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VOLTERRA C O M P O S I T I O N O P E R A T O R S B E T W E E N 
W E I G H T E D B E R G M A N - N E V A N L I N N A 

A N D B L O C H - T Y P E SPACES 

A b s t r a c t . Let g and ip be holomorphic maps on D such that <¿>(0) C B. Define 
Volterra composition operators J9|¥> and Ig,v induced by g and ip as 

z z 

J9 .M=\(f°<P)(Q(9 0 <pY«)<K and W ( z ) = i(/o¥.)'(C)(floV,)(C)dC 
0 0 

for z £ D and / € H{D), the space of holomorphic functions on D. In this paper, we 
characterize boundedness and compactness of these operators acting between weighted 
Bergman-Nevanlinna spaces A^J- and Bloch-type spaces. In fact, we prove that J9TV : 
A^J —> BA ( or BQ) and I9TV : A^ —> BA (or BQ) are compact if and only if they are 
bounded. 

1. Introduction 
Let D be the open unit disk in the complex plane C. Throughout this 

paper, we denote by H(B), the space of holomorphic functions on D and by 
S(B) the class of holomorphic self-maps of D. Let dA(z) = ±dxdy = £rdrdd 
be the normalized area measure on B. For each /3 e (—1, oo), we set dvp{z) = 
(/? 4-1)(1 - \z\2)l3dA(z), z e D . Then dvp is a probability measure on B. For 
0 < p < oo the weighted Bergman space APp is defined as 

Ap
fi = {/ € H(D) : 11/|Up = ( J \ f ( z ) f d v 0 ( z ) ) 1 / P < o o } . 

D 

Note that H/H.4P is a Banach space only if 1 < p < oo. When 0 < p < 1, A^ 
is a an F-space with respect to the translation invariant metric defined by 
dp{f,g) = 11/ ~q\\ap- The weighted Bergman-Nevanlinna space A^- defined 
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as 

. < = { / € H{B) : J log+ \f{z)\dvp{z) < o o } , 
B 

where 

log+ x 
, | logo; if x > 1 

T x — \ 
0 if x < 1. 

The space A^j- appears in the limit as p —> 0 of the weighted Bergman space 
APp, in the sense of 

tp — 1 
lim = logi, 0 < t < oo 
p—>o p 

and it contains all the Bergman spaces AFp. Obviously, the inequality 

log+ x < log(l + x) < 1 + log4" x, x > 0 

implies that / E A^j- if and only if 

APr = \l0g(l + \f(z)\)dup(z)<00. 

D 

Of course, we are abusing the term norm since H/IL^ fails to satisfy the 

properties of norm, but in this case (/, g) —> ||/ — g\\AP defines a translation 

invariant metric on A^j- and this turns A^- into a complete metric space. 
Also, by subharmonicity of log(l + \ f(z)\), we have 

(1.1) log(l + \f(z)\) <CP ^ B 
(1 — \z\ )i3+z 

for all / £ A j j . In particular, (1.1) tells us that if /„ —> / in A j j , then 
fn —• / locally uniformly. Here, locally uniform convergence refers to the 
uniform convergence on every compact subset of D. 
Let a > 0. A function / holomorphic in B is in a-Bloch space ¡3° if 

sup ( l - | z| 2 n/ ' ( 2 ) |<oo 

and in the little a-Bloch space Bq if 

l im ( l -|z| 2 r|/ ' ( z )|=0 . 
kl—>1 

For f eBa define 

11/11». = 1/(0)1+su P ( i -|z| 2r i/^)|. 
zGB 

With this norm Ba is a Banach space and the little a-Bloch space Bq is a 
closed subspace of the a-Bloch space. 

Note that B1 = B is the usual Bloch 
space and Bq = Bq is the usual little Bloch space. 
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Moreover, for / G Ba, 

(c\\f\\Ba if 0 < a < 1; 

(1.2) |/(z)|< | C l o g ^ H / H g a if a = 1; 

I c J g ^ r if a > 1. 

For general background on weighted Bergman spaces APp, weighted Bergman-

Nevanlinna spaces A^j- and Bloch spaces Ba and BQ one may consult [5] and 
the references therein. 

Let g G H(B) and <p G 5(B). Associated with tp G 5 (B ) is the composi-
tion operator defined by 

c v f = f°<P ( f e H ( B ) ) . 

