DEMONSTRATIO MATHEMATICA
Vol. XLIT No 3 2009

V. B. L. Chaurasia, Mukesh Agnihotri

THE PRODUCT OF GENERALIZED POLYNOMIALS SETS
PERTAINING TO A CLASS OF CONVOLUTION
INTEGRAL EQUATIONS

Abstract. The purpose of this paper is to obtain a certain class of convolution integral
equation of Fredholm type with the product of two generalized polynomials sets. Using
of the Mellin transform technique; we have established solution of the integral equation.

1. Introduction
The polynomial set R%°[z] is introduced by Agrawal and Chaubey [2].

(1.1) R**[x,a,B,7,8;c,d, p, v;w(z)] = R%*[z)

_ (az®+ B)%(va? + )P
B Kpw(zx)
n=0,1,2,..., where

ng (a$c+ﬁ)a+pn(7md+6)b+unw($):|,

(1.2) Tee =28(s+2D;), Dp= ad;,
a,3,7,0,a,b,¢,d, u, v are constants, { K, }°2, is a sequence of constants, and
w(z) is any general function of x, differentiable an arbitrary number of times.

The polynomial set R‘,’l’b[r] is general in nature and gets a number of
known polynomials as its special cases.

If, we take c = d = 1, K, = nl,¢ = 0,n = —1, the polynomial set
R‘,‘,’b[m] reduces to Sﬁ’b[m,a,,@,*y,d;,u, v;w(z)], it is defined by Srivastava
and Panda [6].

In this paper, we shall investigate the inversion of the integral
< T d
0y Ia@= I T(2)sw(L). @>o.
i=1,2 i=1,2 0 y y
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where g; is given function, f; is an unknown function to be determined , and
the kernel h; is given by

9 ]I hitz)

1=1,2
_ 1 [(o 4 s+ b
- etizpi

i=1,2

) an‘ R’(rlli’bi [l', ai, Bi, Yis di; ¢iy di, iy Vi e—tiz"il
— H [{x&(g + sz)}ni{(aimci + ,Bi)ai+mn,;(%$di + (Si)bi"‘vinie_tizpi }]
i=1,2

2. Mellin Transform of [] hi(z)
i=1,2

We start with the following Lemma:

LEMMA. If [[;o; o Hi(s) = [1;=1 2 M{hi(z); s}, where [],_, 5 hi(z) is de-
fined by (1.4), then

ni Qi+ bituin

(2.1) H Hi(s) = H [Z Z Z (_1)ki+Pi+Qi

1=1,2 i=1,2%;=0 p;=0 ¢;=0
(=g (—as = pini)p, (=bi — vini)g,
k;! ;! q;!
ni—k; gaitpini—pi o bi gbitvini—a;  gi ki s +&ini
Y B; ;" 0; Y&t | —
ki

' ’ &

1 (8 + &ini + cipi + diQi)
{pil pi
_s+E~n-+c<p~+qu'j|

< (t) pi

provided that
0 < Re(s + &ni + cipi + digs) < p;, when p; > 0;
pi < Re(s + &n; + ¢ipi + dig;) <0, when p; < 0; & # 0 and
ng, (a; + ping), (by + vin;) € Ny, where i =1,2.

Proof. Making use of the binomial expansions for (a;z% + (;)%THim,
(vizd + 6;)%+vim and [2%(s; + xD,)|™, we find
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n;  @;tping bitvin;

(22) H h,(CE) = H [Z z Z (_1)ki+Pi+Qi

1=1,2 3=1,2 “k;=0 p;=0 q;=0
) (_ni)ki (-ai - #ini)Pi (_bi - Uini)lh‘ g.:’li—kiﬂfli‘f‘#ini-Pi
k;! pi! g! ' '
. apidbi+vini'Qi,-yqix§i(”i"ki)(x§i+1Dz)ki{mcipi+diQie—ti1pi} .
(2 1 7

Taking Mellin transform of both sides of equation (2.2) and applying the
following known formulas [7, p. 1.4, eq. (2.2)]; {1, p. 307, eq. (7)]-

k
(2.3) M{(xk“Dz)"f(a:); s} =k" (_s 2 n) F(s+ kn),
mn
and
(24) M{z"f(z); s} = F(s + p),
we have
n;  ai+ping bitving
(25) H Hi(s) = H I:Z Z Z (_1)ki+Pi+qi
i=1,2 i=1,2,=0 pi=0 ;=0
(=ni)k, (—as — pina)p, (=bi — vini)g,
k! p;! q;!
. gini—ki ﬁgiﬂtmi—m Olfz 6?i+vini_9i ,Y;h dﬁ (_ S +€£inz)
i ks

- M{goipitdigig=tia? o4 fini}:l )
again, applying [1, p. 307, eq. (7)] with the following known result [1, p. 313]
1
|A|

8

(26) M{(e™");s} = =)

a~"h1(
we obtain the desired result (2.1).

