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POROSITY OF CERTAIN CLASSES OF OPERATORS 
IN GENERALIZED METRIC SPACES 

Abstract. We study the porosity behavior of non-contractive mappings in a gener-
alized metric space, a concept recently introduced in [1], We also investigate partially the 
porosity position of a certain class of operators whose condition arises from [8]. 

1. Introduction 
In recent years several authors ([6], [11], [12]) have investigated the cat-

egory and more importantly porosity position of contraction or contractive 
mappings in relation to the class of non-expansive mappings. As it is well 
known that non-expansive mappings in general may not have fixed points, 
whereas contractive mappings [10] have unique fixed points, the study in 
[12] actually showed that almost all non-expansive mappings (in the sense of 
porosity) are contractive [10] and so have unique fixed points. A similar type 
of investigation was also carried out in [9] for a different class of operators. 

In 2000 Branciari [1] introduced a very interesting generalization of a 
metric space called 'generalized metric space' by replacing the triangle in-
equality by a more general inequality. As such every metric space is a gener-
alized metric space but the converse is not true (see [1], [5]). However some 
very important fixed point theorems namely, Banach's fixed point theorem, 
Ciric's fixed point theorem and very recently Boyd and Wong's fixed point 
theorem have been proved in such spaces in [1], [8] and [5] respectively. 

Encouraged by observations of [8] and [5], in this paper we try to inves-
tigate in the line of [12] and show that almost all non-expansive mappings 
in this more general structure are also contractive [5] under certain general 
conditions. As in [9] we also investigate the porosity problem for a class of 
operators whose condition arises from the idea of quasi-contraction [8]. As 
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in [1], [8] or [5], due to the absence of triangle inequality, the methods of 
proofs do not appear to be analogous. 

2. Preliminaries 
Let R+ denote the set of all non-negative real numbers and N the set of 

positive integers. 
D E F I N I T I O N 1 . (cf. [1]) Let X be a set and d : X2 R+ be a mapping 
such that for all x, y € X and for all distinct points z\, . . . , z^ G X(k > 2) 
each of them different from x and y, one has 

(i) d(x, y) = 0 if and only if x = y, 
(ii) d(x,y) = d(y,x), 

(iii) d(x, y) < d{x, zi) + d{z\, z2) H I- d(zk, y). 
Then we will say that (X, d) is a generalized metric space (or shortly g.m.s). 
Throughout this section a g.m.s will be denoted by (X , d) (or sometime by 
X only). 

Any metric space is a g.m.s but the converse is not true ([1]). 
In [1] it was claimed that as in a metric space, a topology can be generated 

in a g.m.s X with the help of the neighborhood basis given by B = {B(x, r) : 
i £ l , r E R+ \ { 0 } } where B(x, r) = {y G X : d(x, y) < r} is the open ball 
with centre x and radius r. 

However in [5] it was shown through two examples that the topological 
structure of a g.m.s is somewhat different from a metric space. The following 
examples were given in [5] which we reproduce here for easy reference. 
E X A M P L E 1 . Let us define X = {^\n = 1,2, . . . } U {0}, 

0 for x = y 
d:XxX^R+, d(x,y)=h for {x, y} = {0, 

k l for x^y,x,y G X \ {0}. 

Note that (X, d) satisfies axioms of a generalized metric space, i.e. for all 
x,y G X 

(i) d(x, y) = 0 if and only if x = y, 
(ii) d(x,y) = d(y,x), 

(iii) d(x, y) < d(x, z\) + d(z\, 22) + d(z2, y), for distinct points x, y, z\, 
Observe that B ( f l B(\, 5) = {0} and hence there is no r > 0 with 
5(0, r) C B{\, \) ii B{\, i ) . Therefore the family {B(x,r) : x G X,r > 0} 
is not a neighborhood basis for any topology on X . 

In view of the above example, it seems more reasonable to construct the 
topology in a g.m.s X by taking the collection B as a sub basis. Further it can 
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be observed from Example 1 that lim —) = 1 whereas d(\, 0) = i ^ 1 n—>oo 2 n 
which shows that d is not continuous in a sense presented in [1]. 

