vector-valued 6-metrics. 

1. Introduction 
To our best knowledge, the concept of 6-metric space was introduced 

by Bakhtin in [1] and the extensively used by Czerwik in [4], Since then 
several papers deal with fixed point theory for singelvalued and multivalued 
operators in 6-metric spaces (see [2], [4], [10]). The purpose of this paper is to 
present some fixed point results for generalized singlevalued and multivalued 
contractions on generalized 6-metrics spaces. The starting point of this work 
was the article D. O'Regan, R. Precup [6]. In the first section we present 
some results on a generalized ¿»-metric space and in the second section we 
will use two generalized 6-metrics. For this second part we used the results 
from [7], [8], [9], 

2. Notations and auxiliary results 
The aim of this section is to present some notions and symbols used in 

the paper. 
We will first give the definition of a vector-valued b-metric. 

DEFINITION 2 . 1 . Let X be a nonempty set and let s > 1 be a given real 
number. A function d : X x X —» R" is said to be a vector-valued 6-metric 
if and only if for all x,y,z G X the following conditions are satisfied: 

1. d(x, y) = 0 if and only if x = y; 
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2. d(x,y) = d(y,x), for all x,y G X; 
3. d(x, z) < s[d(x,y) + d(y, z)}, for all x,y,z E X. 

A pair (X, d) is called a generalized ¿»-metric space. 

R e m a r k 2.1. (a) If n = 1 in the previous definition, then we get the 
concept of fe-metric introduced by Bakhtin. 

(b) A ¿»-metric is a particular case of the semimetric in the sense of 
M. Cicchese. Actually, Cicchese in [3] replaced the third condition in the 
definition of the metric by 

(3') There exists A C R+, [0, a) C A, (a > 0) and there exists k > 1 and 
ip : A —> R+ such that for all x,y,z G X we have d(x,z) < ip(d(x,y)) + 
kd{y,z). 

Cicchese proved in [3] a fixed point theorem for a singlevalued contrac-
tion. 

(c) On the other hand, there exists a general notion of distance function, 
see [5]. Jachymski, Matkowski, Swiatkowski in [5] presented a fixed point 
theorem for a singlevalued generalized contraction in a semimetric space in 
the sense that d satisfy a more general condition than (3'), namely: 

(3") d(x,y) < e(max{d(x, z),d(z,y)}), for x,y,z G X, where e : K+ —> 
R+, lime(i) = 0. 

The advantage for using a 6-metric is that it allows us to obtain concrete 
results, not only regarding the existence of the fixed point, but also regarding 
to the convergence of sequences of successive approximations, data depen-
dence of the fixed point set, the study of well-posedness of the fixed point 
problem. 

R e m a r k 2.2. If a, (3 G R n with a = ( a i , . . . an) and ¡3 — ( / ? i , . . . , (3n) and 
c G R, by a < f3 we mean a» < fit, for all i £ N* and by a < c we mean 
di < c, for all i G M*. 

We continue by presenting the notions of convergence, compactness, 
closedness and completeness in a generalized ¿-metric space. 

D e f i n i t i o n 2.2. Let (X, d) be a generalized b-metric space. Then a se-
quence (xn)neN in X is called: 

(a) Cauchy if and only if for all e > 0 there exists n(e) G N such that for 
each n,m> n(e) we have d(xn,xm) < e, 

(b) convergent if and only if there exists x € X such that for all e > 0 there 
exists n{e) G N such that for all n > n(e) we have d(xn, x) < e. In this 
case we write lim xn = x. 

n—> oo 
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D E F I N I T I O N 2 . 3 . 1. Let (X,d) be a generalized b-metric space. Then a 
subset Y C X is called 

(i) compact if and only if for every sequence of elements of Y there exists 
a subsequence that converges to an element of Y, 
(ii) closed if and only if for each sequence (xn)n^q in Y which converges 
to an element x, we have x € Y. 

2. The 6-metric space is complete if every Cauchy sequence converges. 

D E F I N I T I O N 2.4. A matrix C € A1nxn(K+) is said to be convergent to 
zero if 

Ck —> 0, as k —• oo. 

