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R E M A R K S ON: "OSCILLATION C R I T E R I A F O R 
S E C O N D - O R D E R F U N C T I O N A L D I F F E R E N C E 

E Q U A T I O N W I T H N E U T R A L T E R M S " 
[DEMONSTRATIO MATH. 41 (2008)] 

Abstract . In this paper, we show that the paper mentioned in the title includes some 
wrong results. We also provide a counter example. 

1. Introduction 
In [1], the author studies a nonlinear type of second-order difference 

equations having the following form: 

A [ p ( n ) F ( A [ y { n ) + a{n)y{n - r ) ] ) ] + q{n)G(A[y(n) + a(n)y(n - r ) ] ) 

+ H(n, y(n), y{n - a{), ...,y(n- ar)) = 0, 

where n > no travels through integers with the following primary assump-
tions: 

(Al) {p(re)}£Lno, {q(n)}^Lno are positive sequences of reals, 

(A2) F(v) is an increasing continuous function such that vF{v) > 0 holds 
for all v 0, 

(A3) there exist M,m> 0 such that M > G(u) > m holds for all 

(A4) H : Z x R r + 1 —»• M is a continuous increasing function with respect 
to its each real component, when the others are fixed; further, 
sgn(H(n, UQ, V\, ... ur)) = sgn(i^o) provided that sgn(fo) = sgn(^) for 
all i £ { 1 , . . . , r } , 

(A5) r, Gi for alH € { 1 , . . . , r} are positive integers. 

[1, Theorem 1] reads as follows: 
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T H E O R E M A . Suppose that 0 < a(n) < 1 holds for all sufficiently large n. 
If 

w E F ~ 1 ( - ^ ) = - ^ f ° r a l l a > 0 

and 
oo 

(2) 

l—TLQ 

l=7lQ 
- —oo 

p(i) 

for every constant fl and all 7 > 0 ; 

then every solution of (1) is oscillatory. 

Now, we state the counter example to Theorem A. 

COUNTER EXAMPLE. Consider the following difference equation 

(3) A [ ( ^ A [ y ( n ) + ^ y ( n - l ) 

+ ( - 7 - T T f + l ) + - 1) = 0 for n > 2, \n(n +1) J n 

where p(n) = (n + l ) /2 , r = 1, a(n) = (n2 — 1 ) /n 2 , = g(n) = 
l / (n + 1) + 1, = 1, <7i = 1, i>o, vi) = {n — l)v\/n, and r = 1. It 
is not hard to check that (A1)-(A5) hold. On the other hand, we have 

OO , V 

gnrnysj = foralla>0' 
and 

ih/j\ f t t f l . . . > —7t~ttt = —00 for every constant p and all 7 > 0, 
¿ V ((* + l ) /2) J 

that is (1) and (2) hold for (3). Therefore, by Theorem A every solution 
of (3) is oscillatory. But unfortunately, one can show by direct substitution 
that y(n) = —(ra + 1 )/ra is a nonoscillatory solution of (3), which tends to 
—1 from above asymptotically. 

REMARK 1. One of the mistakes in the proof of [1, Lemma 1, Theorem 1, 
Theorem 2, Theorem 3] is assuming the existence of the constant A € (0,1) 
such that |y(n)| > A|y(n) + a(n)y(n — r)| holds for all sufficiently large n. 
Indeed, it is not always possible to find such A 6 (0,1), these results are 
therefore not always true. Moreover, nonsysmetric conditions assumed to 
hold on G forces us to find an eventually negative solution. 
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