For z G B and / G H(B), we can define a linear operator J9ylf induced by g 

and <p as 

0 

The operator Jgcan be viewed as a generalization of the Riemann-Stieltjes 
operator Jg induced by g, defined by 

2 l 
Jgtt*) = \ ttOM0 = J f(tz)zg'(tz)dt, z G B . 

0 0 

Ch. Pommerenke [8] initiated the study of Riemann-Stieltjes operator on H2, 

where he showed that Jg is bounded on H2 if and only if g is in BMOA. This 
was extended to other Hardy spaces Hp, 1 < p < oo, in [1] and [2] where 
compactness of Jg on Hp and Schatten class membership of Jg on H2 was 
also completely characterized in terms of the symbol g. Similar questions on 
weighted Bergman spaces were considered by A. Aleman and A. G. Siskakis 
in [3]. We also consider another integral operator Ig%ip induced by g and (p 

and defined as 

o 

The operator Igtip is the generalization of the operator I g , recently defined 
by Yoneda in [13] as 

z 

I 9 f ( z ) = \f'(0g(0d<:, zeB. 

0 

Recently, several authors have studied these operators on different spaces of 
analytic functions. For example, one can refer to ([6], [9], [10], [12], [13]) and 
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related references therein for the study of these operators on different spaces 
of analytic functions. 

In fact, when <p (z) = z, we have Jg)ip = Jg and = Ig, whereas when 
g = 1, then I9t(p = Cv. Let X be an F-space of analytic functions and Y is a 
Banach space of analytic functions. Then one may ask, for what symbols g 
and tp, Jg.v : X —> Y and : X —> Y are bounded operators, are compact 
operators? Furthermore, for what X and Y, J9tip : X —• Y and Ig>ip : X —> Y 
are compact if and only if they are bounded? If X = A1^ and Y = BA or BQ , 
then by Theorem 1, Theorem 2, Theorem 3, and Theorem 4 of [6], there do 
exist p, a and (3 such that Jg<_p : X —• Y and : X —>Y are bounded but 
not compact. 

In this paper, we note that J9)V : A^J- —> BA ( or BQ) and IG>IP : A^ BA 

(or BQ) are compact if and only if they are bounded. 

2. Boundedness and compactness of J9tV and 
In this section, we characterize the boundedness and compactness of J g ^ : 
- BA (or BS) a n d I9TV : AY BA (or BG). 

A subset E of A^ is bounded if it is bounded for the defining F-norm 

Given a Banach space we say that a linear map T : A^- —• y is 
bounded if T (E) C y is bounded for every bounded subset E of A^. In 
addition, we say that T is compact if T (E) C y is relatively compact for 
every bounded set E C Ay. 

The following criterion for compactness is a useful tool to us and it follows 
from standard arguments, for example, to those outlined in Proposition 3.11 
of [4], For completeness, we include its proof. 
L E M M A 2 . 1 . Let a e (0,oo), /? e ( - l , o o ) , g € H (JD>) and ^ e S ( D ) . 
Then Jg<v(or I9jip) : A^ —» Ba is compact if and only if for any sequence 
{fn} in Ay with supn \\fn\\AP = M < oo and which converges to zero locally 
uniformly on B, we have 

lim \\Jgiipfn\\Ba — 0 (or lim \\Igtipfn\\Ba = 0 ) . n—»00 " \ n—>oo " / 
Proof. We prove the result for J9t<p only. Suppose that J9yip : A^ —• Ba is 
compact and { f n } is in A^ with sup ||/n||^/3 = M < oo and which converges 

n M 
to zero locally uniformly on B as n —• oo. Then {Jg^fn} has a subsequence 
{Jg,ipfnk} that converges to h € Ba. Thus by (1.2) for all compact subsets 
K C B, there is a positive constant Ck independent of /„ such that 

I Jg,<pfnk{z) ~ h(z) | < CK\\Jg,<pfnk ~ h\\B<* 
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for all 2 g B . Therefore, {Jg,<pfnk{z) — h(z)} converges to zero uniformly 
on K. Notice that, there is a constant C > 0 such that |(g o ip)(z)\ < C for 
all z G K. Also ip(K) is compact in D and so we have fnk {<p(z)) converges 
to zero for each z € P. Therefore, \Jgttfifnk(lp{z))\ —• 0 uniformly on K. 
Thus for the arbitrariness of K, we have h = 0. Since it is true for arbitrary 
subsequence of /n, we see that Jg,(pfnk{<p{z)) —» 0 in Ba, when n —• oo. 