L E M M A 2 . 1 . (Rus [9]) A matrix C € AinXn(K+) is convergent towards zero 
if and only if I — C is nonsingular and 

( i - c y 1 = i + c + c 2 + . . . 

The following result is useful for some of the proofs in the paper. 

L E M M A 2 . 2 . Let (X, d) be a generalized b-metric space and let {ARFC}^=0 C 
X. Then: 

d(xn, x 0 ) < sd(x0, x\) -\ 1- s " - 1 < i ( x „ _ 2 , x „ _ i ) + s n _ 1 d ( x „ _ i , xn). 

3. Fixed point theorems for operators on generalized 6-metric space 
The first main result of this paper is the following: 

T H E O R E M 3 . 1 . Let(X,d) be a complete generalized b-metric space. Assume 
that the operator f : X —> X satisfies the following conditions: 

(a) / is continuous; 
(b) there exists matrices M,N,P £ Atnxn(K+) with: 

(i) (I — N — Ps) is nonsingular and (I — N — P s ) - 1 G Ainxn(R+); 

(ii) sC is convergent towards zero, where C = (I — N — Ps)~1(M + N + 
Ps); 

(hi) d(f(x),f(y)) < Md(x,y) + N[d{xJ(x)) + d(y,f{y))] + P[d(x,f(y)) 
+ d(y,f(x))], for all x,y G X. 

Then: 

1. / has a fixed point x*inX. 
2. I f , in addition, (I — M — 2P) is nonsingular and (/ — M — 2P)~l € 

•Mnxn(EL|-)j then x* is unique. 
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Proof. 
1. Le t xo € X. Cons ider t h e sequence of successive a p p r o x i m a t i o n s for / 

s t a r t i n g f r o m xo, i.e. xn+\ = f ( x n ) . W e have t h a t : 

d(x i,x2) = d ( f ( x Q ) , f ( x i)) 

< Md(x0,x\) + N[d(xo, / ( x 0 ) ) + d(xi, / ( a * ) ) ] 

+ P[d(x0,f{x1)) + d(x1J(x0))} 

= Md(x0, X\) + iV[d(xo, x i ) + x 2 ) ] + Pd(x 0 , x 2 ) 

< M d ( x 0 , x i ) + N[d(x0,xi) + d ( x i , x 2 ) ] 

+ Fs[d(xo,xi) + d{x i,x2)]. 

T h u s 

d ( x i , x 2 ) < (I - N - Psy^M + N + Ps)d{x0,xi) = Cd(x0,x1). 

For t h e nex t s t e p we have: 

d{x 2 , x 3 ) = d ( f ( x i ) , / ( x 2 ) ) 

< M d ( x i , x 2 ) + JV[d(xi , / ( x j ) ) + d ( x 2 , / ( x 2 ) ) ] 

+ P [ d ( x i , / ( x 2 ) ) + d ( x 2 , / ( x : ) ) ] 

= Md(x i , x 2 ) + iV[d(xi , x 2 ) + d ( x 2 , x 3 ) ] + Pd(x i , x 3 ) 

< Md{xi,x2) + iV[d(xi , x 2 ) + d ( x 2 , x 3 ) j 

+ P s [ d ( x i , x 2 ) + d(x2, x 3 ) ] . 

T h i s impl ies t h a t 

d(x2,x3) < (I — N — Ps)~\M + N + Ps)d(xi,x2) = Cd(xi, x 2 ) 

< C2d(xo,xi). 

B y a n induc t ive ly p r o c e d u r e we o b t a i n t h a t : 

d(xk,xk+1) < Ckd(xo,xi), for each k € N. 

