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A QUADRATIC TRANSFORMATION OF THE
THREE-DIMENSIONAL SPACE OF ALL CONICS
THROUGH TWO POINTS OF A PROJECTIVE PLANE

Abstract. Using the Steiner’s method of projective generation of conics and its dual
we define two projective mappings of a double contact pencil of conics into itself and
we prove that one is the inverse of the other. We show that these projective mappings
are induced by quadratic transformations of the three-dimensional projective space of all
conics through two distinct points of a projective plane.

1. Introduction

In 1832 Jacob Steiner proved that conics may be generated using two
projectively related pencils of lines. Let P4 and Pp be the pencils of lines
with vertices two distinct points A, B of a projective plane over a field K.
Let ® be a projectivity between P4 and Pp that does not map the line
AV B onto itself. In [5] (see also [2], [3] or [4]) it is proved that the set of
points of intesection of corresponding lines under @ is a non-singular conic
« containing A and B. The projectivity ® maps the tangent line to v at A
onto the line AV B and the line AV B onto the tangent line to v at B. Also
due to Steiner is the following dual construction. Let a and b be two distinct
lines and let ¥ be a projectivity between a and b that does not map the point
a N b onto itself. By the principle of duality it follows that the lines joining
corresponding points under ¥ are tangent lines to a non-singular conic v/
with the property that a and b are tangent lines to +'.

A conic is a self-dual concept only if the characteristic of K is different
from two. In fact if the characteristic is two all tangent lines to a conic
contain a special point called nucleus. Moreover two projectively related
pencils of lines generate a conic, but two projectively related lines fail to
generate tangent lines to a conic.
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Let R and S be two distinct points and let tg and tg be two lines contain-
ing R and S (respectively), both different from the line RV S. The points
R, S and the lines tg, t5 define a double contact pencil of conics Fr sty ts,
formed by all the non-singular conics through R and S which have tg, tg
as tangent lines at R and S (respectively) and by the two singular conics
trUts and RV S (counted twice). The points R and S are called the base
of the pencil and tg, tg are called the tangent lines of the pencil at R and S.

Let K be a field of charcteristic different from two. A conic of the projec-
tive plane PG(2, K) over K may be represented by a point of the projective
space PG(5,K), and vice versa. Let vy be a conic of PG(2,K) and let
A = (aij)ij=1,2,3 be a 3 x 3 symmetric matrix over K that represents +.
The six elements (a;5);<; completely determine A and the conic v may be
represented by the point ((a11, @12, a13, age, a3, a33)) of PG(5, K), as the el-
ements a;; are defined up to scalar multiplication. Finally we recall that a
pencil of conics of PG(2, K) is represented by a line of PG(5, K).

A quadratic transformation of a 3-dimensional projective space PG(3, K)
into itself is a birational mapping f : PG(3,K) — PG(3, K), such that f
and f~! are given by homogeneous polynomials of degree two. The points of
a plane of PG(3, K) are mapped, under f, onto the points of a quadric. A
quadratic transformation f of PG(3, K) and its inverse f~! are represented
by the equations

‘T; = (Pi(ﬂ:l, T2,T3, $4)a

z; = fi(xh, zh, x5, 7y), 1=1,2,3,4
where f;, i = 1,2,3,4, is a homogeneous polynomial of degree two. Take
S = f*(0(1)). There exist three different types of quadratic transformations
of a three-dimensional projective space (see [1]):

e Type I. The linear system S is formed by all quadrics containing a conic
v and a point Py. Lines of PG(3, K) are mapped onto conics through
P, intersecting v in two points.

e Type II. The linear system S is formed by all quadrics containing a
line ¢ and three points P;, Ps, P3. Lines of PG(3, K) are mapped onto
twisted cubics with £ as a chord and containing Py, P, Ps.

e Type III. The linear system S is formed by all quadrics containing
four points P, Py, P3, Py with the same tangent plane at P;. Lines of
PG(3, K) are mapped onto quartics containing Ps, P3, Py and with P,
as a double point.

2. A projectivity of the double contact pencil of conics
Let PG(2, K) be a projective plane over a field K of characteristic dif-
ferent from two. Let I' be a non-singular conic of PG(2, K) with induced
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polarity L. Let A and B be two distinct points on I' and let P4, Pp be the
pencils of lines with vertices A and B (respectively). The map

d :0ePy— BVt ePg,

is a projectivity between P4 and Pg mapping the line AV B onto the tangent
line to I at B. Therefore the set of points of intersection of corresponding
lines under @’ is a non-singular conic I through A and B.

PROPOSITION 2.1. The conics I' and IV intersect exactly on the points A
and B.