Conversely, let {hk} be a bounded sequence in A^-. Since sup ||/n|L/j = 
n -W 

M < oo, the sequence {hk} is uniformly bounded on compact subsets of B> 
and hence a normal family by Montel's Theorem. Hence we may extract a 
subsequence { h ^ } which converges uniformly on compact subsets of D to 
some h € H(H). Moreover, h € Afr and ||/i|| Ap < M. Thus the sequence 
{(hkj —h)} is such that \\hkj—h\\A0 < M and converges to zero on compact 
subsets of B. By hypothesis, we have Jg^h^ • Jg,iph in Ba. Thus JSi¥, : 
A^j- —> BQ is compact as desired. 
L E M M A 2.2. [7] Let K C BQ . Then K is compact if and only if K is closed, 
bounded and satisfies 

J im sup(l-\z\2)a\f'(z)\ = 0. 
feK 

T H E O R E M 2.3. Let a > 0, ¡5 > - 1 , g e H (B) and <p e S (D) . Then the 
following are equivalent: 

(i) JgtV : Atf • Ba is bounded. 

(i i) : Ajj Ba is compact. 
(iii) For all c > 0, 

lim ( l - | z | 2 ) Q | P ' ( ^ ( 2 ) ) | | / ( 2 ) | e x p 
' z -> 1 v ' 

and 

N = sup f 1 - H 2 ) " Ig' (tp (z)) j (z)| < oo. 
zeo v ' 

P+2 = 0 

Proof. It suffices to show only two implications: (i)=»(iii) and (iii)=>(ii). 
(i)=S>(iii). Suppose (i) holds. Let A e D be fixed. For w = <p(X) and 

c > 0, consider the function 

, , , ( i - M 2 Y + 2 f c ( i - W 2 R 2 i 

Using the inequalities 

log (1 + xy) < log (1 + x) + log (1 + y); x,y> 0 
and 
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log (1 + x) < 1 + log+ X\ X > 0, 

we have 

log(l + \fw(z)\) < log 
2 \ 0+2-i 

and so 

II/, 

1 + 

< 1 + (1 + c) 

< 1 + (1 + c) 

1 -
(1 — wz)2. 

(i - m Y + 2 

,2(0+2) 

+ 1 + 
c(l - M y + 2 

|1 — wz 

1 — I to I 
T77~ I 2 

2 \ /?+2 
dvp (z) < 2 + c. 

D vl1 

Since Jgt9 is bounded, we can find a constant M > 0 such that 

iV̂  > (1 - |A|2)^ | / ( ^ (A) ) | 

That is, 

(1 — IA|2)^ \g' (v7 (A)) <p' (A) | exp 

exp 
L ( l - | v ( A ) | V + 2 J 

< M ( I - | < ^ ( A ) | 2 ) 
0+2 

. ( 1 - l¥»(A)lV+2. 
Taking limit as \<p (A)| —• 1 on both sides of above inequality, we have 

lim 
IvWI 

i m ( l - | A | 2 ) \g' (<p(\))<ff (A) | exp = 0. 
L( i - l¥>(A) lV + 2 J 

(iii)=*-(ii). Assume that (iii) is valid for all c > 0. Using (1.1) we have for 
all / € 

\fn(z)\ < e x p j - ^ 
M o | | / n | | ^ 

il-\z\2)P+2 i' 

Choose a sequence {/„} in Air such that sup„ | | /n | | Ap = M < oo and 
Af 

fn —> 0 locally uniformly on D. By Lemma 2.1, it is sufficient to show that 
\\Jg,<pfn\\Bc o as n - > oo. Fo r r G ( 0 , 1 ) 

sup 
\<p(Z)\<r 

(l - \z\2Y\(J9M'(z)\ 

= s u p ( l - \z\2)a \g' (<p (z)) tp' ( z ) | \fn (tp ( z ) ) | 
\<p(z)\<r V ' 

< s u p U-\z\2Y\gf(<p(z))<p'(z)\ s u p \fn(<p(z))\ 
\V(z)\<r V ' \ip(z)\<r 

< N sup \fn (<p (z))| —> 0 as n —> oo. 
| <p(z)\<r 
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On the other hand, whenever r —• 1, we have 

sup (i - \z\2r \ ( j 9 , m ' ( z ) \ 
\<p(z)\>r 

= sup ( l - | z | 2 r | 3 , ( ¥ ' W ) ¥ ' , W | e x p 
\<p(z)\>r 

MQ M 

. ( l H v t o l W 
0. 