W e will prove nex t t h a t (xfc)fc£N is Cauchy, by e s t i m a t i n g d(xk,xk+p). 
We have: 

d(xk,xk+p) < s d ( x f c , x f c + 1 ) + s 2 d(x f e + i ,X fc+ 2 ) H 1- sp~2d(xk+p-3, x f c + p _ 2 ) 

+ sp_1d!(xfc_)_p_2, x f c + p _ i ) + sp~1d(xk+p-i,xk+p) 

< sCkd(x0, x i ) + s2Ck+1d(x0, x i ) + • • • + sp-2Ck+p~3d(x0, n ) 

+ ^-1Ck+p~2d(x o, Xi) + s ^ C ^ - ^ x o , x i ) 

= s C f c d ( x 0 , x i )[I + sC + --- + sp~2Cp'2 + sp~2Cp-1] 

< sCkd(x0, x i ) [ I + s C + • • • + sp~2Cp~2 + s P " 1 ^ " 1 ] 

< sCkd(xo, x\)(/ - s C ) " 1 < ( s C ) f c d ( x 0 , x i ) ( / - s C ) - 1 . 
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Note that (I—sC) is nonsingular since sC is convergent to zero. This implies 
that the sequence (xfc)fceN is Cauchy. From the fact that (X,d) is complete 
we have that there exists x* G X such that d(xk, x*) —> 0, as k —> oo. 

By (a) we have that d(f(xk^i),f(x*)) —• 0, as k —• oo. But 
d(f(xk~i),f(x*)) = d(xk, f{x*)). Hence we have x* = f(x*), so x* is a 
fixed point for / . 

2. For uniqueness we suppose that there exists y G X such that y = f(y)-
We have that: 

d{x*,y) = d(f(x*),f(y)) 

< Md(x*,y) + N[d(x*, f(x*)) + d(y, f(y))] 

+ P[d(x*,f(y)) + d(yJ(x*))} 

= Md(x*,y) + 2Pd(x*,y). 

This implies that 
(I — M — 2P)d(x*,y) <0, 

so x* = y. m 

The next result is the multivalued variant of the previous theorem. 
THEOREM 3.2 . Let (X, d) be a complete generalized b-metric space and 
F : X —» Pd(X) be a multivalued operator such that there exists matrices 
M,N,Pe 7WnXn(R+) with: 

(i) ( I - N - P s ) is nonsingular and ( I - N - P s ) ' 1 G , A 4 n x n ( K + ) , ( J - P s ) 
is nonsingular and (I — Ps)~l G _MnxnOR+) and [I — s(I — F s ) - 1 N] is 
nonsingular and [I — s(I — P s ) - 1 AT]-1 G A4nxn(K+); 

(ii) sC is convergent towards zero, where C = (I — N — Ps)-1 (M+N+Ps); 

(iii) for each x, y G X and each u G F(x) there exists v G F{y) such that: 

d(u, v) < Md(x, y) + N[d(x, u) + d(y, v)] + P[d(x, v) + d(y, it)]. 

Then F has a fixed point x* in X. 

Proof. Let XO G X and X\ G F{xo). there exists X2 G F(Xi) such that 
d(x1,x2) < Md(x0,xi) + N[d(x0,xi) + d(x 1,ar2)] + P[d(x0,x2) + d(xi,xi)] 

= (AT + TV + Ps)d(x0, xi) + (JV + Ps)d(xi,x2). 

So we have: 

d(xi,x2) < ( / - + + = Cd(x0 ,xi) . 
There exists £3 G F{x2) such that 

d(x2,x3) < Md(xi,x2) + N[d(xi,x2) + d (x 2 , x 3 ) ] + P[d(xi,x3) + d(x2,x2)} 

= (M + N + Ps)d(xux2) + (N + Ps)d(x2, x3). 
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So we have: 

d(x2,2:3) < (I — N — Ps)~1(M + N + Ps)d(xi,x2) = Cd{xux2) 

< C2d(x0, xi). 

B y an inductively procedure we can construct a sequence (xk)k^ in X 
such t h a t : 

Xk g F(xk-i),k e N* 

and 
d(xk,xk+1) < Chd(x0,xi),k 6 N. 

