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APPLICATION OF MEASURES OF WEAK
NONCOMPACTNESS TO A NONLOCAL DARBOUX
PROBLEM

Abstract. In this paper we study the existence of pseudosolutions of a nonlocal
hyperbolic Darboux problem for the equation

5o (@9 = £ (2,9) u(a,v)

with nonlocal boundary conditions u(z,0) 4 hi(z,u) = g1(z),u(0,y) + ha(y,u) = g2(y),
on the bounded region. The functions considered have values in a Banach space and are
weakly-weakly sequentially continuous, and the relevant integrals are Pettis integrals.

Introduction

In this paper we study the existence of pseudosolutions of a nonlocal
hyperbolic Darboux problem for functional-differential equations. Methods
of functional analysis together with measures of weak noncompactness and
Sadovskii’s fixed point theorem are applied.

We consider the problem

25 (@,9) = f(®1),u(=z,)), (z,9) € A,
(1) u(z,0) + hi(z,u) = g1(z), =z €[0,a1],
u(0,y) + ha(y,u) = g2(y), ¥y € [0,aa],

where A = [0,a1] x [0,a2] C R?, aj,a2 >0, f: AXE — E, g; €
CY([0,a;], E), h; : CY{A,E) — E (i = 1,2) (E is a Banach space and E* its
topological dual) are continuous functions.

When the functions h;, ¢; are equal to zero, this problem can be found in
[9], [10]. In [9] the properties of the set of solutions of problem (1) are also
considered.
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Existence and uniqueness theorems for solutions of nonlocal hyperbolic
problems were proved by Byszewski ([4], [5]). Our results extend those of [4],
[5], [7], [8], [10}, [17], [18].

The theory of differential equations with nonlocal conditions is an inter-
esting and important theory elaborated on in the literature ([3-7, 10-11]) as
it can be applied in many real world problems.

The hyperbolic Darboux problem described here can be applied in physics
—the nonlocal condition can determine the way of testing a given phe-
nomenon or disturbance affecting the phenomenon being examined. Some
physical phenomena which require application of nonlocal conditions are
analysed in [4], [7], [8].

1. Preliminaries
Let E be an infinite dimensional Banach space. In the present paper
CY(A, E) will denote the space of all continuously differentiable functions
(zy)ea (zy)ea

defined on A and taking values in F, with the norm
Ou
e }
For any subsets V C C}(A, E) and P C A, we set
Viz,y) ={u(z,y) :u eV}, V(P)={u(z,y):uveV, (z,9) € P}.

Let C(I, E) be the space of all continuous functions defined on I = (to, to+al,
a > 0, with values in £ and with supremum norm ||| . Moreover, B(z,r)
is the closed ball in FE with center at z and radius r, and u(A) denotes the
Lebesgue measure of the set A.

, Sup
(z.y)eAr

ou
fulos =max{ sup Ju(el, sup || Fien)

DEFINITION 1. ([13]) Given a bounded subset A C E, we define the mea-
sure of weak noncompactness w(A) as follows:

w(A) =inf{e >0: AC C+ B(0,¢), C € K“},
where K% is the family of all weakly compact subsets of E.
For the properties of w, see [2], [3], for instance.

DEFINITION 2. ([2], [3]) Let R denote the set of all bounded subsets of E.
An axiomatic measure of weak noncompactness is a function ® : ® — [0, 00)
satisfying for all A, B € R the following conditions:

1° ®(A) =0 if and only if A“ is a weakly compact set;
2° if A C B, then ®(A) < ®(B);

3° (AU {z}) = ®(A), z € E;

4° ®(\A) = |\ ®(A), ) € R;

5° ®(AU B) = max{®(A4),®(B)};
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6° ®(A + B) < ®(4) + ®(B);
7° ®(convA) = (A).

DEFINITION 3. A Banach space E is weakly compactly generated (WCG)
if there exists a weakly compact subset of E with dense linear hull in E.

DEFINITION 4. A Banach space E is a Fubini-Pettis space (an F P-space)
if there exists a WCG space X containing no isomorphic copy of the space I1.

Examples of FP spaces can be found in [14].

We will need the following lemmas and theorems:

LEMMA 5. ([20])) Let V € C(I,E) be a family of strongly equicontinuous
functions. Then the function t — w (V (t)) is strongly continuous and

we (V) =supw (V (8)) = w (V (1))
tel

defines a measure of weak noncompactness in C (I, E).