Combining the above estimates we see that \\Jg,(pfn\\^P —• 0 as n —• oo. 
This completes the proof. 

T H E O R E M 2 . 4 . Let a > 0, (3 > - 1 , g e H (D) and <p <E S ( D ) . Then the 
following are equivalent: 

« 

(i) Jgtlfi : Atf —+ Bg is bounded. 

(ii) : Ajlf —> Bq is compact. 
(iii) For all c > 0, 

2 — > 1 

= 0. 

Proof. Once again we only need to prove two implications: (i)=>(iii) and 
(iii)=Ki). 

(i)=4>(iii). By taking / (z) = c, a constant function in Ajij-, we get 

(2.1) 
]Z\—»1 

Again using the same test functions as in Theorem 2.3, we get 

(2.2) lim ( l - | z | 2 r | 5 ' ( ^ ( z ) ) ^ ( 2 ) | e x p Mz) -> 1 
= o. 

By (2.2), for every e > 0, there exists r\ Ç (0,1) such that 

< e 
.(1-1 <p{z)\2)(>+*. 

whenever r\ < \ip{z)\ < 1. By (2.1), there exists 7™2 G (0,1) such that 
/ r i \ -1 |2N (l-\z\2r\g'(<p(z))<p'(z)\< e x p (l_ r2)/3+2 < e 

for all c > 0, whenever r2 < \z\ < 1. 
Thus, whenever T2 < \z\ < 1 and r\ < \<p (z)\ < 1, we have 

(2.3) ( l - | 2 | 2 r | 5 ' ( ( p ( z ) ) / ( z ) | e x p < €. 



614 A. K. Sharma 

If r2 < \z\ < 1 and \<p (z)\ < r i , then we have 

(2.4) (1 — \z\2)a \g' (ip (z)) <p' (z) | exp 

< (l-\z\2)a\g'(^(z)W(z)\^V _(l_ r2)/3+2_ < e. 

Combining (2.3) and (2.4), we get (iii). 
(iii)=>(i) Assume that (iii) holds. It follows from Lemma 2.2 that : 

Atf —> Ba is compact if and only if 

(2.5) — ^ lim sup (l-\z\2r\(Jg,vf)'(z)\=0. 
Î H111/11 .8 < i 

By (1.1), we have 

( I - I * I 2 R W{<p{z))<pr{z)\\f(V{\))\ 

<{l-\z\2y\g'{ip{z))v'{z)\e-x.v 
M 0 

By (iii), the above inequality implies (2.5). Thus J9)ip : A^j- —> Bq is compact. 

COROLLARY 2.5 . Let a > 0, f3 > - 1 and, g € H (D) . Then the following 
are equivalent: 

(i) Jg : Ajlf —> Ba is bounded. 
(ii) Jg : Ajif Ba is compact. 

(iii) Jg : Aj[f —» BQ is bounded. 
(iv) Jg : Atf —> BQ is compact. 
(v) g is constant. 

Proof . The equivalence of first four conditions follows by Theorem 2.3 and 
Theorem 2.4. That (i) — (iv) are equivalent to (v) follows by the maximum 
modulus principle. 

THEOREM 2.6. Let a > 0, ¡3 > - 1 ,g <E H(B) and ip € S(D). Then the 
following are equivalent: 

(i) Igjp : Aj[f —»• Ba is bounded. 
(ii) Igtip : Atf —> Ba is compact. 

(iii) For allc> 0, 

( 2 . 6 ) l i m ( i - k l 2 ) t t l g ( y ( ^ ) ) 11^(^)1 
V 7 I v M M ( l -|<^(z)| 2 ) 

= 0 
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and 

M = sup(l - \z\2)a Ig (<p (z)) <p' (z)\ < oo. 
z € D 

Proof. Once again we only need to prove two implications: (i)=»(iii) and 
(iii)=Kii). 