W e will prove next t h a t ( x k ) k e n is Cauchy, es t imat ing d(xk,xk+p). T h u s 
we have: 

d(xk,xk+p) < sd(xk,xk+1) + s2d(xk+i,xk+2) H 1- sp~2d(xk+p-3,xk+p_2) 

+ 2, xk+p-1) + sp~ld(xk+p_i, xk+p) 

< sCkd(x0, xi) + s2Ck+1d(x0, x i ) + • • • + sp-2Ck+p~3d(x0, xi) 

+ sp-lCk+p~2d{x 0, Xi) + s P - ^ + P - y x o , xi) 

= sCfcd(x0, xi)[7 + sC + • • • + sp~~2Cp~2 + s^C1"-1} 

< sCkd(x0, xi)[7 + sC + • • • + sp~2Cp~2 + sP'1^'1] 

< sCkd(x0,Xl)(I - sC)'1 < (sC)kd(xo,Xl)(I - sC)~\ 

Note t h a t (I—sC) is nonsingular since sC is convergent to zero. T h i s implies 
t h a t the sequence (xk)ke?q is Cauchy. From the fact t h a t (X, d) is complete 
we have t h a t there exists x* G X such t h a t d(xk, x*) —> 0, as k —> 00. 

For Xfc G F(xk-1) there exists uk G F{x*) such t h a t 

d(xk, uk) < Md(xk-i,x*) + N[d{xk-i,xk) + d(x*,uk)] 
+ P [ d ( x f c _ i , uk) + d(xk, x * ) ] 

< Md(xk-i,x*) + N[d(xk_i,xk) + d(x*,uk)] 
+ P[sd(xk-1, xfc) + sd(xk, uk) + d(xk, x*)]. 

So we have: 

(I - Ps)d(xk, uk) < Md(xk-i,x*) + JV[d(x f e _i , x f e ) + d(x*,uk)} 
+ Psd(xk-i,xk) + Pd(xk, x*). 

W e will next es t imate d(x*,uk) and obta in 

d(x*,uk) < s[d(x*, xfc) + d(xk, uk)] < s{d(x*, xfc) + (/ - P s ) _ 1 

• [ M d ( x f c _ i , x * ) + A/"[d(xfc_i, x f c ) + d (x* , n f c)] + P s d ( x f c _ i , x f c ) + P d ( x f c , x * ) ] } 

= s ( J - Ps)~iNd(x*, uk) + s { d ( x * , x f c ) + (7 - P s ) " 1 

• [Mrf(xfe_i, x*) + Nd(xk-i, x f c ) + P s d ( x f c _ i , x f c ) + Pd(xk, x * ) ] } . 
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So we have: 
[/ - s(I - Ps)~xN]d{x\ uk) < s{d(x*, xk) + (I - Ps)~l[Md(xk-l,x*) + 

Nd (xk-I ,xk )+Psd (xk~i ,xk )+Pd (xk , £*)]} —> 0, as fc —• oo. Hence uk —• x*. 
But Uk G F(x*) and F(x*) is closed so we obtain that x* G F(x*). m 

R E M A R K 3 . 1 . It is an open problem to give results of this type for sin-
glevalued and multivalued operators on semimetric spaces, in the sense of 
Jachymski, Matkowski, Swiatkowski [5]. 

4. Fixed point theorems for operators on generalized ¿-metric space 
with two 6-metrics 

T H E O R E M 4 . 1 . Let (X,S) be a complete generalized b-metric space and d 
another vector-valued b-metric on X . Assume that the operator f : X —> X 
satisfies the following conditions: 

(a) / is (d,d)-uniformly continuous or there exists a matrix U G •A4nxn(K+) 
such that 6(x, y) <U • d(x, y), for all x, y G X; 

( b ) / is {8,8)-continuous; 

(c) there exist matrices M,N,P G A/inxn(®+) with: 

(i) (I — N — Ps) is nonsingular and (I — N — P s ) _ 1 G A1nxn(R+); 
(ii) sC is convergent towards zero, where C — (I—N—Ps)-1 (M+N+Ps); 

(Hi) d ( f ( x ) , f ( y ) ) < Md(x, y) + N[d(x, f ( x ) ) + d(y, f(y))]+P[d(x, f { y ) ) 

+ d(y, /Or))], for all x, y G X. 
Then: 

