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SECOND ORDER EVOLUTION PROBLEM 
WITH DEPENDENT ON t AND 

NOT DENSELY DEFINED OPERATORS 

Abstract . The purpose of this paper is to present some theorems on existence and 
uniqueness of solution for nonautonomous second order Cauchy problem with a dumping 
operator and with dependent on t not densely defined operators. 

1. Introduction 
Let (X, ||-||) be a Banach space and let (j4(i))te[o,T]> (-BW)te[o,T] be two 

families of linear not densely defined closed operators from X to X with 
domains dependent on t. We endow the space C(X) of closed linear operators 
A : X —> X with the topology of generalized convergence (see [5], Ch. IV). 
The domain of a given operator A : X —> Y is denoted by T>{A). The space 
of bounded linear operators A : X —> X is denoted by B{X), and Aut(X) 
is the subspace of B(X) of bijective linear bounded operators with bounded 
inverses. 

D E F I N I T I O N 1. Let B : X —> X be a linear operator. An operator A : 
X X is called 5-bounded if V{D) c V{A) and if there exist a, b G M+ 
such that 

||Ac|| <a | |Bx | | + 6||x|| iorxeV(B). 

We consider the following second order evolution problem 

(1) 

where / : [0, T] x X x X —> X is a given function. 
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The problem of the form (l ) - (2) arise in mathematical physics. The 
study of the cases in which operators A and B are independent of t and 
are densely defined can be found in [2]. In the paper [11] this problem has 
studied with reference to two different cases: 

(a) the operators A(t) = A and B(t) = B are independent of t, V(B) C 
V{A) and T>(A).^X, 

(b) A(t) and B{t) depend on t, the domain V(B(t)) = T>B is independent 
of t,V^ = X and VB C V{A{t)) for all t G [0, T]. 

The present paper expands on the study in [11] to the case when: 

1) operators A and B are dependent on t, 
2) domains V(A(t)), V(B(t)) of operators A(t) and B(t), respectively are 

dependent on t and are not dense in space X. 

In such a case it cannot be expected that the classical solution exists. The 
main goal of this paper is to present a construction of a new problem in an 
adequate space in which previously known theorems can be used. 

D E F I N I T I O N 2 . ([2, Def. 3.1, p. 368]) A function u is said to be a classical 
solution of problem (l)-(2) if 

(i) ueC2([0,T],X), 
(ii) u(t) G vf for t G [0, T] and the mapping [0, T] 3 t ^ A(t)u(t) G X is 

continuous, 
(iii) u'(t) G Vf for t € [0,T] and the mapping [0,T] 9 t ^ B(t)u'(t) e X is 

continuous, 
(iv) u satisfies ( l)-(2) . 

We note that if T>f and Vj3 depend on t problem (l)-(2) has usually 
no classical solutions. To define a generalized solution we will construct an 
extended problem in which domains are independent of t. 

2. Construction of extended problem 
Since now, for a given two families A(t), B(t) : X —» X of linear opera-

tors, we make the following assumptions (Zi)-(Ze): 

(Zi) domains V{B(t)) = Vf and T>(A(t)) = V>f are dependent on t and 
Vf C Vf for all [0,T], 

(Z2) subspaces Yg : = V f and YA : = V f are independent of t € [0, T], 
(Z3) the resolvent sets of A(t) and B(t) are independent of t, i.e. 

e(A(t)) = 0(A), e(B(t)) = e(B) 

and 0 G g(A) n g(B), 
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(Z4) operators A~{t)B(0), B~{0)A(t) corresponding to t G [0, T) are bound-
ed and the mappings 

(3) [0, T] 9 i —> B - ^ A i f y x EX for x € YA, 

(4) [0, T] 3 t -»• B~\t)x EX forxeX 

are of class C1, 
(Z5) (B(i))te[0,r] is a stable family, i.e. there exists M > 1 and u € M such 

that 
(i) (w, +00) C e(B(t)) for t e [0,T], 

fc M 
< -j-. -r for A > u and 

(A — u p 
Y l n ( \ , B ( t j ) ) 
3=1 

for any finite sequence 0 < ii < . . . < tk < T, 

(Zq) for each t, s € [0,T] the operator B~1(t)B(s) is closable and the map-
ping 

[0 ,T] 9 t ^ B-^t)B{s) e C(Yb), for s € [0 ,T] 

is continuous. 

R E M A R K 1. By the Banach-Steinhaus theorem, it follows from ( Z 4 ) 

that operators B_1(0)v4(i), B~l{t) corresponding to t £ [0, T] are uniformly 
bounded. 