Proof. Suppose, on the contrary, that there exists a point C' that belongs
to (CNT")\{A4,B}. Let £=AVC, since C €IV we have C = d'({)N{ =
(B V£+)N£. Hence the points B, C, £+ are collinear, a contradiction because
¢+ v C is the tangent lineto T at C. =

PROPOSITION 2.2. The conics I and I have the same tangent lines at A
and at B.

Proof. Let t4 and tp be the tangent lines to I at A and B (respectively)
and let t/; and t/; be the tangent lines to I'' at A and B (respectively). Since
®(ta) = BVigt = BV A, it follows that t4 = & '(BV A) = t/,. Moreover
th =% (AVB)=tp. =

Let F = Fa,B;t,,ts be a double contact pencil of conics of PG(2, K) with
A, B as base and ta,tp as tangent lines at A and B. Using the previous
results we may define a map o of the pencil F into itself in the following
way: to every non-singular conic I of F, o corresponds the conic IV. The
two singular conics of the pencil F are assumed to be both fixed by o.

PROPOSITION 2.3. The map o is a projectivity of the line F into itself.

Proof. Any two double contact pencils of conics of PG(2, K) are projectivey
equivalent, so we may assume A = ((1,0,0)), B = ((0,1,0)), t4 with equa-
tion zo = 0, tg with equation z, = 0 and F with equation az32+ Bz1z2 = 0.
Let I be a non-singular conic of F with equation Az32+ uzizs =0 (A #0).

Let £ be a line through A with equation azs + bzs = 0. The pole ¢+
of £, with respect to T, is the point ((2au~1,0,bA"})) and the line B v ¢+
has an equation of the form bA~'z; — 2au~tz3 = 0. Thus &’({)NL = (BV
¢+) N € is the point {(2a%4~!, —b?A~1,abA 1)), and this gives a parametric
representation of the conic I'. It follows that I’ may be represented by the
equation 2Az32 4+ px1r2 = 0. Hence o maps the non-singular conic of F
with equation Az3? + px;zo = 0 onto the non-singular conic with equation
2\z32 + pzize = 0. The map o is then a projectivity of the line F into
itself. =
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Observe that the set of all conics of PG(2, K) containing two distinct
points A and B form a linear system of dimension three, so it is represented
by a three-dimensional subspace Sfi, g of PG(5,K).

PROPOSITION 2.4. The set of all singular conics of PG(2, K) through two
distinct points A and B is represented in PG(5,K) by a cubic surface of
Si’ g, formed by the union of a hyperbolic quadric Q with the tangent plane
m to Q at the point which represents the singular conic AV B.

Proof. As before we may assume A = ((1,0,0)) and B = ((0,1,0)). A
conic of PG(2, K) through A and B has an equation of the form 2a;2x172 +
2a137123 + 2a23T2%3 + aszxs? = 0 and it is a singular conic if, and only
if, a12(2a13a23 — a12a33) = 0. Hence the singular conics containing A and
B are represented by the union of the plane 7 with equations aj1 = a9 =
ai2 = 0, which represent all the singular conics of PG(2, K) containing the
line AV B, with the hyperbolic quadric @ with equations ay; = ag =
2a13a23 — a12033 = 0. The plane m and the quadric @) are both contained in
the three-dimensional subspace Si g» Which is represented by the equations
a1 = ag9 = 0. Finally, a straightforward calculation shows that = is the
tangent plane to () at the point which represents the conic AV B. u

As before let I' be a non-singular conic of PG(2, K) with induced polar-
ity L. Let A and B be two distinct points on I' and let t4 and tg be the
tangent lines to I at A and B (respectively). The map

\I/”:PEtA——étBﬂPLGtB,

is a projectivity between the lines {4 and tp mapping the point t4 Nitp
onto the point B. Hence the lines joining corresponding points under ¥”
are tangent lines to a non-singular conic I' of PG(2, K). By dualizing the
previous arguments the following results holds.

PROPOSITION 2.5. The conics I' and I intersect ezxactly on the points A
and B. u

PROPOSITION 2.6. The conics I' and I'” have the same tangent lines at A
and at B. =

Let F = Fa Byt 4t be a double contact pencil of conics of PG(2, K) with A,
B as base and t4, tp as tangent lines at A and B. We may define a map w
of the pencil F into itself in the following way: to every non-singular conic
I" of F, w corresponds the non-singular conic I'’. The two singular conics of
F are assumed to be both fixed by w.

PROPOSITION 2.7. The map w is a projectivity of the line F into itself.