1. For any XQ G X we have 8(fk(xo),x*) —• 0 , as k —> oo , where x* is a 
fixed point for f . 

2. I f , in addition, (I — M — 2 P ) is nonsingular and (I — M — 2 P ) " 1 G 
•Mnxn(5L|-) then x* is unique. 

Proof. 
1. Let XQ G X. Consider the sequence of successive approximations for / 

starting from XQ, i.e. x^+i = f{xk)- We have that: 
d(x i,x2) = d ( f ( x 0 ) , f ( x i ) ) 

< Md(x0, xi) + N[d(x0, f ( x 0 ) ) + d ( x u f ( x i ) ) ] 

+ P[d(x0,f(x1)) + d(x1,f(x0))} 

= Md(x 0,xi) + iV[d(xo,xi) + d(x i,x2)] + Pd(x o,x2) 

< Md(x0,xi) + N[d(x0,xi) + d(xi,x2)] 

+ Ps[d{x0,x\) + d(x i,x2)]. 

So we have: 

d{xi,x2) < (M + N + Ps)d(x0,xi) + {N + Ps)d(xi,x2). 
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Thus 

d ( x i , a r 2 ) < ( I — N — P 8 ) ~ \ M + N + P s ) d ( x 0 , x x ) = C d ( x 0 , a n ) . 

For the next step we have: 

d ( x 2 , x 3 ) = d ( f ( x i ) , f ( x 2 ) ) 

< M d ( X l , X 2 ) + N [ d ( x 1, / (xi) ) + d(a;2, /(*2))] 
+ P[d(xi , / (x2)) + d(a;2,/(xi))] 

= M d ( x i , x 2 ) + N [ d ( x i , x 2 ) + d(x2,x3)] + P d ( x \ , x 3 ) 

< Md(xi,x2) + x 2 ) + d(x2,x3)] 

+ P s [ d ( x i , x 2 ) + d(a;2, £3)]-

This implies that 

d ( x 2 , x 3 ) < ( I - N - P s ) ~ \ M + N + P s ) d ( x u x 2 ) = C d ( x i , x 2 ) 

< C 2 d ( x o , x i ) . 

By an inductively procedure we obtain that: 

d(xk,xk+1) < Ckd(xo,xi), for each k G N. 

We will prove next that ( x k ) k e ^ is Cauchy, by estimating d ( x k , x k + p ) . 

We have: 

d ( x k , x k + p ) < s d ( x k , Xk+i) + s 2 d ( x k + i , x k + 2 ) H b s p ~ 2 d ( x k + p _ 3 , x k + p _ 2 ) 

+ s p ~ l d ( x k + p ^ 2, Zfc+p-i) + x k + p ) 

< s C k d ( x 0 , X\) + s2Cfc+1d(xo, arx) + • • • + sp"2C f c + p-3d(x0 , Xi) 
+ s P - ^ + P - M i c o . s i ) + a " " 1 ^ " " 1 ^ . ® ! ) 

= s C k d { x 0 , x ^ J + s C + • • • + sp~2Cp~2 + s p ~ 2 C p - 1 } 

< s C k d ( x o , x i ) [ I + sC + • • • + s p ' 2 C p ~ 2 + s p - l C p ~ 1 } 

< sCkd(xo, x i ) ( / - sC) _ 1 < (sC)fed(x0, s i ) (J - sC)"1 . 

Note that (J — sC) is nonsingular since sC is convergent to zero. This implies 
that the sequence ( x k ) k e p j is d-Cauchy. It follows from (a), that (xk)keN is 
a ¿-Cauchy sequence. Since (X, 8) is a complete generalized metric space, 
there exists x* E X such that S(xk, x*) —> 0, as k —> oo. 

By (b) we have that S ( f ( x k - i ) , f ( x * ) ) —> 0, as k —> oo. But 
S ( f ( x k - i ) , f ( x * ) ) = S ( x k , f ( x * ) ) . Hence we have x* — /(x*). Thus x* is 
a fixed point for / and 

5 ( f k ( x 0 ) , x * ) —> 0 , a s k —> o o . 
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2. For uniqueness we suppose that there exists y 6 X such that y — f(y). 
We have that: 

d(x*,y) = d(f(x*),f(y)) 
< Md(x*,y) + N[d(x*, f(x*)) + d(y, f(y))} 

+ P[d(x*,f(y)) + d(yJ(x*))} 
= Md(x*,y) + 2Pd(x*,y). 

