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THE PRODUCT OF GENERALIZED POLYNOMIALS SETS 
PERTAINING TO A CLASS OF CONVOLUTION 

INTEGRAL EQUATIONS 

Abstrac t . The purpose of this paper is to obtain a certain class of convolution integral 
equation of Fredholm type with the product of two generalized polynomials sets. Using 
of the Mellin transform technique; we have established solution of the integral equation. 

1. Introduction 
The polynomial set R%b[x] is introduced by Agrawal and Chaubey [2]. 

(1.1) a , ¡3,7, c, d, n,«/; «,(*)] = 

(axc + (3)a+»n(7xd + S)b+vnw(x) , 

n = 0 ,1 ,2 , . . . , where 

(1.2) T i ; i = + xDx), Dx = 

a, ¡3, 7, S, a, b, c, d, n, v are constants, {Kn}^L0 is a sequence of constants, and 
w(x) is any general function of x, differentiate an arbitrary number of times. 

The polynomial set R%b[x] is general in nature and gets a number of 
known polynomials as its special cases. 

If, we take c = d = 1, Kn = n!, <; = 0, n = —1, the polynomial set 
R%b[x] reduces to Sn'b[x,a, (3,^,6;, n,v,w(x)], it is defined by Srivastava 
and Panda [6]. 

In this paper, we shall investigate the inversion of the integral 

(1.3) n *<*)= n T f c f r W i r O . ( x > o ) ' 
¿=1,2 ¿=1,2 0 V y ' 
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(axc + P)~a{ -yxd + S) 
Knw(x) 

- o 
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where is given function, fi is an unknown function to be determined , and 
the kernel hi is given by 

(i.4) n hi(x) 

¿=1,2 

'(diX* + P i ) a i ( j i X d i +Si)bi n 
¿ = 1 , 2 

g tiXpi 

' Kni R^'l[x, cxi, Si] Ci, di, f i i , l'i', e 1 ] 

= I I [ { ^ f e + xDx)}ni{(aixCi + p i ) a i + ^ ^ i X d i + 6i)bi+Vinie~tixPi}}. 
¿ = 1 , 2 

2. Mellin Transform of n h i ( x ) 
¿ = 1 , 2 

We start with the following Lemma: 

L e m m a . If rL=i,2^(s) = Tli=i,2M{hi(x)\s}> where r i t = i , 2 M®) i s de-
fined b y (1 .4) , then 

- rii ai+fXiUi bi+ViUi 

( 2 . i ) n H i ( s ) = n e E E ( - i ) ^ * 
¿=1,2 ¿=1,2 ki=0 Pi=0 0 

( -n i ) k i (-en - /¿¿«¿)Pi ( -bi - ViUi)qi 

kA Pi! 

_ çUi-ki gai+fiiUi-piçjii^bi+Viîii-qi qi ¿hi ( s + ù n i 
% % % % ' % % 1 ^ 

\ 

1 p / g + iirii + CiPi + d j q j \ 

\pi\ \ Pi ) 
s+iini+ciPi+dM 

• (U) 

provided that 

0 < R e ( s + Çiiii + CiPi + diqi) < pi, when pi > 0; 

Pi < R e ( s + + CiPi + diqi) < 0, when pi < 0; & ^ 0 and 

ni, (ai + piUi), (bi + ViUi) € N0, where i = 1,2. 

Proof. Making use of the binomial expansions for (ajXCi + /?j)° i+ ' i<n<, 
(^iXdi + and + a;Dx)]nS we find 
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- ni ai+HiUi bi+ViUi 
(2.2) n hi{x) = n e e e ( - 1 ) * ' + p i + q ' 

i=l,2 i=l,2 fei=0 Pi= 0 ^=0 

(~ai ~ Vini)pi (~bj — Vjni)qi rn-kj rMi+mni-pi 
ki\ Pi\ «! ^ 

Taking Mellin transform of both sides of equation (2.2) and applying the 
following known formulas [7, p. 1.4, eq. (2.2)]; [1, p. 307, eq. (7)]. 

(2.3) M{(xk+1Dx)nf(x)]8} = k n ( - ^ ^ j F(s + kn), 

and 

(2.4) M{x»f{x)]s} = F(s + ix), 

we have 

- n< ai+mni bi+vlrii 

(2.5) n h = n e e e ( ~ i ) k i + p i + g i 

i=l,2 i=l,2 fc,=0 Pi=0 qi=0 

(~rat)fci ~ P-ini)pj (~bj ~ ViTli)qi 

ki\ Pi\ qi\ 

. Ui-ki ftai+tuni-piVis-bi+Vini-qi qipki f s + £ i n i A 
' S "i "i 'j Si I c I 

\ si / fcj 

again, applying [1, p. 307, eq. (7)] with the following known result [1, p. 313] 

(2.6) M { ( e - ^ h y , s } = ^ a - ^ T ( S - ) , 

we obtain the desired result (2.1). 