LEMMA 6. ([16]) Let V C C, (I, E) be a family of strongly equicontinuous
functions. Then the function t — ® (V (t)) is continuous and

(V)= stlg(b(V(t)).

THEOREM 7. ([19]) Let E be an FP space. Then for every bounded function
[ : A — FE there exists a function fi : A — F scalarly equivalent to f such
that

(i) the function s — f1(s,t) is Pettis integrable for almost all t € [0, ag],
(ii) the function t — fy(s,t) is Pettis integrable for almost all s € [0, a;],
(iii) moreover,

| f(s,t)dsdt = {{ fi(s,t)dsdt

AxB AxB
= é} <§1f1 (s,t) ds)dt = !S‘ (lsgfl (s,1) dt)ds

for any measurable subsets A C [0,a1] and B C [0, as].

DEFINITION 8. Let Fj, F; be Banach spaces. We say that a function
f : Eq1 — E5 is weakly-weakly sequentially continuous if for every sequence
(zn), zn € E1, weakly convergent to z € E; the sequence (f (z,)) is weakly
convergent to f(x).

A weakly-weakly continuous function is weakly-weakly sequentially con-
tinuous but the converse is not true. Some comparison results for this type
of continuity can be found in [1].

Now, let us present a fixed point theorem for such functions:
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THEOREM 9. ([15]) Let X be a bounded, closed and convez subset of C(I, E)
and ® an aziomatic measure of weak noncompactness on X. Let F : X — X
be a weakly-weakly sequentially continuous function such that

O(F(V)) < ®(V)
for every V. .C X with ®(V) > 0. Then F has a fized point.

2. Existence of a pseudosolution

DEFINITION 10. Suppose that the function (¢,s) — f((¢,s),u(t,s)) is
Pettis integrable for each v € C (A, E). A continuous function v : A — FE
satisfying the equation
u(z,y) = 91(z) — 91(0) + 92(y) — ha(z, u) — ha(y, u)
zy
i1/ ((69),ut s) dtds,  (z,9) €4,
00
is said to be a pseudosolution of the nonlocal Darboux problem (1).

We will need the following assumptions:

(F1) For each continuous function  : A — E the function (z,y) — f((z,y),
u(z,y)) is Pettis integrable.

(F2) For each (z,y) € A the function z — f(z,y, 2) is weakly-weakly se-
quentially continuous.

(F3) There are functions v; € L ([0,a;], R) and v € L® (A, R) such that for
each bounded subset A C F,

w(f ({(z,9)} - 4)) <01 (2) 02 (y) - v(2,y) - w(A)

for almost all (z,y) € A; here w is the measure of weak noncompact-
ness.

(H1) The functions h; : [0,a;] - C(A,E) — E are continuous and weakly
differentiable with respect to the first variable and weakly-weakly se-
quentially continuous with respect to the second variable. Moreover,
there are functions ¢; : Ry — R,y right-continuous at zero such that
for any 2t € [0,a;] and u € C(A, E),

”hi (zzl',’u,) —hi (zévu)” < ¢ (|zi - Z%D (L +ulle)-
(H2) There are constants Cg (i,5=1,2) with 1 — (C1 +C?) > 0 and C} > 0
such that for each u € C(A, E),
Ihi(zi w)ll < Ctllulles +C3, 2 € [0, ai]-

(H3) There are constants C',C? with C! + C? < 1 such that for each
bounded equicontinuous subset V' C C(A, E) and z; € [0, a4

whi({zm} V) <C-w(V) (i=1,2).
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(G1) The functions g; are continuous and weakly differentiable on [0, a;]
(i=1,2).
(G2) 91(0) = g2(0).

Now we are in a position to formulate our main result.

THEOREM 11. Suppose that the bounded function f and the functions g;, h;
satisfy the assumptions (F1)-(F3), (H1)-(H3) and (G1), (G2). Then there
exists a pseudosolution of the problem (1).

Proof. The existence of a solution of (1) is equivalent to the existence of a
fixed point of the operator defined by

(Fu)(z,y) = g1(z) — 91(0) + g2(y) — h1(z, u) — ha(y, u)
T Y

+(§£((tr5),ut,s) de)ds.

