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CONVERGENCE OF IMPLICIT ITERATIVE PROCESS FOR
A FINITE FAMILY OF I-NONEXPANSIVE MAPPINGS

Abstract. We prove that an implicit iterative process converges weakly and strongly
to a common fixed point of a finite family of I-nonexpansive mappings in a Banach
space. The results presented in this paper extend and improve the corresponding results of
1, 3,11, 12]

1. Introduction

Let K be a nonempty subset of uniformly convex Banach space X. Let
T be a self-mapping of K. Let F(T) = {z € K : Tz = z} be denoted as the
set of fixed points of a mapping T.

We introduce the following definitions and statements which will be used
in our main results (see therein references [5], [7], [9]).

A mapping T : K — K is called nonexpansive provided

1Tz — Tyl < llz -yl
for all z,y € K.
Let T,I: K — K. Then T is called I-nonezpansive on K if
1Tz — Ty|| < |1z — Iy]|
for all z,y € K.
T is called I-quasi-nonezpansive if F(T)N F(I) # § and
Tz —pll < [lHz - pl|
for all x € K and p € F(T)N F(I).
From the above definitions it follows that if F(T) N F(I) is nonempty,

a I-nonexpansive mapping must be /-quasi-nonexpansive, and linear I-quasi-
nonexpansive mappings are I-nonexpansive mappings. But it is easily seen
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that there exist nonlinear continuous I-quasi-nonexpansive mappings which
are not I-nonexpansive.

Recently, concerning the convergence problems of an implicit (or non-
implicit) iterative process to a common fixed point for finite family of asymp-
totically nonexpansive mappings (or nonexpansive mappings) in Hilbert
spaces or uniformly convex Banach spaces have been studied by several
authors (for example see [1, 3, 11, 12]).

Xu and Ori [11] introduced the following implicit iteration process for
a finite family of nonexpansive mappings. Let K be a nonempty closed
convex subset of H Hilbert space. Let {T;}~; be N nonexpansive self-maps
of K such that F' = ﬂfL F(T;) # 0, the set of common fixed points of T;,
1=1,..., N. An implicit iteration process for a finite family of nonexpansive
mappings {T;}Y, is defined as follows, with {a,} C (0,1), and an initial
point zp € K, the sequence {z,},>1 is generated as follows:

1 = o1x9 + (1 — al)Tlxl

T2 = aox1 + (1 — ag)Tzarg

zn = anry-1+ (1 —an)Inzy

ZN+1 = onp1ZN + (1 —onp1) TNt 1ZNn 1

The process is expressed in the following form
(1.1) Tn = anZn-1+ (1 —op)Tpzn, n>1

where T, = T5y(mod N)-

Using this iteration process, under some additional condition, Xu and Ori
[11] proved the weak convergence of the sequence {z,} defined implicity by
(1.1) to a common fixed point of the finite family of nonexpansive mappings
defined in Hilbert space.

Zhou and Chang [12] studied the weak and strong convergence of implicit
iteration process to a common fixed point for a finite family of nonexpansive
mappings in Banach spaces.

Liu [4] and Chidume-Shahzad [1] proved the strong convergence of an
implicit iteration process to a common fixed point for a finite family of
nonexpansive mappings in Banach spaces.

Gu and Lu [3] studied the weak and strong convergence of implicit it-
eration process with errors to a common fixed point for a finite family of
nonexpansive mappings in Banach spaces.
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Let K be a nonempty subset of X Banach space. Let {T;}YY, be finite
families of I; nonexpansive self-mappings and {I;}}¥, be finite families of
nonexpansive self-mappings on K. The following implicit iteration process
for finite families of I;- nonexpansive mappings {T;}¥ ; with {a,,} and {8,}
are two real sequences in [0,1]. Then sequence {z,}n>1 is generated as
follows:

(1.2) {yn = (1 - ﬁn)xn + BnTnan

Tn+1 = (1 - an)xn + anlnyn
where T, = Tn(modN)v I, = n(mod N)+

Nonexpansive mappings since their introduction have been extensively
studied by many authors in different frames work. One is the convergence
problem of iterative process of nonexpansive mappings.