This implies that 
(I - M -2P)d(x*,y) < 0, 

so x* = y. 
Since 8(f(xk~i),f{x*)) —> 0, as k —• oo and x* is a unique fixed point 

of / , we have 
S(fk(x0),x*) —• 0, as k —• oo. • 

The next result is the multivalued variant of the previous theorem. 

T H E O R E M 4 . 2 . Let (X, S) be a complete generalized b-metric space and d 
be another vector-valued b-metric on X. Assume that for the multivalued 
operator F : X —> Pd(X) the following conditions are satisfied: 

(a) there exists 
U e Mnxn(K+) 

such that S(x, y) < U • d(x, y), for all x, y 6 X\ 
(b) F : (X, —> (P(X), Hg) is closed (i.e. it has closed graph)-, 
(c) there exist matrices M,N,P € A/inxn(K+) with: 

(i) (I — N — Ps) is nonsingular and (I — N — Ps)~l £ _Mnxn(R+); 

(ii) sC is convergent towards zero, where C — (I—N—Ps)^1 (M+N+Ps); 

(iii) for each x,y & X and each u G F(x) there exists v € F(y) such 
that: 

d(u, v) < Md(x, y) + N[d(x, u) + d(y, u)] + P[d(x, v) + d(y,«)]. 

Then F has a fixed point x* in X. 

Proof. Let XQ 6 X and x\ € F(xo). There exists X2 G F(xi) such that 

d(xi,£2) < Md(x0,£1) + N[d(xo,x\) + d(x 1,£2)] + P[d(x0,£2) + d(x 1,£1)] 
= (M + N + Ps)d(x0, xi) + (N + Ps)d{x 1, £2). 

So we have: 

d(x 1, £2) < (I — N — Ps)~1(M + N + Ps)d(x0, £1) = Cd(x0, £1). 
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There exists X3 G F(x2) such that 

d{x2,x3) < Md(xi,x2) + N[d(xi,x2) + d (x 2 , x 3 ) ] + P [ d ( x i , x 3 ) + d (x 2 , x 2 ) ] 

= ( M + N + Ps)d(x 1, x 2 ) + (AT + Ps)d(x2, x 3 ) . 

So we have: 

D ( X 2 , X 3 ) < ( I - N - PS)~\M + N + Ps)d(xi,x2) = C d f o , x2) 

< C2d(xQ, xi). 

By an inductively procedure we can construct a sequence in X 
such that: 

xk € F ( x f e _ i ) , k e N 

and 
d(xk,xk+1) < Ckd(x0,x 1). 

We will prove next that (xk)ke^ is Cauchy, estimating d(xk, xk+p). So we 
have: 

d(xk, xk+p) < sd(xk, x f c + i ) + s2d(xk+1,xk+2) + h sp'2d(xk+p_3, x f e + p _ 2 ) 

+ s p _ 1 ( i ( x f c + p _ 2 , x f c + p _ ! ) + sp~1d(xk+p^1,xk+p) 

< sCkd(x0, xi) + s2Ck+1d(x0, xx) + • • • + sp-2Ck+p-3d(x0, xi) 

+ ^-1Ck+p~2d(x 0,xi) + ¡f-iCk+p-1d(x0,x1) 

= sckd(x0,xi)[l + sC+--- + sp-2Cp~2 + s^C1'-1} 

< sCkd(x0, x i ) [ / + sC + • • • + sp~2Cp~2 + s ^ - 1 ^ - 1 ] 

< sCkd{x0,xi)(I - sC)-1 < (sC)kd(x0,xi)(I - sC)'1. 

Note that (I—sC) is nonsingular, since sC is convergent to zero. This implies 
that the sequence ( x k ) k i s d-Cauchy. It follows from (a), that {xk)ke_¥t is 
a ¿-Cauchy sequence. Since (X, 5) is a complete generalized metric space, 
there exists x* E X such that 6(xk, x*) —> 0 as k —> 00. From (b) we get that 
x* G F(x*). -
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