0 0

Let 2* € E* and ||z*|| < 1. If u is a solution of (1) then by Theorem 7 and
the assumptions (H2), (G1) we have the estimate

|lz*u(z, y)| < l2791(x)] + [2°g1(0)] + |2 g2(y) | + =" 1 (z, w)| + |z*ha(y, u)]
z Y

z* | (gf((t,s) Jult, s))dtds)‘

0 0
< llgr (@)l + lgr O} + Nlg2()| + 1ha (; w)]| + [lh2(y, v

+ A1 1 (@ 9),ult,5)| deds
[0,01]-[0,a2]

< 2G1 + G2+ Cf Jlullg + C3 + CF |lullg + CF + a1a2C,

+

and so
2G1+ G2 + Czl + C§ + ay1aC
1-(Cf +C?) ’
where G; and C are the supremum norms of g; and f (i = 1, 2), respectively.

Denote the right side of the above inequality by S. Let Xg be the set of all
continuous functions u bounded by S and satisfying

lulle <

[u(z,y) —u(z1,9)l < llg1(z) — gr(z)ll + llg2(y) — g2(w)ll
+or(le—z]) 1+ 8) + b2 (ly—wn)) (1+5)
+ Caily — |+ Cag |z — 7]
The set Xg is bounded, closed and convex. By the continuity of g; and the

right-hand continuity of ¢; at zero, it is a family of strongly equicontinuous
functions.
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Now, we will show that F is weakly-weakly sequentially continuous and
F(Xg) C Xs. Indeed, by Theorem 7 and the assumption (G1) we obtain

|z* (Fu(z,y) — Fu(z1,y1))| < llg1(z) — g1(z1)}| + lg2(y) — g2(w1) ||
+ |ha(z, u) — ha(z1, u)|| + [|h2(y, v) ~ ha(y1, v

*(E(Sf((t s),u(t s))dt)ds—gsc(ilf((t,s),u(t,s))dt)ds)
0 0

< flga(z) = g1(z1)ll + llg2(y) — g2(y)ll + (1 + S) ¢ (J& ~ z1])
+(1+8) ¢ (ly — w1l
+lot (1] fUt) utts)dds— ] £(s),uts)) dids)]
[0,2]-[0,3] (0,1]-[0,31]
< lgi(@) — (@)l + llg2(y) — g2(w)l
+(1+8)¢(le—2i) + (1 +8) ¢ (ly — w1)
:1:*( “ f(t,s),u(t,s))dtds + “ f((t,8),u(t,s)) dtds)l
fa1,2-{04] [0,21)f31.9]
< lgi(@) — gzl + llg2(y) — g ()l
+ 1+ 8¢z -z} + 1+ S) o (ly —wl)
+ I} 12 f (¢t s) ult,9)ldtds+  §§ 12" f (£, 5),u(t, 5))| dtds
[z1,2]-{0,] [0,21])-[y1,9]
< llg1(@) — gr(z)l + llg2(y) — g2yl + (1 + S) ¢ (|z ~ z1)
+ (14 8)o(ly—wnl) + Caz |z — x| + Cay ly — w1,

+

and hence

[Fu(z,y) — Fu(z, )
< llg1(2) = gr(@)ll + llg2(w) — g2(w)ll + (1 + 5) & (| — z1])
+(1+8)¢(ly—wl) + Cazlz — 21| + Car ly — 1] .
By the weak-weak continuity of h; and from the Lebesgue theorem for the

Pettis integral, for each weakly convergent sequence (uy), un € Xs, tn —
u € Xg we get, for each z* € E*,

|z* (Fun (2,y) — Fu(z,y))|
= |z* (hi(x, un) — M1 (w))] + |27 (ha(y, un) — ha(y, w))|

+ ] 2 (f((t9),un(t,8)) = £ (5, 5),u(t,5))| dtds,

[O,CB]'[O,y]

which tends to zero as n — oo.
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We are now in a position to show that the operator F is a contraction with
respect to some measure of weak noncompactness. Let V C Xg, (z,y) € A.
We partition the intervals [0, z], [0, y] with points 0 = zp < 21 < ... <z, =
z, 0=y <y <...<yn =1y, in the following manner: z; = %’”, y; = £ for
i=0,1,...,m, j =1,2,...,n. Define P;; = {(t,s) 1 zi—1 <t <z, yj—1 <
s <y;} and V(P;j) = {u(t,s) :u €V, (t,s) € P;}.

