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C O N V E R G E N C E OF IMPLICIT ITERATIVE PROCESS FOR 
A FINITE FAMILY OF / - N O N E X P A N S I V E M A P P I N G S 

Abstrac t . We prove that an implicit iterative process converges weakly and strongly 
to a common fixed point of a finite family of 7-nonexpansive mappings in a Banach 
space. The results presented in this paper extend and improve the corresponding results of 
[1, 3, 11, 12] 

1. Introduction 
Let K be a nonempty subset of uniformly convex Banach space X. Let 

T be a self-mapping of K. Let F(T) = {x £ K : Tx — x} be denoted as the 
set of fixed points of a mapping T. 

We introduce the following definitions and statements which will be used 
in our main results (see therein references [5], [7], [9]). 

A mapping T : K —• K is called nonexpansive provided 

||Tx - Ty\\ < ||rc - y|| 

for all x,y G K. 

Let T,I : K —• K. Then T is called I-nonexpansive on K if 

\\Tx-Ty\\ < \\Ix — Iy\\ 

for all x,y G K. 
T is called I-quasi-nonexpansive if F(T) fl F(I) ^ 0 and 

\\Tx — p|| < \\Ix — p|| 

for all or G K a n d p G F(T) f l F ( I ) . 
From the above definitions it follows that if F(T) fl F(I) is nonempty, 

a /-nonexpansive mapping must be i-quasi-nonexpansive, and linear 7-quasi-
nonexpansive mappings are /-nonexpansive mappings. But it is easily seen 
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that there exist nonlinear continuous 7-quasi-nonexpansive mappings which 
are not /-nonexpansive. 

Recently, concerning the convergence problems of an implicit (or non-
implicit) iterative process to a common fixed point for finite family of asymp-
totically nonexpansive mappings (or nonexpansive mappings) in Hilbert 
spaces or uniformly convex Banach spaces have been studied by several 
authors (for example see [1, 3, 11, 12]). 

Xu and Ori [11] introduced the following implicit iteration process for 
a finite family of nonexpansive mappings. Let K be a nonempty closed 
convex subset of Ti Hilbert space. Let {Tj}^=1 be N nonexpansive self-maps 
of K such that F = Di=i / 0, the set of common fixed points of Tu 

i — 1 , . . . , N. An implicit iteration process for a finite family of nonexpansive 
mappings {Ti}f=l is defined as follows, with {(*„} C (0,1), and an initial 
point xo £ K, the sequence {x„}„>i is generated as follows: 

xi = a\XQ + (1 — ctii)Tixi 

X2 = a2X1 + (1 - a2)T2X2 

XN — cxnxn-\ + (1 - &N)TNXN 
XN+I = CKN+ixn + (1 - &N+I)TN+IXN+I 

The process is expressed in the following form 

(1.1) xn = anxn-i + (1 - an)Tnxn, n > 1 

where Tn = Tn[mod N]. 
Using this iteration process, under some additional condition, Xu and Ori 

[11] proved the weak convergence of the sequence {xn} defined implicity by 
(1.1) to a common fixed point of the finite family of nonexpansive mappings 
defined in Hilbert space. 

Zhou and Chang [12] studied the weak and strong convergence of implicit 
iteration process to a common fixed point for a finite family of nonexpansive 
mappings in Banach spaces. 

Liu [4] and Chidume-Shahzad [1] proved the strong convergence of an 
implicit iteration process to a common fixed point for a finite family of 
nonexpansive mappings in Banach spaces. 

Gu and Lu [3] studied the weak and strong convergence of implicit it-
eration process with errors to a common fixed point for a finite family of 
nonexpansive mappings in Banach spaces. 
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Let K be a nonempty subset of X Banach space. Let {Tj}?^ be finite 
families of Ii nonexpansive self-mappings and {/¿}^=1 be finite families of 
nonexpansive self-mappings on K. The following implicit iteration process 
for finite families of Ii- nonexpansive mappings with {a n } and {Pn} 
are two real sequences in [0,1]. Then sequence {xn}n>\ is generated as 
follows: 

^ / yn = 0n)xn "I" @nTn%n'i 

I xn+i = (1 - an)xn + anInyn 

where Tn = Tn^modN^,In = /n(modjV)-
Nonexpansive mappings since their introduction have been extensively 

studied by many authors in different frames work. One is the convergence 
problem of iterative process of nonexpansive mappings. 

