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SEVERAL EXTENDED ANALOGUES OF
HILBERT’S INEQUALITIES

|log x — log y|”

az + Sy + min{z, y}
a, 3,7, we get several extended analogues of Hilbert’s inequalities.

with real numbers

Abstract. By introducing the function

1. Introduction
If f, g are real functions such that

(1.1) 0< S fA(z)dz < 00 and 0 < S g*(x)dx < oo,
0 0

then we have the following well known Hilbert’s integral inequality [1],
00 00 00 0 1/2
S S Mdzdy < W{S fA(x)dz S gQ(m)da:}
oo *TY 0 0

where the constant factor 7 is the best possible. Furthermore, we have also
the following Hardy-Hilbert’s type inequality {1, Th 341, Th 342],

TT S @) 4 T 2(ovdn § 2@z )
1§ Lpey < 4{ | P | #eyaaf

T T logz — logy 2 [T 2 T 2 12
| | ———r@)9(y)dzdy < °< | f2(2)dz | g*(z)dzp
oo TTY 0 0
where the constant factors 4 and 72 are both the best possible.
There are numerous literatures to study the Hilbert’s and Hardy-Hilbert’s

type inequalities from different directions [4, 5, 6, 7]. Recently, Li-Wu-He [3]
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obtained the following inequality: if (1.1) is satisfied, then we have
00 00 00 o 1/2
(1.2) f f@)9W) gy < c{ | F(e)dz § g2(x)da:} ,
5 5 T +y+ max{z,y} 5 5
where the constant factor ¢ = 1.7408. .. is the best possible.
He-Qian-Li [2] proved the following inequality: if (1.1) is satisfied, then
we have

[e e o)

| log z — log y| o 2y :C°° ) 1/2
19) | ] A B @y < o{ | 1w | eyiaf

where the constant factor ¢ = 6.88947. .. is the best possible.
In this short paper, we will give several extended analogues of Hilbert’s
inequalities which include the case (1.3).

2. Main results
Before giving our main results, we need mention the following

LEMMA 1. Let v,a,3 be three real numbers. Then we have the following
equations

S |log z — log y|” <E>1/2d B °S° |logz — log y|” (g)1/2dm

5 @z + By + min{z, y} Y= ) oz + By + min{z, y}

[e o]

2’Y+1| log t|”

§ N 27+ | log t|”
Ot2 B+ +a

S L Ly
ta+1)+p ’

O e b

where A € [0, 00].
Proof. For any given y, let y = tx, then it follows that

OSO \logz —logy]” [z 1/2d
o ar + By + min{z, y} y

T | log t|” 1\ /2
= : - dt
5 a@+t8+min{l,t} \¢

1 5 1/2 oo 5 1/2
[ loet” Ilogtl ( ) dt + | _ |logt|” (_) dt
S t(B+ ; 6+ (1+a)
=§ llogtlv (1) dt+1 | log [ < >1/2dt
0t(,8+1 +a \t t( tla+1)+8
_ i 27+ | log t|7 +§ 27 log Y
_0t2(ﬂ+1)+a B+ +8

which implies the desired result. w
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THEOREM 1. If f, g are real functions such that 0 < §° f%(z)dz < oo and
0 < §5° g%(z)dz < co. Furthermore, let A € (0,00), then we have

)
@1) | {08 LB _co o dzay
00

az + By + min{z, y}
4 (Og Payic) v (OSOgQ(wdy) "

0
where A is defined in Lemma 1 and is the best possible.