Let A, be the set where v is bounded. Then p(A\ A,) = 0 and
sup4 v (z,y) < oo. From the absolute convergence of the Pettis integral it
follows that for each € > 0 there exists é such that for each A C I with
1 (A) < 16, we have

w(“f((t, s),V (¢,5)) dtds) <e.

A

Since v; is measurable, by the Luzin theorem for each 4 > 0 there exist
closed sets A,, such that p(A\ Ay,) < —%—6 and v; is continuous on A,,. Set
As = AyNA,, NAy,. Then (A \ A;) < 6 and there exist (¢;,5;) € PijNA;s
such that

v(ts, si)vr (G)ve (si)w(V (L, 8:)) =  sup  wv(t,s)v (t)v2(s)w(V (¢,3)).
(t,5)€P;NAs

From the mean value theorem for the Pettis integral for each w € V we have

“ f((t,s),w(t,s))dtds = “ F((t,8),w(t, s))dtds

([O,I]'{O,y])ﬂA5 ([O,z]-[O,y])ﬂA5

= ZZ iV £t s),w(t, s))dtds

i=0 j=0 P;;NAs

CO D (@ivr — i) (i1 — y;) @AB{f (Py N A-V (P N A))}.
=0 =0

By the properties of the measure of weak noncompactness we have

w(F(V)(z,y)) = w(gi1(z) — 91(0) + g2(y) — hu(z,V) — ha(y, V)

+1(§ £ ((t,5),V (t,5)) dt)ds)

00

Swlhl@, V) +whaly, V) +w(  §§ £tV (t9) dtds) +e
[0,2]-[0,y]NAs
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<(C*+C%-w(V)
m n
+0( X0 D (@iar = ) (Y1 — 9;) SOH0S (P 0 As -V (P01 45) ) +e
i=0 j=0
<(C'+C%-w (V)

+ Z Z(zi—H — ;) (Yj+1 — yj) w (convf (P N As - V (P N As))) + ¢
i=0 j=0

=(C'+C?% -w(V)

+3 ) (@i —2) (W41 —y;)w (f (PN A5 - V (PN Ag))) + €
i=0 j=0
= (C'"+C*) - w(V)
+3 D @ir — ) @1 — yy)w (f (i, 89)} - V (b, 55))) + ¢

=0 j=0
<(C*+CH-w (V)

+ D> @irn — i) (g1 — 45) v (b 80) v1 (8) vz (si) w (V (B3, 55)) + e,
=0 j=0

and so

w(F(V)(z,y)) < (C'+C?) - w(V) +

O e 8

y
S v(t, s)v1(t)va(s)w(V (¢, s))dtds + €.
0

Notice that the right side of the above inequality does not depend on the
choice of 8. Since € can be arbitrarily small, we have

w(F(V)(z,y))

<(C'+C*) - wV)+ [{vllovi (¢) - v2(s)w (V (8, 5)) dtds.
00
Define a new function
o) = sup {w(Vit9)exp (v vl (Jo)dp + foalp)dp) ) |
t,8)E 0 0

where

1
TN IS(CTF oy
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It can be easily proved that ¢ is an axiomatic measure of weak noncompact-
ness (cf. [3]). Moreover, by Lemmas 6 and 5 we obtain

w(F(V)(2,9)) < (C'+C) - w (V) + [ lvlloo o1 (8) v2 (s)w (V (2, 5))
00

- exp ( \/W(Svl(p)dp + sz(p)dp))

-exp (ry/ ||v||oo(§)vl(p)dp + Svg(p)dp))dtds
0

Yy
V) vl 01 (8) w2 (8)
0

-exp (ry/Ilo ( fo(p)dp + sz(p)dp))dtds
< (C'+C?) w(V)+ oV ggd(exp(r\/w o (p) dp))
ECIQUEMEEEY)
= (€ 40w W)+ otV e (ryfiole ([ or ()0 + {2 01 0)).
Thus

W (F(V)(t,9)) - exp ( - m/||v]|oo(§'v1 (p) dts +
0

t

< (C'+C?)-w(B)-exp (—7‘ Iivllm(§v1 (p) dp+| vz(p)dp)) +—-¢(B)
0 0

<(C*+CH-w(V)+

Otlnﬁ

O e

v2 (p) dsl))

and
o (F(B) < (14074 3 )o(B),
By the assumption (H3) we get
C'+C*+ %2 <1

Finally, from Theorem 9 it follows that the function F has a fixed point.
The proof of the theorem is complete. u
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