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POINCARÉ A N D SOBOLEV TYPE INEQUALITIES FOR 
WIDDER DERIVATIVES 

Abstract. Various Lp form Poincaré and Sobolev type inequalities, forward and 
reverse, are given involving Widder derivative ([1]). 

1. Background 
T h e following c o m e f r o m [1], 
Let / , UQ, UI, . . . , un € Cn+l ([a, b]), n > 0, a n d t h e W r o n s k i a n s 

(1) Wi (x) : = W [n0 ( x ) , ux ( x ) , . . . , it* (x)] 

U0 (X) Ui (x) ... Ui (x) 
u'0(x) u[{x) ... r) 

UQ-1 (X) uf* (X) . . . (x) 

i = 0 , 1 , . . . , n. Here Wo (x) = uo (x). A s s u m e Wi (x) > 0 over [a, b], i = 
0 , 1 , . . . , n . For i > 0, t h e di f ferent ia l o p e r a t o r of order i ( W i d d e r der ivat ive) : 

W [U0 (X) ,UJ(X),..., UI-1 ( x ) , / ( x ) ] 
(2) L i f ( x ) := 

Wi-! (x) 

i = l,...,n + l; L 0 f ( x ) := f ( x ) , Vx G [a,b]. 
Cons ider also 

n0 (t) Ui (t) 
u>0 (t) u[ (t) 

(3) (x,t) := 
1 

Wi(t) 
u. 

(i-1) (0 ut'Ht) 

Ui (t) 

Kit) 

(t) 
Ui (x) n 0 ( s ) u i (x) 

i = 1 , 2 , . . . , n ; g0 (x,t) := ^ j - , Vx,t € [a,b\. 
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E X A M P L E . ( [1]) Sets of the form { u q , u i , . . . ,un} are { l , x, x2,..., x n } , 

| l , s i n x , — cosx , — s in2x, c o s 2 x , . . . , ( — l ) n _ 1 s innx , ( — l ) n c o s n x | , etc. 

W e also mention the generalized Widder-Tay lor 's formula, see [1], 

T H E O R E M 1. Let the functions f , NO, u\,..., un E C n + 1 ( [ a , &]), and the 

Wronskians Wo(x), W\(x),..., Wn (x) > 0 on [a, b], x E [a, b]. Then for 

t E [a, 6] we have 

(4 ) f ( x ) = f (t) + L\f (t) g i ( x , t ) + ... + Lnf (t) gn (x, t) + Rn{x), 
n0 ( i ) 

where 
X 

(5) R n ( x ) : = j 9n(x,s) Ln+if(s)ds. 

t 

E.g. ( [1]) one could take no (x) = c > 0. If Ui (x) = xl, i = 0 , 1 , . . . , n, 

defined on [a, 6], then 

(6) Uf (t) = /« (t) and 9 i (x , t) = « G [a, 6]. 

W e need 

C O R O L L A R Y 2. ( to Theorem 1) Additionally assume that for fixed xo E 

[a, b} we have Lif ( xo ) = 0, i = 0 , 1 , . . . , n. Then 

X 

(7 ) / ( x ) = j 9n (X, t) Ln+1f ( t ) dt, Vx E [a, 6]. 
XO 

C O R O L L A R Y 3. ( to Theorem 1) Let /, n0 E Cl ([a, b]), uo (x) > 0, for all 

x E [a, b]. Then 

(8) f ( x ) = f ( t ) V ^ + u0(x)\^^-ds, Vx, t E [a, 6], 
u0 {t) j u0 (s) 

where 

L f ( 8 ) = W[uo(s),f(s)} = ( s ) f ( s ) - u ' 0 ( s ) f ( s ) 

1 ' 1 J [ ' u0 ( s ) no ( s ) 

W e need to make 

R E M A R K 4. W e define (see [1]) 

W\ ( x ) 
<f>0(x) :=W0(x), ( x ) : = — — — 2 , . . . , 

(Wo ( x ) ) 

in general 

fm\ J. t \ ( x ) W f c_2 ( x ) ( 1 0 ) <pk(x):=—— 2 , k = 2,3,...,n. 
[Wk-1 ( x j ) 
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The functions <jn (x) are positive on [a, 6]. According to [1] we get, for 
any x, xo G [a, b] that 

Xo 
Xn-2 

XO 
X„-1 

$ 4>n-l(xn-i) j 4>n (Xn) dxidx2 • . . dxr, 
xo xo 

00 (®o) •••<t>n (®o) 
0 0 ( s ) . . . <t>n ( s ) 9n-1 (x, s) ds. 

xo 

(12) 

W e get t h a t gn(x,x) = 0, all x G [a, 6], a n d gn(x,xo) > 0, x > xo, 
x, xo G [a, b], any n G N. Also go (x, xo) > 0 for any x, xo G [a, b]. 