Proof. By Hélder’s inequality and Lemma 1, we get

[e el o)

|log z — log y|
(2:2) (S) (S) Ty mn(e g) (@9W)dedy

< T |10g.’13—10gy|'7 3; 1/2d ) i 1/2
T |10g3’3—10gy|7 y 1/2 ) 1/2
" {(S,( az + By + min{z, y} (;) div)g (y)dy}

< A(if Payis) v (o(sj )iy "

If the equality in (2.2) holds, then there exist two constant ¢ and d, such
that they are not both zero (without loss of generality, suppose that ¢ # 0)

and
10 T — 10 xr 1/2
| g g yl ( ) f2(17)

“az + By + min{z, y}
_ g |logz—logy|” (g)1/2g2(y)
az + By + min{z,y} \ z ’
a.e. in (0,00) x (0,00). That is to say, we have
cxf(z) = dyg*(y) = constant,
a.e. in (0,00) x (0,00). Thus

o0
S fA(z)dz = o
0
which contradicts the assumption 0 < §g° f?(z)dz < oo. Hence, the inequal-
ity (2.2) takes the form of strict inequality.
Assume that the constant A in the inequality (2.1) is not the best pos-
sible, then there exists a positive number K with K < A and a > 0, such
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that

o0 O
S S |logz — logy|”
az + By + min{z, y}

<K(Z§j fZ(a:)dm)l/z (osog?(y)dy)m.

a

f(z)g(y)dzdy

23y *°

For 0 < € < 1, setting
e+1 e+1
x” 2z ,for z € [b, ), Yy~ 2z ,for z € [b,00),
fs(w) = e(y) =
0, for(0,b). 0, for(0,b).
Then

Let y = tx, we get

o0 00

|log z — log y|”

2.4 o
. § (S) ax+ﬂ’y+min{x,y}f€(x)96(y) xdy
oo 00 _ N E E
=1{ |log z logy1 R
a b a$+ﬂy+m1n{x,y}
o0 o0 y E
= S S tllogtl. — ot gldtda:.
ab/za+ B"‘mln{,}

Letting b — 07, by (2.3) and Fatou’s lemma, we have

[e eXe )

| log ¢[”

—(e+1), -1
- z t” 2 dtdr
§ (S) a+ tf + min{1,t}
o0 y .
= 1 S llogt|. 5 A < Ki’
ea® § a+t6+min{l,t} eaf
which yields
T log t|” e
lim log " ep iy a< k.
e—0+ 5 a+t6 +min{l,t}

The contradiction implies the constant A is the best possible. m
THEOREM 2. Suppose f >0 and 0 < §° f2(z)dz < co. Then

°°(°§° |log z — log y|”

(2:5) (S) az + By + min{z, y}

oo

2
f(a:)dx) dy < A? S A (x)dz.
0

0
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Proof. Let

( )_OSO |log z — log y|” f(@)dz
9y _Oaa:+6y+min{:v,y} ’

then by (2.2), we have

T 2 OO(OSO |log z — logy[”

(2:6) 0< S 9" (v)dy = (S) 0 oz + Py + min{z, y}

0
o0 00
|logz — logy|”
- dzd
(S) (S) oz T fy + min{z,g]! P9W)dzdy

<A (og f (m)dm) v (Eo gQ(y)dy) 1/2,

f (a:)da:) 2dy

which yields

(2.7) 0< o§Og2(y)dy < A2o§f2(x)dx < 0.
0 0

By (2.1), both (2.6) and (2.7) take the form of strict inequality, so we have
the inequality (2.5). On the other hand, suppose that (2.5) is valid. By
Hoélder’s inequality, we get

[e ol o)

|log z — log y|”

(S) (S) az + By + min{z, y}

f(z)g(y)dzdy

T |logz —logy|”
(S) <§) az + By + min{z, y}f(m)dx)g(y)dy

(Og It dm)1/2(§ )iy v

which is the inequality (2.1). =

REMARK 1. If we take v = o = # = 1, then the inequality (1.3) can be
induced by the inequality (2.1).

3. Several special inequalities

In this section, by choosing different +, c, 3, we establish several special
inequalities. In what follows, assume that (1.1) is satisfied.

(1) Ify=0,a=03=1, then

TT  flx)el) T 20 de V2, 12
30 ] ]yt <A P (§fwm)
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where .
1
A= 4§ mdt = 2v/2arctan(v/2).
(2)Ify=2,a=p8=1, then
62) || BB ry)dea
Yy ety rminga,yp Y
oo 1/2 so0 1/2
< A(S fz(fv)dw) (S 92(y)dy) :
0 0
where .
2
A= 16 L8 4 _ 5024055
o 2t +1
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