The purpose of this paper is to study the weak and strong convergence of 
implicit iterative sequence {xn}n>i defined by (1.2) to common fixed point 
for finite family of IL- nonexpansive mappings in Banach space. We consider 
also {Ii}^=l be finite family of nonexpansive self-mappings on K subset of 
Banach space. 

To proceed in this way, we recall some definitions and notations. 

2. Preliminaries 
Recall that a Banach space X is said to satisfy Opial's condition [6] if, 

for each sequence {xn} in X, the condition xn —x implies that 

liminf ||ajn — x|| < liminf \\xn — y\\ n—HX) n—>oo 
for all y G X with y ^ x. It is well known from [6] that all lr spaces for 

1 < r < oo have this property. However, the Lr space do not have unless 
r = 2. 

L e m m a 2 . 1 . ([10]) Let { a n } and {bn} be sequences of nonnegative real 
sequences satisfying the following conditions: Vn > 1, a n +i < an + bn, where 
¿ X o bn < oo. Then limn^oo a n exists. 

L e m m a 2 . 2 . ([8]) Let K be a nonempty closed bounded convex subset of 
a uniformly convex Banach space X and {an} a sequence [<5,1 — <5], for some 
6 G (0,1). Let {xn} and {yn} be two sequences in K such that 

limsup ||xn | | < c, limsup ||yn|| < c, limsup | | a n x n + (1 - a n)y„ | | = c 
7i—•oo n—>oo n—>oo 

holds for some c > 0. Then 

lim ||a;n - yn | | = 0. n—yoo 
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LEMMA 2.3. ([2]) Let X be a uniformly convex Banach space, K a non-
empty closed convex subset of X and T : K —> K be an nonexpansive 
mapping. Then E—T is demiclosed at zero, (T° = E, E denotes the mapping 
E : K —> K defined by Ex — x), i.e. for each sequence { x n } in K, if {xn} 
converges weakly to q G K and (E — T){xn} converges strongly to 0, then 
(E - T)q = 0. 

D E F I N I T I O N 2 . 4 . 

(1) A mapping T : K —> K is said to satisfy Condition (A) if there is a 
nondecreasing function / : [0, oo) —» [0, oo) with /(0) = 0, f(r) > 0, for 
all r G [0,oo) such that ||x — Tx|| > f(d(x,F)) for all x G K, where 
d(x,/\T)) = inf{||x-p|| :peF(T)}. 
For two mappings, Condition (A) can be written as follow. 

(2) The mappings T,I : K —> K are said to satisfy Condition (A') if there 
is a nondecreasing function / : [0, oo) —> [0, oo) with /(0) = 0, f(r) > 0, 
for all r G [0, oo) such that |(||x - Tx|| + ||x - 7x||) > f(d(x, F)) for all 
xeK, where d(x, F) = inf{||x - p|| : p G F = F(T) D F(I)}. 

(3) A family {T, : i G { 1 , . . . , TV}} of N self-mappings of K with F = 
nDLi ^ 0 is said to satisfy Condition (B) on K if there is a non-
decreasing function / : [0, oo) —> [0, oo) with /(0) = 0, /(r) > 0, for all 
r G [0, oo) such that maxi<j<jv{||x — Xix||} > f(d(x,F)) for all x G K, 
where d(x, F) = inf{||x — p|| : p G F } . 

(4) Let {Ti : i G { 1 , . . . , N}} be N /,-nonexpansive self-mappings on K and 
{Ii : i G { 1 , . . . , N}} be N nonexpansive mappings on K with F = 
Oili F{Ti)f]F(Ii) ± 0 are said to satisfy Condition (B') on K if there is 
a nondecreasing function / : [0, oo) —> [0, oo) with /(0) = 0, f(r) > 0, for 
all r G [0, oo) such that maxi<j<jv{^(||x—Tix|| + ||x—/¿x||)} > f(d(x, F)) 
for all I G J C , where d(x,F) = inf{||x — p\\ : p G F}. 

We need the following useful known lemmas for development of our con-
vergence results. 

3. Convergence theorems of implicit iteration process for 
/-nonexpansive mappings 
In this section, we prove strong and weak convergence theorems of the im-

plicit iterative process to common fixed point for a finite family of 
/-nonexpansive mappings in uniformly convex Banach spaces. We first prove 
the following lemmas. 