By (11) we notice that 

gn (x,t) <0, x < t, n odd, 
gn (x, t) > 0, x < t, n even, 

where x, t G [a, 6]. 
In the next we work under the terms and assumptions of Theorem 1 and 

Corollary 2, and the rest of the above conclusions. 

2. Results 
We give the following weighted Neumann-Poincare type inequality. 

T H E O R E M 5 . Let p, q > 1 : i + i = 1, v > 0 . Consider f,u0 G C 1 ( [a , b]), 

uo > 0 on [a, 6]. 
Then 

(13) 1) / 1 b 
— \ 

n J 
f(t) 

uo b - a}au0 (t) 

When v = q we get 

dt 
Lv(a,b) 

< (b — a) P V J 
Lif 

Uo Lq(a,b) 

(14) 2) / 1 r 
u0 b-aluo (t) 

f(t) dt 
Lg(a,b) 

< (b — a) 
Lif 

Uo 

When u=p — q = 2we have 

(15) 3) 
Uo 

Equivalently, 

1 ¡Mät 
L2(a,b) 

< (b — a) 
Lif 

Uo (X) 

b - a J u0 (t) 

b-a\uo(t) ) 1 I 

Lq(a,b) 

L2(a,b) 

Uo (x) 
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Proof . Let A = ^ £ ¿¡fodt. 

i 
Thus by (8) we get 
By the intermediate value theorem there exists c € [a, b1 with = u0(c) 

(16) 

i.e. 

(17) 

f ( x ) / ( c ) fLi/(s) 

u0(x) u0(c) I u0{s) 

f { X ) = Vxe[a,b}. 
Uo (x) UQ (S) 

(18) 

Therefore 

fix) 

uo (x) 
- A < \Lif(s)\ 

UQ (s) 
ds <\ \Lif(s)\ 

UQ(S) 
ds 

<(b-

Hence 

(19) 
UQ (X 

Consequently we obtain 

< (b - a) 
Lif 
U0 Lq(a,b) 

, Vx G [a,b]. 

(20) s f ( x ) -A dx < (b — a) Lif 
uo Lq(a,b) Uo (x) 

proving the claim. • 

COROLLARY 6 . (to Theorem 5) Let \b
a = 0. Then 

(21) 

(22) 

(23) 

equivalently, 

(23*) 

1) 

2) 

3) 

f_ 
uo 
f_ 

Uo 

f_ 
u0 

< 
Lv(a,b) 

Lif 

Lq(a,b) 
< (b — a) Lif 

L2(a,b) 
< (b — a) 

u0 

Lif 
Uo 

Uo 

Lq(a,b) 

¿2 (a, b) 

Lq{a,b) 

M I ) J ^ ^ H M ^ J ^ 
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It follows the related result. 

P R O P O S I T I O N 7. Let v > 0 and consider f,uo G C1 ([a,6]), uo > 0 on 
[a,b]. 

Then 

b 
(24) 1) i \ m d t 

uo b — a } UQ (t) Lv(a,b) 
< (b — a) 1/u Lif 

UQ Li(a,b) 

When u = 1 we have 

(25) 2) ' 1 
UO b - a J u0 (i) 

Proof. By (18) we have 

LI(a,b) 
< (b — a) 

Lif 
UQ Li(a,b) 

(26) / ( * ) 1 ¡ M Ä 
u0 (x) b - a J u0 (t) 

V 

< ¿ 1 / 
V 

U0 Li(a,b) 
, Vx <E [a, b]. 

Hence 

(27) J 
f i x ) 1 b 

— i n J 
f i t ) dt dx < (b — a) 

Lif 
u0 L\{a,b) Uoix) b - a}a u0 it) 

proving the claim. • 

We continue with generalized Dirichlet-Poincare type inequalities. 

