
DEMONSTRATIO MATHEMATICA 
Vol. XLII No 2 2009 

Hongxia Du, Yu Miao 

SEVERAL E X T E N D E D ANALOGUES OF 
HILBERT'S INEQUALITIES 

Iqct £ — lOE 11 
Abstract. By introducing the function —!— J - with real numbers 

ax + py + mm{a;, y} 
a, ¡3,7, we get several extended analogues of Hilbert's inequalities. 

1. Introduction 
If / , g are real functions such that 

oo oo 
(1.1) 0 < 5 f2(x)dx < oo a n d 0 < \ g2(x)dx < oo, 

0 o 

then we have the following well known Hilbert's integral inequality [1], 
oo oo f( \ ( \ f°° 00 1/2 
\ \ S[X)9{y)dxdy < 7T< \ f \ x ) d x \ g\x)dx \ 
5 6 x + y U 6 i 

where the constant factor 7r is the best possible. Furthermore, we have also 
the following Hardy-Hilbert's type inequality [1, Th 341, Th 342], 

00 00 f(r)n(iA r°° 00 1 1/2 

ooooi , soo oo >| 1/2 
S 5 0 g X ' 0gyf(x)g(y)dxdy < t t 2 \ \ f ( x ) d x \ g\x)dx , 6 6 x~y U 6 J 

where the constant factors 4 and 7r2 are both the best possible. 
There are numerous literatures to study the Hilbert's and Hardy-Hilbert's 

type inequalities from different directions [4, 5, 6, 7]. Recently, Li-Wu-He [3] 
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obtained the following inequality: if (1.1) is satisfied, then we have 

(12) J J f(x)g(y) < J y 2 ( x ) d x ^ g2{x)dx\1/2 

}

where the constant factor c = 1.7408... is the best possible. 
He-Qian-Li [2] proved the following inequality: if (1.1) is satisfied, then 

we have 
oo oo | i i i /• oo oo 1 1/2 

(1.3) j J I o g x - ogyi < I j 2 j 2 

5 5 x + V + mm{x, y} I o o J 
where the constant factor c = 6.88947... is the best possible. 

In this short paper, we will give several extended analogues of Hilbert's 
inequalities which include the case (1.3). 

2. Main results 
Before giving our main results, we need mention the following 

LEMMA 1. Let 7, a, (3 be three real numbers. Then we have the following 
equations 

? | log x - l o g yr / x\^ dy = J I l o g s - l o g yP / y n ^ ^ 
¡J ax + py + minjx, y) \yJ jj ax + py + mm{x,y} \xJ 

_ j 27+1| log ¿|7 } 27+1| log ¿|7 , 
~ lti(0 + l) + aM + lti(a + l) + 0 M - A 

where A € [0,00]. 
Proof. For any given y, let y = tx, then it follows that 

J | logx - logy|7 / 1 / 2 

^ ax + ¡3y + minjx,y} \y J 
1/2 

= ? m ( \ y \ t 
J a + t/3 + min{l, t} \t J 

i iogtr / i \ 1 / 2 . . ? i iogtr m 1 / 2 

t(P + l) + a\t) + | t(5 + {l + a) \t) 

iiog^r ( i \ 1 / 2 , , , j 1 log¿r ( i \ 1 / 2 , 
t(0+l) + a\tj at + h(a + l) + p { t ) 

dt 

27+1| logtj7 j 2^-1 logty 
1 i\ j_ a t2(P + 1) + a ¿i2(« + 1)+ (3 

which implies the desired result. 1 
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T H E O R E M 1. If f , g are real functions such that 0 < $^ f 2 ( x ) d x < oo and 
0<$o°° g 2 { x ) d x < oo. Furthermore, let A £ (0, oo), then we have 

(2-1) T T i l 0 r ~ l 0 S f , f ( x ) g ( y ) d x d y V J I I ax + (3y + m m { x , y } J K > y y y > 

/oo \ 1/2 /oo \ 1/2 
< A [ \ f 2 ( x ) d x ) \ g \ y ) d y J , 

where A is defined in Lemma 1 and is the best possible. 
Proof. By Holder's inequality and Lemma 1, we get 

(2-2) J ! l ^ - y f { x ) g ( y ) d x d y 3
0 J x + y + min{x, y } 

< ( T i l | l Q f " l Q g f , f ^ l d y ) f ( x ) d x ) 
{ }

0 \ J
0 ax + ( 3 y + m m { x , y } \ y j J J 

"(TfT d ^ 2( )d X 
ax + P y + m m { x , y } \ x J J J 

/oo X 1 / 2 /oo \ 1 / 2 
< A ^ \ f ( x ) d x j ^ \ g 2 ( y ) d y j . 

