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CONTRIBUTIONS TO THE ERDÔS' CONJECTURE ON 
ARITHMETIC PROGRESSIONS 

Abstract . The most famous unsolved is Erdos' conjecture that every set A C N such 
that a ~ 1 = 0 0 contains arbitrarily long arithmetic progressions. In this paper a new 

a eA 
aspects of this one are presented. 

1. The first contribution 
The most famous unsolved is Erdos' conjecture that every set A C N such 

that a~1 = 00 contains arbitrarily long arithmetic progressions. Erdos 
aeA 

has estimated the solution as worth 3000$ (see [2,3]). In this paper we do 
not present a solution of this great Erdos' problem. We will touch only a few 
new aspects of this one and clarify it a little further. 

In view of that , in [4] W. Sierpinski proved the following two interesting 
lemmas: 

LEMMA 1. Let {«„} be any sequence of positive integers. Then there exists 
a sequence {vn}^=1 C N such that limn^oo un/vn = 0 and the set 
contains no infinite arithmetic progression. 

LEMMA 2. be an increasing sequence of positive integers. Then 
there exists a sequence {vn}^Li of positive integers increasing faster than the 
sequence {un}^=1 (in the sense: linin^oo urJvn = 0), which contains finite 
arithmetic progressions of any length. 

The above Lemmas became now completed with the following relevant 
result. 

LEMMA 3. Let be an increasing sequence of positive integers such 
that = 00. Then there exists an increasing sequence of positive integers 
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{vn}^=i satisfying the following conditions: E = oo; lim ^ = 0 and the 
sequence {vn}^Li contains arithmetic progressions of any length. 
Proof. Let {kn}^= 1 and be two auxiliary sequences of positive 
integers that meet the following conditions: 

(a) kn+i - kn > ln > k\\ 

(b) ln+i > ll\ 

(c) E - ^ 
r—l+kn 

(d) Ukn+1 < ln (Ukn+1 i In) for i = 0, 1, . . . , ln - 1. 

As far as condition (d) is concerned, it should be observed that for every 
i G {1 , . . . , fcn_|_i}, we have: 

Ukn+1-i < ukn+1 ~i. 

Now, the sequence shall be determined in the following manner: 

Vkn+1-i = ll {ukn+1 -iln) for i = 0,1, ...,/„ - 1, 

and 

Vkn+i— i — In ukjl+1 ~i for i — ln, ln "I-1, • • •, kn-\-1 kn 1, 

and n e N. 

Furthermore, we set Vi = i for i = 1, 2 , . . . , k\. It should be noted that 

1) in view of (d) and by the definition of vn we have: 
< f o r i = 0 ,1 , . . . ,kn+i - kn - 1; 

Ukn+l~i / 1 
vkn+i~i In 

2) the subsequence {vkn+l-n+i, vkn+1-n+2, • • -,vkjl+1} is an arithmetic pro-
gression with the difference term equal to —Ẑ ; 

kn+l In fcn+1 In 
3) E è = E ¿rr > 1 for each n € N, which in view of (c) follows; 

r=l+fcn r=l+k„ 
4) condition (d) also guarantees that vkji+1-in+1 > vkn+1-in, i.e., the sequence 
{vn '• kn + 1 < n < kn+1} is increasing; 
5) in view of (a) and (b) the sequence {vn}^=1 is increasing. 

Consequently, it follows from 1) that lim un/vn = 0; whereas from 3) n—>00 
00 

that E IT = Next, the condition 2) means that the sequence 
n=1 contains arithmetical progressions of any length. • 
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2. The second contribution 
Let 5 denote the family of all nonincreasing sequences {ari}^L1 of positive 

reals such that 

lim an = 0 and > an = oo. n—>oo ' 
Let {pn}r^=i denote the increasing sequence of all prime numbers. In [7] the 
following two results are proven: 

T H E O R E M 4 . For a given sequence {an} € 5 there exists a sequence {bn} £ 5 
such that ^ m i n { a n , i ) n } < oo i f f lim inf n an = 0. 

THEOREM 5. Let {an}, {an} e 6. / / l iminf nan = 0 and liminf ana" 1 = 0 
then there exists a sequence {6n} G 5 such that 

min{o:n, bn} = +oo and min{an, bn} < oo. 

Moreover, we need also the following two known facts: 

T H E O R E M 6 . ([5]) We have 

lim = 1. n—HX) n log n 

THEOREM 7. If{xn}^=1 is nondecreasing sequence of positive integers then 

— = oo <*=>• ^ ^ = oo. 
xn n xn 

Using all above theorems we get the following two corollaries, which are 
our second contribution to Erdos' problem. 

T H E O R E M 8 . By Theorems 4, 6 and 7 there exists an increasing sequence 
of positive integers such that 

El = oo and ^ ^ m i n | —, — 1 < oo. 
n L "n Pn J 

We note, that by Ex. 1 of [7] this sequence {bn}^=1 can be obtained effectively! 

T H E O R E M 9. Let a € (0,1]. By Theorems 5, 6 and 7 there exists an 
increasing sequence {cnj^j of positive integers such that 

y ^ m i n i — , — 1 = oo and y ^ m i n l — , — — 1 < oo. 
^ [cn pn) ^ [cn pn (LOGN)A J 

R E M A R K 1 0 . The last two theorems are very attractive in comparison with 
T. Tao and B. Green beautiful result (see [1,6]) that there exist arbitrarily 
long arithmetic progressions of prime numbers. 
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