T H E O R E M 8 . Let f , u0, ui,..., un e C n + 1 ([a, 6]), n G Z + ; W o , W i , . . . , 
Wn > 0 on [a, 6], and for fixed xo € [a, b] assume that Lif (XQ) = 0 , i = 
0 , 1 , . . . , n. Let p, q > 1 : J + ± = 1, u > 0. 

Then 

(28) 1) 11/11^( ,̂6) < ( l ( I ignix,t)Ydt\/P dx)1,V \\Ln+1f\\ Lq(xo,b) " 
Xo sXo 
b / x 

(29) 2) ||/||Li(x0i6) < M M i9nix,t)Tdt) dx) | | W / H W ) 
Xo ' ' 

ylnd 
/ b / x \ \ 1 / 2 

(30) 3) ||/||i2(x0ib) < ( S ( S i9nix,t))2dtjdxj ||Wi/llj 
xo xXo 

lL2(xo,!>) 

Proof. By (7) we have 

(31) |/(*)| = j 5„(x, i )L r e + i/(i)di < \ gn(x,t) \Ln+1f(t)\dt 
xo xo 
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si /p /X ,x \ i ip /X 
<{\{gn{x,t)fdt\ ( J 

^xo ' ^xo 
Ln+if t 

<3 \ 1/9 
Cft) 

T h a t is 

vxo 
/X \ l/p 

< M ( 5 n ( x , i ) ) p d i J | | L n + i / | | L i ( a o > 6 ) , Vx e [x0 ,6]. 
XQ 

l / M I " < ( 5 ( ^ ( x . t ^ d i j ^ H W / l l ^ ) , 
xo 

(32) 

a n d 

(33) J I f ( x ) \ " d x < ( \ ( l (9n(x,t)rdtJ/Pdx^ \\Ln+1f\\lq(xofi) 

XO XO sXo 

proving t h e claim. • 

We give 

THEOREM 9 . Same assumptions as in Theorem 8. 
Then 

/Xo /Xo \ v/p \ 1/u 
(34) 1) \\f\\LAa,Xo) < ( S ( i I'M (x,t)fdtj dxj \\Ln+1f\\Lq(aiXo) 

a v x 
xo /xo /xo /xo \g/p \ l/<? 

(35) 2) \\f\\Lv(atXo) < ( j ( J \9n (x,t)rdt) dxJ IlLn+i/ll^^) • 

A n d (xo /xo \ \ 1/2 

( 0 „ ( x , i ) ) 2 d t J d * J | | L n + l / | | L 2 ( Q : 

P r o o f . By (7) we have 

xo) • 

(37) | / ( s ) | = 
xo 

\ gn(x,t)Ln+1f(t)dt = \ gn{x,t)Ln+1f (t)dt 
XO 

xo 
< 5 \gn(x, t)\ \Ln+if (i)| dt 

X 
/Xo \ 1/p /xo \ 1/9 

< ( j \gn{x, t)\p dtj ( J \Ln+if {t)\qdtj 

\ I/P 
< ( S | < 7 n ( M ) | P d t J | | W / l l L , ( a , x o ) -
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That is 
/X0 \ v/p 

(38) |f{x)\» < ( j \9n(x,t)\^dtj \\Ln+1ffLq{atXo), 

and Xo /XO /xo \ v/p \ 

(39) i \f{x)\"dx< ( j ( j \9n(x,t)f dtj dxj \\Ln+1f\\lq{atXo), 

proving the claim. • 
We continue with 

PROPOSITION 1 0 . Let f , u0,ui}... ,un e Cn+1 ([a, b}), n e Z+; Wq,Wi, 
... ,Wn > 0 on [a,b], and for fixed xq G [a, b] assume that Lif (x o) = 0, 
i = 0 , 1 , . . . , n; v > 0. 

Then 

(40) 1) II/IIm.0,6) < ( j ( J 9n(x,t)dt) dx) ' \\Ln+1f\\LM) . 

(41) 2) ||/||Ll(l0)6) < ( s (\ gn(x,t)dt)dx\\\Ln+1f\\LM). 