R E M A R K 2 . By ([12], Theorem 7 and [5], Ch. 4 ), it follows from ( Z 3 ) and 
(Z6) that 

(a) B~l(t)B(s) 6 Aut(yB), for t, s E [0,T], 
(b) for each s € [0, T] the mappings 

(5) [0,T\Bt~B-i(t)B(s)eB(YB), 

(6) [0, T } 3 t ^ B-i(s)B(t) e B{Yb) 

are continuous, 
(c) the norms 

(7) I V ^ ^ M t H I ^ H I ^ M l l x l l 
corresponding to t G [0, T] are equivalent (see [12])1, 

(d) there exists K > 0 such that 

(8) |x|t = I l s - ^ H I = ( ^ ( ^ " H o H l < K |z|0 . 

1 Existence of a constant M follows from the Banach-Steinhaus theorem, because of 
continuity of the mapping (4). 
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The completion of the space (X, |-|0) to a Banach space is called the 
extrapolation space for B{0). Since norms (7) are equivalent, the space X ^ 
is the extrapolation space for B(t) for all t G [0,T]. 

DEFINITION 3. ([7, p. 44]) A linear operator A is called a Hille-Yosida 
operator (of type (M,u)) if there exist M > 1 and uj G R such that 
(u, +oo) C p(A) and 

l | j R ( A ' A ) r l 1 - ( a ^ F ' a > w ' n = 1 ' 2 ' - - - -

By the Hille-Yosida theorem, A generates a CQ- semigroup if and only if 
it is a densely defined operator. 

REMARK 3. Since, by (Z5), B(0) is a Hille-Yosida operator, the space Yb 
(defined in (Z2)) is dense in XB

x (cf. [7], Theorem 3.1.10). 

LEMMA 1. For each t G [0, T] the mapping 

(9) B(t) : X D V? -» X C 

is an isomorphism of normed spaces. 

Proof. Since, for each t E [0, T], 

\B(t)x\0 = ||JB-1(0)B(i)x|| < C||x|| for x G 2>f, 

the operator (9) is bounded. The inverse operator B~l(t) : X^ D X —> X 
is bounded, because, by definition, | |B_1(0)x| | = |x|o for x G Vf C X and 
all norms (7) are equivalent. • 

Now, by Lemma 1, B(t) can be uniquely extended to Y# and we can 
define 

B_i(i) : X® D Yb -

to be the extension of B(t) onto YQ considered as a subspace of We 
can also uniquely extend B~l{t) to and define 

to be the extension of B~l(t) onto The extension of the norm |-|0 to 

X ^ is given by 

(10) |x|0 = | |Bl i (0)x | | f o T X € X ? v 

Since operators B-i(t)Bz{(t) and Bz\(t)B-i(t) are bounded and 

£_i {t)Bz\ (t)x = x for x G X c X ^ 
and 

Bl\(t)B-i(t)x = x for x G Vf C Yb, 

the operator B-i(t) is invertible and 
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(11) ( S - i ( i ) ) - 1 = BZ\(t) for t € [0,71 

Since 
\Bzl(t)x\Q<M\\BZl(t)x\\=M\x\t, 

the operator BZi(t) : X ^ —> is bounded, and so -B-i(i) is closed. Thus, 
in this way we have obtained a family (-B-i(i))te[o,T] °f closed densely defined 
linear operators with the same domain Yg C X^i for all t € [0, T\. 

Note that, by (Z4) and (ZQ) (see also Remark 2), for each t £ [0,T] the 
operator 

(12) A(t) :XDVf-> XEx 

is bounded. Indeed, for x G Vf we have (by Banach-Steinhaus theorem) 

(13) |A(t)x|0 = ||B-1(0)A(t)x||<C||x||. 

Hence the closure A(t) of A(t) (considered as in (12)) is well-defined on 
Ya = T>f. Thus we can define 

A_i(t) : X^ D Ya -> 

to be A(t) with the domain YA considered as a subspace of X ^ . 
L E M M A 2 . The family (A-i(£))te[o,T] ls a family of densely defined closed 
linear operators with the same domain YA dense in . 

Proof. Since YB C YA and YB is dense in XEI1 (see Remark 3), YA is a dense 
subspace of X^. 

By assumption (Z4) and Lemma 1 the mappings 

(14) B-ifflAty-.XDDf-tVgcX, 

(15) B(0) : X D T>q X C. X^I 

are isomorphisms of a normed spaces. Then 

(16) A(t) = B(0)(B~1 (0)A(t)) i l D ^ - ^ I C I 5 ! 
as a composition of two isomorphisms is an isomorphism too. Since the 
extensions of bounded operators with dense domains are unique, A-\{t) : 
X D YA -X^i is also an isomorphism. Hence and by (7) 

I A:J(i)x|0 < M ||A:l(i)x|| < MC(t) |x|0 . 

Thus the inverse to A_i(i) is bounded. Thus A-\{t) is closed. • 

L E M M A 3 . The operators A-\{t), t 6 [0, T], are uniformly B-\{t) bounded 
in [0,T]. 