3. Solution of the Integral Equation (1.3)

THEOREM. Let the Mellin transforms Fi(s), Gi(s) and H;(s) # 0 of
the functions fi(x), gi(z) and h;(z) defined by (1.4) ezist and be analytic in
some infinite strip 1; < Re(s) < A\; of the complez s-plane. Also let for a
find v € (m4, \s), hi(z) is defined by

1 Ti+woo

UL W@ =1 M {Hxa}] =[] 5o | a7 Hi(s)ds,
i=1,2 1=1,2 i=1,2 Ti—woo
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where, w = v/—1,
32 I H:s)

i=1,2

n; a;+uing bituin;

='H [UiWi, (—7) Z Z Z (~1) kitpitas ( :z')k

S
1 U ki=0 p;=0 q;=0

k.
. (_az ‘uznz)p’ ( b ’Uln"‘)q‘t g—n‘t_k ﬂaz+ﬂznz“pzapz6bz+vznz i .00 € '

pi! ¢! ’ ‘ |P1‘
1“(1 + 3+Eini+€UiWi+Vi )1"(S+U¢Wi+%+§ini+cipi+diqi) 1
- d pi
+U,W;+V,+€;n;+c;p;+d;q; )
I\(S+§ini+£UiWi+Vi —'kz"‘i‘ 1) (ti)s 2 VET Ve pz"z CiP; 35 4q5
i

provided that
0 < Re(s + U;W; + V; + &n; + cipi + digi) < pi, when p; > 0;
pi < Re(s +U;W; + Vi + &ni + cipi + digi) <0, when p; < 0; p;, Ui, & # 0
ni, (a; + ping), (bi +ving) € Ny, where i =1,2.

Then the integral equation (1.3) has its solution given by

63) [[ 7@ = I [w-UiWi*Vf R (g)(in“Dy)Wf{yVigi(y)}dy ,
0

i=1,2 i=1,2

provided that the integral exists.

Proof. By convolution Theorem for Mellin transforms [1, p. 308, eq. (14)},
equation (1.3) converts into

(34) I His)Fi(s) = [] Gits),

i=1,2 i=1,2
where H;(s), F;(s) and G;(s) are Mellin transforms of hi(z), fi(z) and g;(x)
respectively. Replacing s in (3.4) by (s + U;W; + V), we get

35) ] BGs+Uwi+W)

i=1,2
= H [Hf(s){UiWi (_H_W) }Gi(S+UiWi+‘/i) )
i=1,2 Ui W,

where H}(s) is given by (3.2).
Now, applying eq. (2.3) and (2.4), we find

36) [[ F(s+UWi+Vi) = ] H: (s)IM{(y"* Dy)"iy¥ gi(y)}dy; sl
i=1,2 i=1,2
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and by the application of the known results [1, p. 307, eq. (7)] and [1, p. 308,
eq. (14)], in (3.6) , leads to

37 J] MY fi(z); )

i=1,2
= II [M{Ty_lhf(g)(yU"“Dy)W"(yV"Qi(y))dy;3}].

i=1,2 0

Inverting both sides of (3.7) by taking the Mellin inversion Theorem |[1,
p- 307, eq. (1)], we find the required solution (3.3).

4. Applications

Since the polynomial set R,(z) incorporates in itself several classical as
well as other polynomials, solutions of a large number of convolution integral
equations for the above mentioned polynomials may be obtained by assigning
different values to the parameters in R%°(z).

For example, on taking ¢; = d; = 1, K, = n;!, ¢, =0, & = —1, we have
the following corollary

COROLLARY 1. The convolution integral equation

@y J[e@-=]] sy—lh;(g),my)dy, (z>0),

i=1,2 i=1,2 0
where, the kernel
“2) ] ri@
i=1,2

oy + )% (yix + 6;)%
=11 [( )% (y )

a;b; . .
etizhi ’n’z'sn: t [m’ai’Bi,’Yiaé’i, Hi, Vs €

—tizpi]
=12
= H I:D;h(a,:l: + ﬁi)ai+#mi (’Yi-’z + 5i)bi+v,-nie_tizpi] ’
i=12
has the solution