Proof. By (7) we have 
X / X \ 

(42) |/(x)| < J gn(x,t) \Ln+1f(t)\dt < ( j 9n(x,t)dtJ ||L„+i/lloo,[s0,6] . 
Xo ^xo ' 

That is 

(43) |f(x)\" < (\ 9n(x,t)dtJ ||L„+I/Ci[x0i6] , 
XQ 

and 

(44) S I f (x)\"dx < (\ H 9n(x,t)dtYdx] ||Ln+1/||^[x0i6] , 
xo ^Xo \ro ' ' 

proving the claim. • 
We give 

PROPOSITION 1 1 . All as in Proposition 10. 
Then 

fXo /Xo \v \ 1/v ( Xo /Xo \l> \ l/V 

\9n(x,t)\dtj dxJ ||Ln+lf\\Loo{atX0) . 

/xo /Xo \ \ (46) 2) \\f\\Ll(a,Xo) < i 5 \gn(x,t)\dt)dx) \\Ln+1f\\Loa{atX0). 
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Proof . By (7) we have 
(47) 

XQ /x0 
1/0*01 < i \9n(x,t)\\Ln+1f(t)\dt< I j \gn(x,t)\dt) ||W/lloo,[a,xo] 

X \ X ' 
That is 

( x0 \ v 
\\gn(x,t)\dt) ||Ln+i/C,[a>Io] , 

and 
Xo /XQ /XQ \ V \ 

(49) J |/(s)r dx < ( S M bn(x,i)|di ) dx ||In+l/C,[OiX0] , 

proving the claim. • 

We continue with reverse Dirichlet-Poincare type inequalities. 

THEOREM 12. Let f,u0,ui,...,un e Cn+1 ([a,6]), n G Z+; 
Wn > 0 on [a,b], and for a fixed a < xq < b assume that Lif (xo) = 0, 
i = 0 , 1 , . . . , n. Let 0 < p < 1, + ^ = u > 0. Further suppose 
that Ln+\f is of fixed sign and nowhere zero on [xq, b). 

Then 

(50) 1) ll/llMz0,fe) > ( i ( l (9n(x, t))Pdt\ U/Pdx\ 1/U | | W / I I l 9 ( x 0 , & ) • 
Xo XO ' ' 

/b /x \ \ 1 /P 
(51) 2) i i / i i L p ( X 0 , 6 ) > ( 5 ( 5 (gn(x,t)ydt)dx) i i z w i / l l j Lp(x0,b) - I 3 I J yynK^^JJ u<l j u,j, j ||isn+1J \\Lq{x0ib) . 

/ 6 / x \ 1/P \ 

(52) 3) ||/||il(xo,6) > ( 5 ( 5 (gn(x,t)ydt) dx) \\Ln+1f\\Lq{XOtb). 

Proof . Here we have by (7) and assumption that X (53) 1/0*01 = 5 gn(x,t)\Ln+1f(t)\dt, 
xo 

Vx G [xo, &]. 
Hence by reverse Holder's inequality we obtain 

/x x l /p/x sl/q 
(54) |/(x)| > 5 (gn(x,t))pdt) J \Ln+\f (t)\qdt J 

xX0 ' x̂o ' 
/X \ 1/p /6 \l/i 

> (5 {gn(x,t)fdt\ (J \Ln+\f(t)\q dt) , 
VX0 ' vXO 

true for all x G (xq,6]. 
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That is 

(55) I f(x)r>i\(gn(x,t)ydt\ ||W/II^0,6), 
XO 

v/p 

true for all x € [xo, b], 
and 

( 5 6 ) \ \f(x)\"dx > ( \ ( ] (gn(x,t)rdtJ / Pdx^j \\Ln+1ffLq{x0tb), 

Xo xo xX0 

proving the claim. • 

We give 

T H E O R E M 1 3 . Let f,u0,ui,... ,un e C n+ 1 ([a,6]), n is odd; Wo, Wi,..., 

Wn > 0 on [a, 6], and for a fixed a < XQ < b assume that Lif (XQ) = 0 , 

i — 0 , 1 , . . . , n. Let 0 < p < 1, ^ < 0 : ^ + ^ = 1, ^ > 0 . Further suppose 

that Ln+if is of fixed sign and nowhere zero on [a,xo]. 
Then 

(Xo /Xo \ u/p \l/v 

(-gn(x,t)rdtj dxj ||L„+i/llMa,*0)-a v x 
xo /xo 

(58) 2) ||/||ip(a,xo) > S S (~9n(x,t)) pdt )dx) \\Ln+1f\\LqM. 
a x x 

Xo /Xo 

\ 1/p 

(59) 3) ||/||Ll(a,xo) > [ \ [ \ ( - g n ( x , t ) ) p d t y p d x ^ 11 •£'71+1 /11 Lq(a,xo) 

Proof . Here by (7) and assumption we have 

(60) |/(*)| = 

(12) 

xo 
\ gn(x,t)Ln+if (t)dt = \ gn(x,t)Ln+1f (t)dt 

xo 
XO xo 

5 (-gn{x,t))Ln+1f(t)dt = 5 (-gn(x,t))\Ln+1f(t)\dt. 