(i)=>(iii). Suppose (i) holds. By taking / (z) = z in A^-, we get 
sup2eD(l-|z|2)Q |g (up (z)) <f/ (z)| < oo. Fixzo € B. For c > 0 andu; = <p(zq) , 
consider the function 

fw (z) = exp 
f c(1 - M 

1(1- wz) 

2)/3+2 Ì 

Using the obvious inequality, log(l + x) < 1 + log+ x for x > 0, we 
have 

\\fwiiAP 
r ( 1 - | « ; | V + 2 

Since Igiip maps A^- boundedly into Ba and 

2 (/3 + 2) cw(l — f / / \ _ i-u/y-i. — j I ^yj - — )̂ ~l~2 Ì 
J w { Z ) " (1 - e X P I (1 - wz?^) f 

there is a constant N > 0 depending only on c and /? such that 

N > (l - N2)" Igto(«>)) v' M I / ; (v(*>))| 

( i - H 2 ) 
0+2 

= a - W ) 
2\g2 (P + 2) C\if (Zp)| \lp (ZQ)| exp { 

where \ip (z0)| = Ig (<p (zo)) V* (zo)l- That is, 

(l-\zo\2r\iP(zo)\ 
exp < M q - H z o ) ! 2 ) / ^ 

2(j3 + 2)c\<p(zo)\ ' 

Taking l imi^^)^ ! on both sides of above inequality, we get (2.6). 

(iii)=>(ii). Assume that (iii) is valid for all c > 0. Note that if / € A^ , 
then by (1.1) and Cauchy's integral formula for derivatives 
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(l-\z\2)\f'(z)\<l\ f ( z + l ( l - \ z \ ) A 
n m \ z / 

K l 

< exp 

Choose any sequence fn in A\r such that || fn || .0 <M and fn —> 0 locally 
uniformly on B. By Lemma 2.1, it is sufficient to show that Ig,<pfn —> 0 as 
n —> oo. For r <E (0,1) 

sup ( l - N a ) ° | W n ( * ) l = sup 
\<p(z)\<r \v{z)\<r 

<A sup \&(<P(*))\ * 0 
Mz)\<r 

as n —> oo, where A = sup_zeD(l — |z |2) a |g ((p (-?)) <p' (z)| < oo. On the other 
hand, whenever r —> 1, we have 

|2\a sup ( i - W T I W » W I 
\<p(z)\>r 

< sup 
\f(z)\>T 

(l-\z\7r\g{!pV)W(z)\ exp 
4 2 + / 3 M 0 M 

0. 
( l - k ( z ) l 2 ) 

Combining the above estimates, we see that \\Ig,ipfn]\^-a —> 0 as n —> oo. 
This completes the proof. 

THEOREM 2 .7 . Let a > 0, ¡3 > - 1 , ip e # ( 0 ) and tp € 5 ( D ) . Then the 
following are equivalent: 

(i) Igtip maps A1^ boundedly into BQ. 
(ii) Igi<p maps Atf compactly into BQ. 

(iii) For all c > 0, 
' V l n i W ^ W f ^ l T r 1 

lim 
W-1 ( i - l ^ ) l 2 ) 

Proof . The proof follows on same lines as the proof of Theorem 2.4. So we 
omit the details. 

COROLLARY 2.8. Let a > 0, /3 > — 1 and g e H (D) . Then the following 
are equivalent: 

0 
•M (i) Ig : A 

(ii) h •• Air 
(iii) Ig : 
(iv) I 9 : < 
(v) 5 = 0. 

Ba is bounded. 
Ba is compact. 
BQ is bounded. 
BQ is compact. 
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Finally, we have the following two corollaries, the first of which is a recent 
result of Jie Xiao [11]. 

COROLLARY 2 . 9 . Let a > 0, (3 > - 1 and <p € S ( B ) . Then the following 
are equivalent: 

(i) Cv : Atf —• Ba is bounded. 

(ii) Ctp : Atf —> Ba is compact. 
(iii) For all c > 0, 

lim 
M z)\-*i 

{i-\z\2r\v'{z)\ 
exp 

U 1 - I v W I2) 
= 0 . 

COROLLARY 2 . 1 0 . Let a > 0, > - 1 and ip e S(D). Then the following 
are equivalent: 

(i) : Aj[f BQ is bounded. 

(ii) Cp : Atf —» BQ is compact. 
(iii) For all c > 0, 

lim 
kl—i 

{ i - \ z \ 2 r w { z ) \ 

( I - I ^ W I 2 ) 
exp = 0. 
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