The purpose of this paper is to study the weak and strong convergence of
implicit iterative sequence {z,}n>1 defined by (1.2) to common fixed point
for finite family of I;- nonexpansive mappings in Banach space. We consider
also {Ii}fil be finite family of nonexpansive self-mappings on K subset of
Banach space.

To proceed in this way, we recall some definitions and notations.

2. Preliminaries

Recall that a Banach space X is said to satisfy Opial’s condition [6] if,
for each sequence {z,} in X, the condition z, — z implies that

liminf ||z, — z|| < liminf ||z, — y|
n—oo n—oo

for all y € X with y # z. It is well known from [6] that all [, spaces for

1 < r < 0o have this property. However, the L, space do not have unless
r=2.

LEMMA 2.1. ([10]) Let {an} and {b,} be sequences of nonnegative real
sequences satisfying the following conditions: Vn > 1, ant1 < an + by, where
Yoo bn < o00. Then limp—,0 an ezists.

LEMMA 2.2. ([8]) Let K be a nonempty closed bounded conver subset of
a uniformly convex Banach space X and {an} a sequence [8,1 — 8], for some
6 €(0,1). Let {zn} and {yn} be two sequences in K such that

lim sup ||z, < ¢, limsup ||yn]| < ¢, limsup ||anzn + (1 —an)yn| = ¢
n—oo

n—oo n—oo

holds for some ¢ > 0. Then

lim ||zn, —yn| = 0.
n—oo
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LEMMA 2.3. ([2]) Let X be a uniformly convex Banach space, K a non-
empty closed conver subset of X and T : K — K be an nonerpansive
mapping. Then E—T is demiclosed at zero, (T® = E, E denotes the mapping
E : K — K defined by Ex = ), i.e. for each sequence {z,} in K, if {zn}
converges weakly to q € K and (E — T)Y{z,} converges strongly to 0, then
(E—-T)g=0.

DEFINITION 2.4.

(1) A mapping T : K — K is said to satisfy Condition (A) if there is a
nondecreasing function f : [0,00) — [0,00) with f(0) =0, f(r) > 0, for
all 7 € [0,00) such that ||z — Tz| > f(d(z, F)) for all z € K, where
d(z, F(T)) = inf{|lz — pl| : p € F(T)}.

For two mappings, Condition (A) can be written as follow.

(2) The mappings T,I : K — K are said to satisfy Condition (A’) if there
is a nondecreasing function f : [0,00) — [0,00) with f(0) =0, f(r) > 0,
for all r € [0, 00) such that 3(||z — Tz| + ||z — Iz|) > f(d(z, F)) for all
z € K, where d(z, F) = inf{||z — p|| : p € F = F(T) N F(I)}.

(3) A family {T; : ¢ € {1,...,N}} of N self-mappings of K with F =
ﬂfi 1 F(T;) # 0 is said to satisfy Condition (B) on K if there is a non-
decreasing function f : [0,00) — [0,00) with f(0) = 0, f(r) > 0, for all
r € [0,00) such that maxi<;<n{|lz — Tiz||} > f(d(z, F)) for all z € K,
where d(z, F) = inf{||z —p| : p € F}.

(4) Let {T; :i € {1,...,N}} be N I;-nonexpansive self-mappings on K and
{L; : i € {1,...,N}} be N nonexpansive mappings on K with F' =
ﬂijil F(T;)NF(I;) # 0 are said to satisfy Condition (B’) on K if there is
a nondecreasing function f : [0,00) — [0, 00) with f(0) =0, f(r) > 0, for
all 7 € [0, 00) such that maxi<i<n{2(|z—Tiz||+|z—Lz|)} > f(d(z, F))
for all z € K, where d(z, F) = inf{||x — p|| : p € F}.