3. Solution of the Integral Equation (1.3) 
THEOREM. Let the Mellin transforms Ft(s), Gi(s) and Hl(s) / 0 o/ 

the functions fi(x), gi(x) and hi(x) defined by (1.4) exist and be analytic in 
some infinite strip r\t < Re(.s) < of the complex s-plane. Also let for a 
find ri € (fft, Aj), hl(x) is defined by 

_ __ 1 n+^oo 
(3.1) H h*(x) = n [ M - 1 {#* (* ) ;*} ] = n 5 x~SH;(s)ds, 

i=l,2 i=l,2 i=l,2 Ti-w oo 
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where, w = y f — \ , 

(3.2) n h * ( s ) 
i=l,2 

r TV s_\ ni ai+^iiii bi+ViUi , 

n k'jvz^z) e e e 
<=1,2 L W t Ui) k i = o pi=0 Qi=o 

(—Ctj — ^iTli)Pl (—bj — Vjni)qi nOfflt+Ziint-Pi Pi rbi+VjTtj-gi gi ^ ' 
ft! ^ P i 1 1 7 i 

hi 

A 

s+Cirti+t/jWi+V; s+UiWi+Vi+£ini+CiPi+diqi ^ -1 

Y^s+Sim+UiWi+Vi _ + ! ) ( ¿ . ) P i 

provided that 

0 < R e ( s + UiWi + Vi + £irii + CiPi + ( % ) < Pi, when pi > 0 ; 

Pi < R e ( s + UiWi + Vi + i i r i i + CiPi + diqi) < 0 , when pi < 0 ; pi, Ui, & ^ 0 

i i i , ( o j + HiUi), (bi + Villi) E No, where ¿ = 1 , 2 . 

Then the integral equation ( 1 . 3 ) has its solution given by 

OO / \ 
(3.3) n m = n x - U i m - V l \ y - l K [ - ) { y u ^ l D y ) W i { y V i 9 i { y ) } d y 

¿=1,2 ¿=1,2'- 0 ' 

provided that the integral exists. 

Proof. By convolution Theorem for Mellin transforms [1, p. 308, eq. (14)], 
equation (1.3) converts into 

( 3 . 4 ) n H i ( s ) F i ( s ) = [ I G i ( s ) , 

¿=1,2 ¿=1,2 

where H i ( s ) , F i ( s ) and Gi(s) are Mellin transforms of h l ( x ) ) f i ( x ) and g t ( x ) 

respectively. Replacing s in (3.4) by (,s + UiWi + V t ) , we get 

( 3 . 5 ) n F i ( s + UiWi + v ; ) 

¿ = 1 , 2 

= n } G i ( S + UiWi + Vi) 
¿ = 1 , 2 L I \ U i J w j 

where H*(s) is given by (3.2). 
Now, applying eq. (2.3) and (2.4), we find 

( 3 . 6 ) n + U W + y ) = I I H ! ( 8 ) [ M { ( y U i + 1 D y ) w < y v < g i ( y ) } d y , s], 

¿=1,2 ¿=1,2 
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and by the application of the known results [1, p. 307, eq. (7)] and [1, p. 308, 
eq. (14)], in (3.6) , leads to 

(3.7) n M [ * U i W i + V i M x ) ; * ] 
i=l,2 

= n \ M \ ^ y ~ l K { f \ { y U i + 1 D y ) w ^ 9 i { y ) ) d y - s ) 
¿=1,2 L ^o J J 

Inverting both sides of (3.7) by taking the Mellin inversion Theorem [1, 
p. 307, eq. (1)], we find the required solution (3.3). 

4. Applications 
Since the polynomial set Rn(x) incorporates in itself several classical as 

well as other polynomials, solutions of a large number of convolution integral 
equations for the above mentioned polynomials may be obtained by assigning 
different values to the parameters in R%b(x). 

For example, on taking Ci = di — 1, Kn = n t!, Q = 0, & = —1, we have 
the following corollary 

C O R O L L A R Y 1 . The convolution integral equation 
OO / \ 

(4.1) n * ( * ) = n [ y - ' h i i - h f i W v , ( * > o ) , 
¿=1,2 ¿=1,2 0 

where, the kernel 

(4.2) n A«*) 
¿ = 1 , 2 

n 
¿=1,2 

g tiXpi 
n¿!S£6i [x, au fan, m, I/í; e~Ux"1} 

= I I [D2i{<*iX +Pi)ai+flinihiX + 6 i ) b i + V i n i e- t i x P i 

¿ = 1 , 2 

has the solution 

(4.3) n /<(*) 
¿ = 1 , 2 

n 
¿ = 1 , 2 

X S y~lh'i* ( \ ) (yUi+lDy) {yV,9i(y)}dy 

provided that the integral exists, and ] ^ = i 2 K*(x) Mellin inverse 
transform of 
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J « ) n ^ * w = n E E 

i = l , 2 ¿ = 1 , 2 ^ 1 U i ' p i = 0 g i = 0 l ™ 

(~Qi ~ t1ini)pj {~bi ~ vini)qj m-ki oai+tiiUi-pi ih sbi+vini~ql qi 
ft! «! * Pi ' * 7 i 

r{s + UiWi + Vi) n-i 
s+UjWi+Vi+nj+Pi+qi 

T(s -m + u^ + Vi) {u) 
provided that 

R e ( s + UiWi + Vi-rii+pi + qi) > 0 , when pi > 0 ; 