LEMMA 3.1. Let X be a uniformly convex Banach space, K be a nonempty 
closed convex subset of X and let {Ti : i G ( 1 , . . . , AT}} be N Ii-nonexpansive 
self-mappings on K and {Ii : i G ( 1 , . . . , N}} be N nonexpansive mappings 
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on K with F = f | £ i F(Ti) n F(h) ± 0. Let { a n } and {(3n} C [S, 1 - 6} for 
some S € (0,1). Suppose that for any given x G K, the sequence { x n } is 
generated by (1.2). If F = f \ = ! F(Ti) n F(/<) ^ 0 then l im*-«, ||x„ - p\\ 
exists. 

Proof . For any p G F 

(3.1) ||xn+i - p\\ = ||anInyn + (1 - an)xn - p|| 
< (1 - a„)||a;n -p|| + an\\Inyn - p\\ 
< (1 - an)\\xn-p\\ +an\\yn-p\\. 

(3.2) ||Vn-p|| = \\(l-0n)xn + 0nTnXn-p\\ 

< (1 — Pn)\\xn ~ p\\ + Pn\\TnXn — p|| 
< (1 - Pn)\\Xn ~ p\\ + Pn\\InXn ~ p\\ 
< (1 — Pn)\\xn ~ p|| + Pn\\xn ~ P|| 

< ||xn — p||((l — fin) + Pn) 

< \\xn ~P\\-
Substituting (3.2) into (3.1), we obtain 

(3.3) | |xn + 1 - p|| < (1 - an)\\xn - p\\ + an\\xn - p\\ 

< \\Xn-p\\-

Thus from (3.3) we obtain 

lkn+1 -p|| < 11Xn p11. 

By Lemma 2.1, limn_>oo \\xn—p\\ exists for each p € F = P|^1 F(Ti)r\F(Ii). m 

LEMMA 3.2. Let X be a uniformly convex Banach space, K be a nonempty 
closed convex subset of X and let {Tj : i G { 1 , . . . , N}} be N Ii-nonexpansive 
self-mappings on K and {/, : i G { 1 , . . . , N}} be N nonexpansive mappings 
on K with F = F(Ti) n F ( ^ ) ± 0. Let { a n } and {/?„} C [<J, 1 - «5] for 
some 6 G (0,1). Suppose that for any given x G K, define the sequence {xn} 
by (1.2). Then, 

lim \\Texn-xn\\= lim \\hxn - xn\\ = 0, W = 1 , 2 , . . . , N. n—+oo n—*oo 

Proof . By Lemma 3.1 for any p G F = f|£Li F(Ti) n F ( / j ) , limn^oo \\xn ~p\\ 
exists. Let limn-^oo \\xn ~ p\\ = d. If d — 0 by continuity of Tg and then 
the proof is completed. 

Now suppose d > 0. 
Taking lim sup on both sides in (3.2) inequality, 

(3.4) lim sup ||yn — p\\ < d. 
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Since {Ii : t € {1 , . . . , N}} is N nonexpansive self-mappings on K, we 
can get that, | | I n y n — p|| < \\yn — p\\, which on taking limsupn_>00 and using 
(3.4) gives 

limsup \\InVn ~p\\ < d. 
n—»oo 

Further, 
lim | |xn + i -p\\ = d 

n—»00 
means that 

lim | | a n I n y n + (1 - an)xn - p\\ = d n—>00 
lim \\an(Inyn - p) + (1 - an)(xn - p ) | | = d. n—KX 

It follows from Lemma 2.2 

(3.5) lim \\Inyn - xn\\ = 0. n—>oo 
Moreover, 

ll^-n+l = IIOraf-̂ raJM -̂ nJH ii ^nll^nyn 
Thus, from (3.5) we have 

lim | |xn + i - xn\\ = 0 n—• oo 
and 

(3.6) lim \\xn - xn+j\\ = 0, Vj = 1 , . . . , N. n—>00 
Now, 

IIxn -p\\ < \\xn - Inyn\\ + ||Inyn -p|| 
< ll^n - Inyn\\ + IIyn -p\\, 

which on taking limn-xx, implies 
d= lim ||xn - p | | < limsup(||xn - Inyn\\ + ||yn - p | | ) n->oo n—»oo 