We need the following useful known lemmas for development of our con-
vergence results.

3. Convergence theorems of implicit iteration process for
I-nonexpansive mappings
In this section, we prove strong and weak convergence theorems of the im-
plicit iterative process to common fixed point for a finite family of
I-nonexpansive mappings in uniformly convex Banach spaces. We first prove
the following lemmas.

LEMMA 3.1. Let X be a uniformly convexr Banach space, K be a nonempty
closed convez subset of X and let {T; :i € {1,...,N}} be N I;-nonexpansive
self-mappings on K and {I; : i € {1,...,N}} be N nonezpansive mappings
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on K with F = N, F(T,) N F(I;) # 0. Let {an} and {8,} C [6,1 — 8] for
some § € (0,1). Suppose that for any given z € K, the sequence {zn} is
generated by (1.2). If F = NN, F(T;) N F(L) # 0 then limy—co ||zn — B
exists.

Proof. For any p € F

(3.1) [Zn41 = pll = llanInyn + (1 — an)zn — pl|
< (1 = an)l|@n — pll + anl| Inyn — P
< (1 — an)l|zn — pll + anllys — pll-

(3.2) lyn — 2l = (1 = Br)Tn + BaTnzn — b
< (1= Bn)llwn = pll + Bull Tnzn — pf
< (1= Ba)llzn — pll + Brllnzn — pll
(1 = Br)llzn = pll + Brllzn — pll
Zn = Pl((1 = Bn) + Bn)
zn — pl|-
Substituting (3.2) into (3.1), we obtain
(3-3) [Zr+1 — pll < (1 = an)llzn — pll + anllzn — bl
< |lzn - pl-
Thus from (3.3) we obtain

IA A A

Zn+1 — pll < llzn — pI|-
By Lemma 2.1, lim, o ||Zn—p|| exists for each perﬂfil F(T)NF(I). =

LEMMA 3.2. Let X be a uniformly convex Banach space, K be a nonempty
closed convez subset of X and let {T; : i € {1,...,N}} be N I;-nonexpansive
self-mappings on K and {I; : i € {1,...,N}} be N nonezpansive mappings
on K with F = (X, F(T;) N F(I;) # 0. Let {o} and {B,} C [6,1 — 8] for
some 6 € (0,1). Suppose that for any given x € K, define the sequence {zn}
by (1.2). Then,

lim || Tz, — zp|| = lim ||Lpzy, — zx|| =0,¥4=1,2,...,N.
n—o0 n—o0

Proof. By Lemma 3.1 for any p € F = ﬂfvzl F(T)NF(L), limp—oeo ||zn — 2|
exists. Let limp o ||2n — p|| = d. If d = 0 by continuity of Ty and I;, then
the proof is completed.

Now suppose d > 0.

Taking lim sup on both sides in (3.2) inequality,
(3.4) limsup ||yn — p| < d.

n—00
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Since {I; : £ € {1,...,N}} is N nonexpansive self-mappings on K, we
can get that, {|Inyn — p|| < |lyn — pl|, which on taking limsup,,_,,, and using
(3.4) gives

lim sup || Inyn — p|| < d.

n—o0
Further,

Jim |[zns1 —pl = d
means that

lim |anlnyn + (1 — o)z —p|| =d
n—00
1im Jlan(Tng — ) + (1~ @)z~ p)] = .
It follows from Lemma 2.2
(3.5) lim ||I,yn — 2| = 0.
n—00
Moreover,
“mn+1 - mn” = ”an[Inyn - xn]” < an”Iny’n - i17’I‘L”

Thus, from (3.5) we have

lim ||Zp41 — zn|| =0
n—oo

and

(3.6) lim ||z, — Tnyj|| =0,V5=1,...,N.
n—00

Now,

#n = pll < l£n = Inynll + [nyn — ol
< ”"En - Inyn” + “yn _p”,
which on taking lim,,_., implies
d= lim ||z, — p|| < limsup(||zn — Inynll + llyn — pll)
=00 n—o0
= limsup ||y, — pl| < d.
n—o0

Then we obtain,
limsup ||y — pll = d.

n—oo
Next,
[Tnzn — pll < [Hnzn — pll < |20 — pll.