So by reverse Holder's inequality we obtain 
/Xo \ 1/p /XO \ 1/q 

(61) |/(x)| > J (-gn(x,t)ydt) \ \Ln+if (t)\Qdt J 
X 

xo \ 1/p 
> ( $ (~gn(x,t)rdtj ||W/ll M « ) i e o ) , 

true for all x G [a,#o), 



2 9 2 G. A. Anastassiou 

and 
fXQ \ vjp /x0 \ v/p 

(62) i f ( x w > ( j ( - g n ( x , t ) r d t j \\Ln+1frLq(a<xo), 

true for all x € [a, xo]. 
Thus 

xo /Xo /Xo \ v/p \ 
( 6 3 ) S I f ( x ) \ " d x > [ \ [ \ ( - 9 n ( x , t ) f d t ) d x ) \ \ L n + 1 f f L q M , 

a ^ a ^ x ' ' 

proving the claim. • 
We add 

THEOREM 14. Now n is even, the rest as in Theorem 13. 
Then 

(Xo /Xo \ v/p \ 1/v 

\ ( ^ \ ( g n ( x , t ) T d t ) d x ) \\Ln+1f\\Lq{atXo). 

(Xo /XO \ \ 1/p 

\ i ^ \ ( 9 n ( x , t ) f d t ) j d x ) j \\Ln+1f\\Lq{atXo}. 

/xo /xo \ 1/p \ (66) 3) | | / | |L l ( a i X 0 ) > ( i ( i (9n(x,t)rdt) d x ) \\Ln+lf\\Lq{aiXo). 
x a x x 

Proof. Similar to Theorem 13 

We continue with Sobolev type inequalities. 

T H E O R E M 1 5 . Same assumptions as in Theorem 8 . Call 

( / b / x x v/p \ l/i/> 
( 6 7 ) M„ti : = m a x \ { g j { x , t ) f d t 1 d x ) j>, v > 0 . 

0<j<n I \ x o J 

Then 

(68) 1) ll/llM x o ,6 ) < ( E I I W I I ^ ) ) , 
3=0 

9,1 X M, ^ ' n 

(69) 2) ||/||Lfl(ao>6) < i ) I £ 
.7=0 

and when v = p = q — 2 we get 

( 7 0 ) 3 ) \\f\\L2(x0tb) < \\LJ+if\\L2{xo,b) 
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where 

(71) M2|1 := max { f \ (9j(x, t))2dt\ dx^j ' 
xo XO 

Proo f . The assumptions of Theorem 8 are fulfilled for all j = 0,1 , . . . ,n. 

Thus by (28) we get 

(72) ll/llM.0,6) < ( I f ! (9j(x,t))pdtY/P dx]1^ \\Lj+lf\\Lq{xQb) 

< MvA \\Lj+1f\\Lq{xotb), 
for all j = 0,1, . . . , n. 

From (72) by addition we get 

(73) (n + 1) ||/||Mx0i6) < MV i l ||^+i/|| i9 (xo,b)), 
j=o J 

proving the claim. • 

We continue with 

THEOREM 16. Same assumptions as in Theorem 8. Call 

fX0 /xo \ u/p \ l/l/> 
(74) 

V > 0. 
Then 

( / / \U/P \ i/v'\ 
Mv,2 := max | ( j ( j \9j(x, t)\

p dtj dxj j , 

(75) 

(76) 

! ) H/llMa,xo) < ( ¿ I I W I I m ^ ) ) . 

2 ) ll/llz^a,*«,) ^ ( ^ t ) ( E HLi+l/llL9(a,x, 
j=0 

and when u = p — q = 2 we get 

(77) 3) ||/||L2Keo) < || W U L 2 K : c o ) 

where 

(78) M2,2 := max ( j ( f t ( x , i ) ) 2 d iJdxJ j . 