= limsup ||yn - p | | < d. 
n—too 

Then we obtain, 
limsup ||yn - p | | = d. 71—• OO 

Next, 

||TnXn -p\\ < \\InXn ~P\\ < ||Xn 
Taking lim on both sides in the above inequality, 

n—»oo 
lim | |T n x n - p\\ < lim ||xn - p\\ = d. 
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Further, 

l im ||(3n(Tnxn - p) + (1 - (3n)(xn - p)|| = l im ||yn - p|| = d. n—>00 n—too 
By Lemma 2.2, we have 

(3.7) lim ||Tnxn -xn\\ = 0. 
n—> 00 

We have also, 

IIInxn - xn\\ < IIInxn - InynII + IIInyn - x„|| 

^ 11 Xn ~ Un || ||-^n2/n 

^ \\%n [(1 Pn)Xn /^n^n^-nll "I" ||-^n2/n 2-n|| 

< \\Pn(Tnxn - xn)\\ + || 1nUn 3-711| 
< Pn\\(TnXn ~ ^n)|| + \\InDn xn 11. 

Thus from (3.5) and (3.7), we obtain 

(3 .8 ) l im ||Inxn -xn\\ = 0 . n—»00 
Next, 

- Tn+ixn || 

< ||x„ - £„+¿11 + - Tn+lxn+lII + I I T n + e x n + e - Tn+exn\\ 
< \\xfi xn+e\\ + \\xn+e - Tn+ixn+e\\ + || In+exn+e - In+exn 11 

< \\xn - xn+i|| + \\xn+z - Tn+ixn+e\\ + \\xn+i - xn||. 

Taking limn-xx, on both sides in the above inequality, then from (3.6) and 
(3.7) we get 

lim ||xn - Tn+^n|| = 0 71—• OO 
for all £ = { 1 , . . . , N}. 

Consequently, we have 

(3.9) lim ||xn-T/x„||=0 
n—»OO 

for all I = { 1 , . . . , N}, which lies on the fact that any subsequence of a con-
vergent number sequence converges to the same limit. 

Similarly, 

- In+fX n|| _ ||%n ~ %n+l\\ + |\xn+i ~ In+eXn+e|| + ||¡n+iXn+i ~ In+iXn\\ 

< ||a;n - xn+e\\ + \\xn+i - In+exn+e\\ + - xn\\. 

Taking lim on both sides in the above inequality, then from (3.7) and (3.8) 71—»OO 
we get 

l im ||xn - In+exn\\ = 0 
n—>00 
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for aRe = {l,...,N}. 
Consequently, we have 

(3.10) lim \\xn — Iexn\\ = 0. n—>oo 
Then the proof is completed. • 

T H E O R E M 3 . 3 . Let X be a uniformly convex Banach space satisfying 
Opial's condition, K be a nonempty closed convex subset of X and let 
{Ti : i G { l , . . . , i V } } be N Ii-nonexpansive self-mappings on K and 
{Ii : i G { 1 , . . . , N}} be N nonexpansive mappings on K with F = Hi^i F(Ti) 
n F ( i j ) ^ 0. Let {an} and {f3n} C [¿ ,1 -5] for some <5 G (0,1). Then the im-
plicit iterative sequence {xn} defined by (1.2) converges weakly to an element 
ofF. 

Proof. Let u G F. Then, as in Lemma 3.1, it follows lin^-nx, \\xn — u|| exists 
and so for n > 1, {xn} is bounded on K. Since X is uniformly convex, every 
bounded closed convex subset of X is weakly compact. Let x G K. Then 
for u G f l i l i F(Ti), we obtain that D = {y G K : \\y - u\\ < \\x - u||} is 
a bounded closed convex subset of K and x G D. Further, for any y G D, 
we have Tiy G K and ||T,y - u|| < ||hy - u|| < \\y - u|| < ||x - Then 
D is invariant under Tj for all i. So, without loss of generality, we may 
assume that K is bounded. Again, by virtue of boundedness of {xTl} in K, 
there exists a subsequence {xnk} of {xn} such that xHk p weakly. We 
assume that nk — ¿(modN), where i is some positive integer in { 1 , . . . , N}. 
Otherwise, we can take a subsequence {xUk.} C {xnk} such that n^. = 
¿(modN). For t G { 1 , . . . , N}, there exists an integer j G { 1 , . . . , N} such 
that nk+ j = ¿(modN). For I G {1 ,...,N}, from (3.9) and (3.10) we 
have 