Proof. Using (8) we have 

\A(t)x\0 = Hfl-^OMOxll < C ||x|| < CK \B(t)x\0 for x € V?. 
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Hence |.<4_i(i)x|0 < a\B-i(t)x\0 for x E YB, because operators (9) and (12) 
are bounded. • 

Now problem ( l ) - (2) comes down to the following problem 

(17) ^ = f M t ) f + A- iV)u + / ( t , t e [0,T], 

{u(0) -- no, 

du.n. UQ,UIEX% Tt{0) = Ul> 

where / : [0, T] x X^i x X ^ —> X^i is an extension of / and the families 
(j4_i(i)) te [o,r]) a n d (-B-i(*))(€[(>,r]) have "better properties": 

(i) for each t E [0, T] the domain V(B-\(t)) = YB is the same dense sub-
space of X?x> 

(ii) for each t E [0,T] the domain V(B-i(t)) = YB C YA, 
(iii) for each t £ [0,T] the operator A-\(t) is B_i{t) bounded in the space 

(iv) for each t E [0,T] the operator J3_i(i) is a generator of a Co semigroup 
(cf. [7], Theorem 3.1.11), 

(v) the family (S_i(i))ie[0,T] is a stable family of generators of Co semi-
groups (cf. [9], Theorem 5). 

DEFINITION 4. A function u is said to be a generalized solution of problem 
( l ) - (2 ) if it is a classical solution of problem (17)-(18). 

L E M M A 4 . For any x EYA, the mapping 

(19) [0, T] B t ^ A-1 (t)x E X^ 

is of class C 1 . 

Proof. Let x E Ya and let H : [0,T] i—> YA C X be the derivative of the 
mapping (3). Since 51^(0)A-X{t) = I F H f y M f ) and 

A_i{t + h)x - A^i(t)x 
-£?_ i (0 ) t f ( i ) 

S Z ^ O ) ^ - ! ^ + h)x - £ l J ( 0 )A_ i ( i ) x 
h 

~H(t) 

B-I(0)H is the derivative of the mapping (19). Thus, the lemma is proved, 
because B-1(0) as an operator from YB to is bounded and because of 
the assumption (Z4). • 
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THEOREM 1. If X is a reflexive space, uq G Y^, u\ 6 Y, assumptions 

(Zi)-(Z6) hold and f : [0,T] x X^ x 3 ( t , x ,y ) ^ X satisfies the 

Lipschitz condition i.e. there exist L > 0 such that 

\\f(h, xi,yi) - f(t2, x2,2/2)|| < L(\ti - t21 + \xi - x2\0 + \yi - y2\0) 

for ti,t2 € [0, T], x\,x2, yi,y2 G X^i, 

then there exists exactly one classical solution in X*! of problem (17)-(18) 
and the solution is of class C1([0, T ] , X ) which mean that problem ( l ) - ( 2 ) 
has exactly one generalized solution. 

Proof. Since 

\f(ti,xi,Vl) - f(t2,X2,y2)\0 = ||B_1(0)(/(il>®l>2/l) - f(t2,X2,V2))\\ 

< C ||/(ii, Xi,yi) - f(t2, x2, i/2)||, 

/ as a mapping from [0,T] x X^i x into X®x satisfies the Lipschitz 
condition. Thus, by Theorem 4 from [11], there exists exactly one classical 
solution of problem (17)—(18). By definition, if u is a solution then 

( i ) « e c 2 ( [ 0 , r ] , x s ) , 

(ii) u(t) G V(A-i(t)) for t G [0,T] and the mapping 

(20) [ 0 , A _ i ( t ) u ( t ) e XEi is continuous, 

(iii) u'{t) G V(B-i(t)) for t G [0,T] and the mapping 

(21) [0, T] 3 t h-> B_ i ( t )u ' ( i ) G X^i is continuous, 

(iv) u satisfies conditions (17), (18). 

But 
t 

(22) u(t) = u ( 0 ) + \u'(s)ds. 
0 

Hence u(0) G Y, u'{t) G Y and because of (21) the mapping 

[0,T] 9 t ^ B-i(0)u'{t) G Y is continuous. 

Thus 
t t 

B-i(0)\u'{s)ds = $ £ _ i ( 0 y ( s ) d s G Y. 
0 0 Since, by (22), 

t 

B_i (0 )u( i ) = £_ i (0 )u(0 ) + 5B_i(0)u'(a)ds, 
0 

it follows that (B-i(0)u(t))' = B_i (0)u ' ( t ) and so 
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h 

B-MMt + V - B - M M t ) _ B _ m A t ) 

0 

— • 0. 
o h 

Since, by (21), 

|B_i(i)u'(t) - £ - i ( i 0 X ( i 0 ) | 0 = HBliiOJlB-iii)«'^) - B-i(io)«'(to)]|| 

= 11BZ.\ (0 )5_i ( i ) [u ' ( i ) - u'(t0)} + (0)[B—\(t) - B^(to)}u'(to)\\ ^ 0 

and ||BlJ(0)B_i(i)|| is bounded, it follows from (Z4) that 

||„'(i)-« '(tto)|| — » 0 . 

We have, thus, proved that u € C1([0, T], X). • 
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