If the equality in (2.2) holds, then there exist two constant c and d , such 
that they are not both zero (without loss of generality, suppose that c ^ 0) 
and 

c | l Q f " l 0 g f , ( X - \ n f ( x ) 
a x + ( 3 y + min{x, y } \ y J 

| log a; — logy | 7 / y \ 1 / 2
 2 = d ^ . j x m g 2 ( y ) , ax + p y + mm{x, y \ \ x / 

a.e. in (0, oo) x (0, oo). That is to say, we have 

c x f 2 ( x ) = d y g 2 ( y ) = constant, 

a.e. in (0, oo) x (0, oo). Thus 
oo 
J f 2 ( x ) d x = oo, 
0 

which contradicts the assumption 0 < f 2 ( x ) d x < oo. Hence, the inequal-
ity (2.2) takes the form of strict inequality. 

Assume that the constant A in the inequality (2.1) is not the best pos-
sible, then there exists a positive number K with K < A and a > 0, such 
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t h a t 

oo oo 

1 1 J + ' ^ m f n ^ y } f ( * M y ) d * d y 

/ o o \ 1 / 2 / o o N 1 / 2 

<K^\f2(x)dxj ( j ^(t/^yj • 

F o r 0 < e < 1 , s e t t i n g 

f = x e[b,oo), f f o r x € [ 6 , o o ) , 

[ X ) \ o , f o r ( 0 , b). M V ) [ 0 , f o r ( 0 , b). 

T h e n 

(oo \ 1 / 2 /oo \ 1 / 2 I 

\fhx)dx) (\g2Ay)dy) =K—. 

L e t y = tx, w e g e t 

( 2 - 4 ) T T | l Q f ~ l 0 g f , Ux)g£(y)dxdy 

OO OO I I 1 I --y 

= S i | l 0 r - l 0 g f ^ y - ^ d x d y ^ Jb ax + py + m m { x , y\ 
OO OO I 1 , i-y 

= [ I l l Q g * 7 f ,-^h-^dtdx. 

L e t t i n g 6 —> 0 + , b y ( 2 . 3 ) a n d F a t o u ' s l e m m a , w e h a v e 

oo oo 
\ \ — i i o g ^ R ( E + D ^ 

J J a + i / ? + m m { l , i } 

w h i c h y i e l d s 

1 f I l o g i l 7 , _ _ 1 
— \ n r, ,t~~dt < K—, 
ea£ ^ a + tp + m i n j l , t\ ea£ 

l i m T l l o g ^ r = A < K 

£ - + 0 + j> a + t/3 + m i n { l , i } 

T h e c o n t r a d i c t i o n i m p l i e s t h e c o n s t a n t A i s t h e b e s t p o s s i b l e . • 

T H E O R E M 2 . Suppose f > 0 and 0 < f2(x)dx < o o . Then 

oo / o o I i 1 17 \ ^ oo 

( 2 . 5 ) S ( 5 ' l y ; 1 0 ^ Xf(x)dx) dy<A2\ f\x)dx. 
^ V 5 a x + (3y + m i n j x , y ) J J 
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Proof. Let 

^ ax + py + mm{x, y\ 

then by (2.2), we have 
oo oo /oo M 1 17 \ ^ 

(2.6) 0 < J g \ y ) d y = \ ( \ ' ^ " ^ j f 1
 f ( x ) d x \ d y o <*x + 0y + minja;, y} J 

OO OO |i i i-Y 

= s s ^r;'06"' ,mS(v)<bdy ¿J J
0 ax + /3y + mm{x,y\ 

1/2 /oo ^ 1/2 (OO \ l/Z /OO \ i/2 

\ f 2 ( x ) d x j ( j ^ d y j , 

which yields 

(2.7) 0 < j g2(y)dy < A2 \ f2(x)dx < oo. 
o o 

By (2.1), both (2.6) and (2.7) take the form of strict inequality, so we have 
the inequality (2.5). On the other hand, suppose that (2.5) is valid. By 
Holder's inequality, we get 

-1(1 J ^ X ) * » ) * » 
(oo \ 1/2 /oo \ 1/2 

\ f 2 ( x ) d x j ( j ¿ ^ J 
which is the inequality (2.1). • 

REMARK 1. If we take 7 = a = /? = 1, then the inequality (1.3) can be 
induced by the inequality (2.1). 

3. Several special inequalities 
In this section, by choosing different 7, a , /3, we establish several special 

inequalities. In what follows, assume that (1.1) is satisfied. 
(1) If 7 = 0 , a = 0 = 1, then 

0 0 0 0 f(r \n(n\ \ 1/2 /oo x 1/2 

<3i> \\x4:^dxiy<v/{xn (v{y)iv) • 
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where 
l 

A = 4 \ n } dt = 2V2 arctan(\/2). 
^ 2 t z + 1 

(2) If 7 = 2, a = /? = 1, then 

(00 \ 1/2 /oo \ 1/2 

\f2(x)dxj ( j ^(y^yj , 
where 

A = 16\ = 30.24955.... 
I 2t2 + 1 
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