lim \\xnk - Texnk\\ = 0 and lim \\xnk - hxUk\\ = 0. 
h—KX k—>oo 

By Lemma 2.3, for each i G {1,...,N} we know that p G F(Te) n F{It). 
By the arbitrariness of I G { 1 , . . . , iV}, we have p G F = nJLi F(Ti) D F(li). 
If F = Hi l l F(Ti) fl F(Ii) is a singleton, then the proof is complete. For 
p,q (E F = f i iLj F(Ti)nF(Ii), we assume that F = f ^ F(Ti) DF(Ii) is not 
singleton. Suppose p,q G vj({xn}), where w({xn}) denotes the weak limit set 
of {xn}. Let {xnk} and {xnj} be two subsequences of {xn} which converge 
weakly to p and q, respectively. By Lemma 3.2 and Lemma 2.3 guarantees 
that p G n£Lx F{Ti), p G D i l i F(Ii) and in the same way q G f ^ I i TO) 
and q G fl^Li F(Ii). 

Next, we prove the uniqueness. Assume that p / q and {xnk} —> p, 
{xnj }—><!• By Opial's condition, we conclude that 
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lim ||a;n - p | | = lim \\xnk — p\\ < lim \\xnk - g|| n—>oo k—HX> k—>oo 
= lim \\xn - qII = lim ||xn. - q\\ 

ra—»00 j—> oo 

< lim ||xn. - p | | = lim | | a ; n -p | | . 
j—too n—»00 

This is a contradiction. Thus {xn} converges weakly to an element of 
F = (]?=1F(Ti)nF(Ii). 

This completes the proof of Theorem 3.3. • 

T H E O R E M 3 . 4 . Let X be a uniformly convex Banach space satisfying 
Opial's condition, K be a nonempty closed convex subset of X and let 
{Ti : i E { l , . . . , iV}} be N nonexpansive self-mappings on K and 
{Ii : i E {1 , . . . , N}} be N nonexpansive mappings on K with F = rg=1F(Ti) 
fl F(I{) ^ 0. Suppose that {Tj : i E {1 , . . . , N}} be N Ii-nonexpansive and 
{Ii : i E {1 , . . . , N}} be N nonexpansive mappings satisfying Condition (Br). 
Let {an} and {(3n} C [5,1 — for some 6 E (0,1). Then the implicit iterative 
sequence {xn} defined by (1.2) converges strongly to an element of F. 

Proof. By Lemma 3.1, for all p E F, lim ||xn — p\\ exists and 
n—>oo 

||Zn+l ~p\\ < \\xn -p\\ 

for n > 1. This implies that 

d{xn+i,F) < d(xn, F). 

So by Lemma 2.1, lim d(xn,F) exists and also by Lemma 3.2, for I E 
n—* oo 

{ 1 , . . . , N}, l im^oo \\xn - Tixn\\ = 0 and limn^oo \\xn - Itxn\\ = 0. The 
condition (B ' ) guarantees that l i m n - ^ f(d(xn, F)) = 0. Since / is a nonde-
creasing function and / (0) = 0, it follows that lim^—xx) d(xn, F) = 0. Next, 
we show that {xn} is a Cauchy sequence in X. In fact, for any integers m, n, 
from (3.3), for any p E F, we have 

\\xn+m -p\\ < ||x„ -p||. 

Therefore, since limn_»oo d(xn, F) — 0, for any given e > 0, there exists a 
positive integer no such that for all n > no, d(xn,F) < There exists 
Po E F such that | | x n o - poll < f • 

Hence, for all n > no and m > 1, we have 

IIXn+m -a;„H < \\xn+m - poll + ||xn - poll 
< \\xno - P o l l + \\xno - P o l l 

< 2||x„0 - p o | | < 2^ = e, 

which shows that {xn} is a Cauchy sequence in X. 



184 S. Temir, G. Aykanat 

Thus, the completeness of X implies that {xn} is convergent. Assume 
that {xn} converges to a point p. 

Then p e K, because K is closed subset of X. The set F = F(Ti) n 
F(Ii) is closed, l im^oo d(xn, F) = 0 gives that d(p, F) = 0. 

Thus p G F = f l L F(Ti) n F ( I i ) . This completes the proof. • 
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