Re(s + UiWi + Vi-rii+pi + qi) < 0, when pi < 0; pi, Ui / 0, 

"n-i, (oj + HiUi), (bi + ViUi) and Wi € No, where « = 1,2. 

A l s o , l e t t i n g a ; = 1 , fa = 0 , bi = 0 , V i = 0 , a , = o ! i - O i , m = Ci = 1 , 

Pi = - 1 , = 0 , & = 1 - (Tj, w e f i n d 

( 4 . 5 ) l C t C i [ x i , 1 , 0 , 7 i , 5 < ; 1 , 0 , e ~ t i x P ] = [ s , a j , U ] , 

w h e r e ol'^U] i s k n o w n a s g e n e r a l i z e d B e s s e l p o l y n o m i a l [ 8 ] . T h u s , w e 

h a v e t h e f o l l o w i n g r e s u l t c o n t a i n e d i n t h e f o l l o w i n g c o r o l l a r y 

COROLLARY 2. Corresponding to the hypothesis of Theorem, the integral 
equation 

( 4 . 6 ) n 9 i ( x ) = n t y - ^ ' f - W ) ^ , ( x > o ) , 

¿ = 1 , 2 ¿ = 1 , 2 0 

where the kernel 

(4.7) n h'l(x) = n ^M^x^M 
¿ = 1 , 2 ¿ = 1 , 2 

= I I K ^ D z H x ^ + ^ e ^ } } , 

i-1,2 

possesses the solution 

( 4 . 8 ) n ^ 
¿ = 1 , 2 

¿ = 1 , 2 L 0 

if the integral exits, and JJ h'i*(x) is the Mellin inverse transform of 
¿ = 1 , 2 
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( 4 . 9 ) n h¡*{s) = n 
¿=1,2 ¿=1,2 

( - i r n 
L ^ c / f n - û n s+UjWj+Vi+ni—cTini 

_ s ^Y^+UiWi+Vi+ni-Zoim + 

T(-s - m - UiWi - Vi - a'i + Oi) 

provided that Re(s + UiWi + Vi + a\) < <Ji — rii, Re(ij) > 0, when Ui ^ 0, 
rii and Wi G No, where i = 1 , 2 . 

Now, by the application of the Mellin inversion formula (3.1) and replac-
ing s by — s given as 

(4.10) n 
¿=1,2 

= n 
¿=1,2 

/ -i \Ti{ .—ni+^—ai+UiWi+Vi n r+woo •pi ytr i s \ 
i ' 1 ) h L_ { ^ ^ Uj> 

aniUWi 2-kvj J X l i r(jS-) "t t 1 ICOO 
pQ I UiWi+Vi+ni—2aim s \ 

Oi er,' 
UiWi+Vj+nj-CTini s 

Ci 
1 - X - U i W i - V i - a ' i - m - O i + s) 

-ds 

The contour integral in (4.10) can be represented in terms of Fox's H-function 
[4]. Thus the solution of the integral equation (4.8) can be expressed as 

(4.ii) n 
¿=1,2 

n 
¿=1,2 

l i \m ,-n-i+a^-ai+UiWi+Vi oo 
1 i j h x-VM-Vi J y-^yUi + lD^Wt 

0 

{yv<9i(y)}H^ i,i Xti 

( 
iTUj VVj-T ViTUi fJj'H 

a ' tí 
<Ji+UiWi+Vi+ni-Oini 

Oi 

(....) 
(1 + UiWi + Vi + a'i + n i - ai, 1) 

i2i i l fi J.1) 

' a i / ' Ui'i 

dy 

I. On taking i = 1, ai — 1, = 0, Ci = 1, frj = 0, Ui = 0, Çj = 0 and ai 
by (ai + ÇiTii) and ¡n by — i n (1.4), the main Theorem reduces to a known 
result given by Srivastava [7] under less stringent conditions. 

II. Also, letting i = 1, ai = 1, fa = 0, o, = 1, Vi = 0, Vi = 0, <u = 0 = m 
and & = Ui = — 1 in (2.1), Theorem seems to correspond to result given by 
Sriastava [7] . 
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III. The result recently obtained by Chaurasia and Patni in [3] contained 
in our result given in the form of the main Theorem, for i = 1. 

Acknowledgment. The authors are grateful to professor H. M. Srivas-
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tions in the preparation of this paper. 
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