Taking lim on both sides in the above inequality,
n—oo

lim | Tz, — p| < lim ||z, — p|| = d.
n—oo n—00
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Further,
im ||Gn(Tnan —p) + (1 = Bn)(zn — p)|| = lim [y, —p| = d.
n—o0 n—oo
By Lemma 2.2, we have
(3.7) lim ||Thz, — z4|| = 0.
n—oo
We have also,
”Inl‘n - -'En” < ”In$n - Inyn” + ”Inyn - xn”
< |lzn = ynll + [ Inyn — zxll
< ”mn - [(1 - ,Bn)mn + ﬁnTnxn” + ”Inyn - l'n“
< ||Bn(Tnzn — zn)ll + | Inyn — znl|
< Bll(Tazn — zn)|| + [ Inyn — znlf-
Thus from (3.5) and (3.7), we obtain
(3.8) lim ||I,zn, — zn| = 0.
n—oo
Next,
|zn — Tnteznll
< |lzn — Zoell + Znte — Tnteznel + | TnteTnre — Tnteznl)
S zn = Torell + 1Tnte — TnreZntel + [ TnteZTnte — Intenl|
< Nlzn — znvell + 1Znte — Tnteznrell + | Znte — znll-
Taking lim, ., on both sides in the above inequality, then from (3.6) and
(3.7) we get
lim ||z, — Tpyezn|| =0
n—oo
forall £={1,...,N}.
Consequently, we have
(3.9) nh_)ngo |lzrn — Teznll =0
for all £ = {1,..., N}, which lies on the fact that any subsequence of a con-
vergent number sequence converges to the same limit.
Similarly,
|Zn — Inte@nll < |Zn — Totell + 1Tnte — InteTnrell + M nteZnre — Intoznll
< |z — Zpyell + |Znse — IngeZntell + | Tnte — 2all-
Taking lim on both sides in the above inequality, then from (3.7) and (3.8)
n—00
we get

lim ||zp — Lnpexn] =0
n—oo
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forall £={1,...,N}.
Consequently, we have

(3.10) lim ||z, — Iyzn| = 0.
n—oo
Then the proof is completed. =

THEOREM 3.3. Let X be a uniformly conver Banach space satisfying
Opial’s condition, K be a nonempty closed convexr subset of X and let
{T; : i € {1,...,N}} be N I-nonexpansive self-mappings on K and
{L; :i€{1,...,N}} be N nonexpansive mappings on K with F = ﬂfil F(T))
NF(I;) # 0. Let {an} and {Br} C [8,1—10] for some § € (0,1). Then the im-
plicit iterative sequence {x,} defined by (1.2) converges weakly to an element
of F.

Proof. Let u € F. Then, as in Lemma 3.1, it follows lim,,_, ||z, —u/|| exists
and so for n > 1, {z,} is bounded on K. Since X is uniformly convex, every
bounded closed convex subset of X is weakly compact. Let £ € K. Then
for u € N, F(T}), we obtain that D = {y € K : |ly — u|| < ||z — u|} is
a bounded closed convex subset of K and x € D. Further, for any y € D,
we have Tjy € K and | Ty — u|| < [Ly — u|l < |ly — || < ||z — »||. Then
D is invariant under 7; for all i. So, without loss of generality, we may
assume that K is bounded. Again, by virtue of boundedness of {z,} in K,
there exists a subsequence {z,,} of {z,} such that z,, — p weakly. We
assume that ng = i(mod N), where i is some positive integer in {1,...,N}.
Otherwise, we can take a subsequence {xnkj} C {zn,} such that ng;, =
i(mod N). For £ € {1,..., N}, there exists an integer j € {1,..., N} such
that ng + j = €(mod N). For ¢ € {1,...,N}, from (3.9) and (3.10) we
have