@3) I 5@

1=1,2
[ o]
-1 [m—UiWi—Vi [ ythy (g_) (y%+1D,)™ {yv‘gi(y)}dy] ,
i=1,2 0

provided that the integral exists, and Hi=12h;*(a:) is the Mellin inverse
transform of
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( & ) a;+ping bj+uin; (_1)k1+pi+€h‘

(4.4) H H;*(S) = H [in ~Wi- & Z |pi]

i=1,2 i=1,2 gi=0

. (—ai - /—Lini)pi (— i ’Uini)(h‘ cni—ki ﬂgi+umi—pi O[f’ 6b1+vlnz a4 . gi

pi o K
I'(s + U;W; + V;) I‘(3+UiWi+V;i_ni+Pi+Qi) -1
) s+U W +V+n,+p;+q; ] ’
(s —n; + UW; + Vi) (t:) p;

provided that
Re(s + U;W; + Vi — n; + p; + q;) > 0, when p; > 0;
Re(s+ UiW; + Vi — n; + p; + ¢;) <O, when p; < 0; p;,U; #0,
ng, (@i + pini), (b; + vin;) and W; € Ny, where i = 1,2.
Also, letting a; = 1, 8; =0, 0, =0, v; = 0, a; = o — 0y, s = 03, ¢; = 1,
=-1,¢=0§=1-0;, we find
45) Ry %[z, 1,0, %, 65 1, 0, 055 e~ 5%°) = £ MZ [z, o, 3],

where M2 [z, o, t;] is known as generalized Bessel polynomial [8]. Thus, we
have the following result contained in the following corollary

COROLLARY 2. Corresponding to the hypothesis of Theorem, the integral
equation

w6)  [[a@=]I Sy-lh;'(f)my)dy, (&> 0),
1=1,2 1=1,2 0 y

where the kernel

(47 [T #(@) = [] 1% e % M1z, ol ]
i=1,2 i=1,2
’ —t;
=TI (e* Doy fasimrtome='y),
i=1,2

possesses the solution

48) ] fi=)

i=1,2
- H [x—-UiWi“Vi S -—lh ( )(yUz‘l'lD ) i{yVigi(y)}dyjl’
i=1,2 0 y

if the integral exits, and ] h;*(z) is the Mellin inverse transform of
i=1,2
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( 1)"’t s—n;—aj+o;—U;W; -V

(49) H{’*(s) ot [ . : : S
il_ll,z i ,~£[,2 n,Uqu( s) (s+U¢W@+:2+n, a,n,+1)

F(—W,— _ U)P(3+UiWi+‘/i+ni—2aini + 1)
' M(—s—-n—-UW;-V,—a.+o;) |

provided that Re(s + U;W; + V; + a}) < 0; — ns, Re(t;) > 0, when U; # 0,
n; and W; € Ny, where i =1, 2.

Now, by the application of the Mellin inversion formula (3.1) and replac-
ing s by —s given as

10 [ @

i=1,2
H [( 1 i g m+a —o;+U; W4V, 1 r+swoo stsr(_Wi+ _(%)
= :L‘  —_—
i TWi : -
i=1,2 7Uz 27rw T~ F(li)
U;WitVitn—20:n,
F(l-{- + ;—in g ;s:) ds

T + GWtVitnom D UW; — Vi — o, — ni — 01 + 5)

The contour integral in (4.10) can be represented in terms of Fox’s H-function
[4]. Thus the solution of the integral equation (4.8) can be expressed as

41y T @)

i=1,2
,+a —oi+UiWi+V;
( l)nlt " -U;W;— U+1
= H { "iUWi T Sy b )
=12 i Vi 0
iU WiHVidni—o; i
Wiy a7 | O Wa ), (sermdimsen, 2,
Yy gily 2,3 y (aj+UWL+V+nz—amz 1 ( )
’0,‘ ] ’U,

, dy

(1+UiI/Vi+Vi+ai+ni—a,~,1)

L Ontakingi=1,a,=1,06,=0,¢;=1,0; =0,1;, =0, ¢ =0 and a;

by (i +&n;) and y; by —¢; in (1.4), the main Theorem reduces to a known
result given by Srivastava [7] under less stringent conditions.

IL. Also, lettingi=1,a; =1, 83, =0,¢ =1, V; =0, 1/, =0, G =0=p,
and & = U; = —1 in (2.1), Theorem seems to correspond to result given by
Sriastava [7] .
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III. The result recently obtained by Chaurasia and Patni in [3] contained
in our result given in the form of the main Theorem, for i = 1.
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