Proof. As in the proof of Proposition 2.3 we may assume A = ((1,0,0)),
B = ((0,1,0)), ta with equation z3 = 0, tp with equation z; = 0 and F
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with equation az3? + Bz1z2 = 0. Let T’ be a non-singular conic of F with
equation Az3%+ pxizs = 0, with Ay # 0. Let P = ((a,0,b)) be a point of t 4.
The polar P+ of P, with respect to I', may be represented by the equation
pazs + 22\bzg — pbrsz = 0 and t,N PL is the point ((0,2Ab, —ua)). Hence the
line PV (tp N PL) has an equation of the form —2Xb%z1 4-palra 42X abzs = 0.
Thus the projective coordinates of this line satisfy the equation

(%) pX3? + 22 X1 X2 = 0.

The conic I'” is the locus of PG(2, K) whose tangent lines have projective
coordinates satisfying (*), hence this locus has an equation of the form Az32+
2uzrize = 0. Therefore w maps the non-singular conic of ¥ with equation
Az3% + pxiz2 = 0, onto the non-singular conic with equation Az32 + 2uT 120
= 0. This proves that o is a projectivity of the line F into itself. a

PROPOSITION 2.8. The projectivities o and w are inverses of each other.

Proof. The property easily follows by the analytic representation of o
and w. =

3. The quadratic transformation

The correspondence I' — IV defines a map ¥ of the set S f‘, 5 \(QUr) into
itself. Observe that the point I' lie on the line joining I" with the point T zp
representing the conic AV B. The map ¥ induces, as proved in Proposition
2.3, on every line through I" 45, not contained in 7, a projectivity with two
fixed points. Let I' be a non-singular conic through A and B, and let t4(T'),
tg(T') be the tangent lines to I" at A and B (respectively), observe that the
line of PG(5, K) containing I and T 4p represent the double contact pencil
of conics with A, B as base and t4(I'), tg(T') as tangent lines at A and at
B (respectively).
Similarly, the correspondence I' — T defines a map 2 of the set Sft, B\
(QU) into itself. Observe that a point I is mapped under €2 onto the point
I which lie on the line joining T with the point I'4g. The map 2 induces
on every line through I 45, not contained in 7, a projectivity with two fixed
points. It is clear that X and €2 are inverses of each other.

PROPOSITION 3.1. The map X (as well as Q1) is induced by a quadratic
transformation T of type I of S35 such that the exceptional divisor of T is
a singular cubic union of a smooth quadric with the plane which is tangent
to this quadric.

Proof. Assume A = ((1,0,0)) and B = ((0,1,0)). Let I be a non-singular
conic through A and B with equation 2a10z122 + 2a137123 + 20937223 +
a33r3? = 0. Let £ be a line through A with equation bazs + bszz = 0. The
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pole £+ of £, with respect to I, is the point

2 2
(((a13a23 — a12a33)ba + a12a23b3, —a13°b2 + a12a13b3, a12a13b2 — a12°bs)),

and the line B V ¢ can be represented by the equation

(a12a13b2 — a122b3) 71 — ((a13023 — @12a33)b2 + ag2a93b3)x3 = 0.
Thus (B V £+) N £ is the point

2 2, 2
(((a13a23 — a12a33)b2” + a12a23bebs, a12°b3* — a12a13babs,
2 2
— a12°b2b3 + a12a13b2°)),

and this gives a parametric representation of I'. It follows that I has an
equation of the form

2 2
—a12°T1T2 — 012013T1Z3 — @12023T2%3 + (a13a23 — a12a33)z3” = 0.

Since the coefficients of z;z; are homogeneous polynomials in ap of degree
two, it follows that Q2 is induced by a quadratic transformation Q of S5 B-
Let £1 = a12, x2 = a13, 3 = as3, T4 = azs be projective coordinates of S'i B
it follows that ¥ is induced by the algebraic transformation % of Si" p given
by

2

/

371 = _$17
/o

T9 = —T1722,
/o

T3 = —I1T3,

Ty = ToTs — T1T4.
Let 4 be a plane of Sfl g- If 0 contains the point I' 4p then it is clear that b3
maps 6 onto itself, that is onto a quadric of Sﬁ g- T ap ¢ 0 then é can be
represented by the equation

T4 = a171 + a2 + a3rs,

and a straightforward calculation shows that é is mapped under ¥ onto the
quadric with equation

a1z’ + apzyxh + szl — xix) — zhay = 0.

It follows that ¥ is a quadratic transformation of Sff1 g into itself. Let £ be
a line of Sf’:1 g- If £ contains the point I'4p then it is clear that £ is mapped
under ¥ onto itself, that is onto a conic. If I'4p ¢ £ then £ is the intersection
of the plane my = £V I'sp with a plane w9 through ¢ not containing I' 45.
Thus the line ¢ is mapped under ¥ onto the conic obtained as intersection
of the plane X(m;) with the quadric X(mg). Hence %, as well as Q, is a
quadratic transformation of type I. m
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