lim ||z, — Tezn, || =0  and lim ||zn, — Lizn, | =0.
k—oo0 k—oo

By Lemma 2.3, for each £ € {1,..., N} we know that p € F(Ty) N F(I).
By the arbitrariness of £ € {1,..., N}, we have p € F = ﬂfil F(T;) N F(I;).
If F= ﬂfil F(T;) N F(I;) is a singleton, then the proof is complete. For
pgeF= ﬂf\;l F(T;))NF(I;), we assume that F' = ﬂfil F(T;)NF(I;) is not
singleton. Suppose p, ¢ € w({z,}), where w({z,}) denotes the weak limit set
of {x,}. Let {zn,} and {x,,;} be two subsequences of {x,} which converge
weakly to p and gq, respectively. By Lemma 3.2 and Lemma 2.3 guarantees
that p € X, F(Ty), p € MY, F(L;) and in the same way q € X, F(T})
and ¢ € NN, F(L).

Next, we prove the uniqueness. Assume that p # ¢ and {z,.} — p,
{xn;} — q. By Opial’s condition, we conclude that
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lim ||zn — pl| = lim ||zn, — p|| < lim ||z, —qf
n—00 k—o00 k—oo
= lim |lzn — gl = lim |lzn; — ]|
n—oo j—ooo
< lim |lzn; —p|l = lim [z, — pl|.
J—00 n—oo

This is a contradiction. Thus {z,} converges weakly to an element of
F =L F(T)NF(L).
This completes the proof of Theorem 3.3. =

THEOREM 3.4. Let X be a uniformly convexr Banach space satisfying
Opial’s condition, K be a nonempty closed conver subset of X and let
{T; : i € {1,...,N}} be N I;- nonezpansive self-mappings on K and
{Li: 1€ {1,...,N}} be N nonezpansive mappings on K with F' = ﬂfil F(T;)
NF(I;) # 0. Suppose that {T; : i € {1,...,N}} be N I;-nonezpansive and
{L; :i € {1,...,N}} be N nonezpansive mappings satisfying Condition (B’).
Let {an} and {Bn} C [6,1—0] for some § € (0,1). Then the implicit iterative
sequence {zn} defined by (1.2) converges strongly to an element of F.

Proof. By Lemma 3.1, for all p € F, lim ||z, — p|| exists and

[Zn41 = pll < llzn — Pl
for n > 1. This implies that
d(zpt1, F) < d(zn, F).
So by Lemma 2.1, lim d(z,, F) exists and also by Lemma 3.2, for ¢ €
n—o0

{1,...,N}, limpoo ||zn — Tyzn|| = 0 and limp—o ||2n — Lezn|| = 0. The
condition (B’) guarantees that lim, .o f(d(zn, F')) = 0. Since f is a nonde-
creasing function and f(0) = 0, it follows that lim,_,o d(zp, F) = 0. Next,
we show that {z,} is a Cauchy sequence in X. In fact, for any integers m,n,
from (3.3), for any p € F, we have

[2n+m = pll < [[€n = pll-

Therefore, since limy, oo d(zn, F') = 0, for any given € > 0, there exists a

positive integer ng such that for all n > ng, d(z,, F) < §. There exists

po € F such that |2,y — poll < §.
Hence, for all n > ng and m > 1, we have
|Zn+m — Znl < {|Zntm — poll + [|zn — poll
< lzne — poll + llzne — pol|
€
< 2fjeng — poll < 25 =,

which shows that {z,} is a Cauchy sequence in X.
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Thus, the completeness of X implies that {z,} is convergent. Assume
that {z,} converges to a point p.

Then p € K, because K is closed subset of X. The set F = ﬂf\il F(T)n
F(L;) is closed. lim,,_,oo d(z,, F) = 0 gives that d(p, F') = 0.

Thusp € F = ﬂfil F(T;) N F(I;). This completes the proof. =
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