P roo f . Similar to Theorem 15, based on Theorem 9. • 

We continue with L ^ results. 
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PROPOSITION 1 7 . All as in Proposition 10. Call 

K v j := jmax | ^ j ^ j 9j(x, t)dtj dx^j j-, v > 0. 
0<j<n 

j=o 

2) II/IILI(XO,6) ^ ( ^ P T ) ( È L L W L W ^ ) ) -

Then 

(79) 

and 

(80) - N w ' ' V 7A —f— I / V j=o 
Proof. Similar to Theorem 15, based on Proposition 10. • 

PROPOSITION 1 8 . All as in Proposition 10. Call 

(81) K„i2 : = m a x | ( j ( J \gn(x,t)\dtj dxj v > 0. 

Then 

(82) 

and 

(83) 2 ) H/llLxCa.xo) ^ ( ^ l ) 

Proof. Based on Proposition 11. • 

We continue with reverse Sobolev type inequalities. 

T H E O R E M 1 9 . Assume here that Lj+\f is of fixed sign and nowhere zero 
on [xo, b], for j = 0 , 1 , . . . , n. The rest are supposed as in Theorem 12. Call 

f ( b / x \v/p\ V^ï 
(84) 5,,! := m i n j M M (gj(x,t))pdt ) dx J L v > 0. 

Then 

(85) (xo,b) I ' \ / Q / 3 

(86) 2) \\f\\Lp{xo,b) > ( ^ ) ( £ l l W l k (xo ,6) 
j=0 
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and 

( 8 7 ) 3 ) | | / | | L I ( X 0 ) 6 ) > ( A L ) I I ^ - + I / I I L , ( X O , 6 ) ) -

Proof. The assumptions of Theorem 12 are fulfilled for all j = 0 , 1 , . . . ,n. 
Thus by (50) we get 

( 8 8 ) l l / l l M x o , 6 ) > ( s ( i fe^i))^)^)17^^!/!!^^^ 

> S„,1 \\Lj+if\\Lqix0tb), 

for all j = 0 , 1 , . . . , n. 
From (88) by addition we get 

( 8 9 ) (n + 1) ||/||M x 0 i 6 ) > S„, i ( E I I ^ + i / I I M x 0 , 6 ) ) > 
S=o J 

proving the claim. • 

We continue with 

T H E O R E M 2 0 . Assume all as in Theorem 1 3 . Here n = 2k + 1 , k E Z + ; 

v > 0. Further suppose that L3+\f is of fixed sign and nowhere zero on 
[a,xo] for all °dds j £ [l,n]. Call 

s /Xo /Xo \ v/p \ 

Then 

(91) 

(92) 

and 

(93) 

! ) H/llL,(a,xo) > ( ^ T ) ( E 
S'e[l,n] 

odd 

2 ) II/Hm^o) > ( ^ t ) ( E WL^f\\Lq(a,X0)), 

odd 

3) 11/11^(^0) > ( E ^o) I • 
j e [ i , n ] 

odd 

Proof. As in Theorem 19, based on Theorem 13. Since n = 2k +1, k € Z+, 
there are (A; + 1) odd numbers in [l,n], so we apply (57) (A; + 1) times. • 
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We finish with 

T H E O R E M 2 1 . Assume all as in Theorem 14. Here n = 2k, k € Z+; v > 0. 
Further suppose that Lj+\f is of fixed sign and nowhere zero on [a, xo] for 
all evens j £ [0, n]. Call 

r /xo /xo \"/P X l / i ' 

( 9 4 ) ( J V } ' 

Then 

(95) 1) ||/||Ma,xo) > ( £ \\L3+lf\\Lq(a,X0)), 
\'e[0,n] 7 

even 

(96) 2) \\f\\LpM > ( J s ^ ( £ ||L i+i/||Ma>Xo)), 
je[0,n] 

even 
and 

(97) 3) ||/||Li(ajXo) > ( J f ^ j ( E I I ^ + i / I I l , ( < w ) ) -

even 
Proof . As in Theorem 19, based on Theorem 14. Since n = 2k, k £ Z + , 
there are (k + 1) even numbers in [0, n], so we apply (64) (k + 1) times. • 
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