Consider now the following example 

E X A M P L E 2 . Let us define Y = : n = 1, 2,.. .} U {0, 2}, 

d1:YxY^R+, di(x,j/) = 

0 for x = y 
1 for x G {0,2 } , y = ± 
n for x = I ye {0 ,2} 
1 otherwise. 

Note that (Y, d\) is a g.m.s in which the points 0 and 2 do not have any 
disjoint open balls. 

All this points out to the fact that a g.m.s (which is not a metric space) 
may sometimes be perceived as a much weaker structure than a metric space 
due to weakening of the triangle inequality. The results of [1], [5] and [8], 
in a sense, prove the existence of fixed points of contraction mappings, con-
tractive mappings or quasi-contraction mappings in more general spaces. 

We also reproduce the following Definition and Theorem from [5] for easy 
reference. 

D E F I N I T I O N 2 . (cf. [5]) A mapping T : X —> X is said to be contractive if 
for any two distinct points x,y G X, d(Tx,Ty) < d(x,y). 
T H E O R E M 1 . Let X be a complete g.m.s and let T : X —> X satisfy 

d{Tx,Ty)<^{d{x,y)) 
where ip : P —> [0, oo) is upper semi-continuous from right on P (the closure 
of the range of d) and satisfes if>(t) < t for all t G P \ {0}. Then T has 
a unique fixed point xo and Tnx —»• XQ for each x G X. 
R E M A R K 1 . As in [2] we note that if we take ip(t) = a(t)t where a is 
a decreasing function and a(t) < 1 for t > 0 then we can obtain the Rakotch's 
fixed point theorem [10] for contractive mappings T : X —> X satisfying the 
condition 

d(Tx,Ty)<a{d(x,y))d(x,y) V x,y e X 
where a is a mapping as defined above. 

3. Porosity of non-contractive mappings 
In [11] and [12] it was established that the contractive mappings play 

a very prominent role in the theory of fixed points in normed linear spaces 
where it was shown that the collection of non-contractive mappings is a a-
porous set (and so a set of first category) in the collection of non-expansive 
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mappings. This result means that almost all non-expansive maps have 
unique fixed points which is a remarkable observation. In order to inves-
tigate the same in our context we need to introduce some more concepts. 

So analogous to the idea of a generalized metric space we first introduce 
the following notion of a generalized normed linear space. 

D E F I N I T I O N 3 . A generalized normed linear space is a vector space with 
a generalized norm defined on it. We define a generalized norm defined on 
a real or complex vector space X as a real valued function on X whose value 
at an x G X is denoted by ||x|| and which has the following properties 

(i) ||x|| > 0 and ||x|| = 0 iff x = 0, 
(ii) ||Ax|| = |A|||x||, A is a scalar, 

(iii) ||x + zi + z2 H zk + y\\ < ||x|| + H îll H b ||zfe|| + ||y|| when 
x,y,Z!,...,zk + 0. 

Now if we define a function d : X2 —> R+ as 

(A) d(x,y) = \\x-y\\ 

then it can be easily verified that this d becomes a generalized metric on X. 

Further by a generalized Banach space we mean a generalized normed 
space which is complete with respect to the induced generalized metric de-
fined by (A). 

Assume that (X, ||.||) is a generalized Banach space with the additional 
condition 
(•) there exists a positive integer ko > 1 such that 

||x - z\\ < k0\\x - y|| + |J3/ - z\\ 

and 
||x - z\\ < \\x - yII + k0\\y - V x,y,z G X. 

R E M A R K 2 . Clearly every Banach space is a generalized Banach space sat-
isfying the additional condition (*) with ko = 1. Also examples of generalized 
metric spaces satisfying the condition (*) can be easily constructed. In fact 
the generalized metric space given in [1] is such a space. However we are 
unable to construct an example of a generalized Banach space which is not 
a Banach space satisfying the above condition and we leave it as an open 
problem. 

Let i i be a bounded closed convex subset of X. Denote by A\ the set of 
all non-expansive mappings T on K i.e. T : K —> K is such that 

||Tx - Ty\\ < ||x - y\\ for all x,y G K. 

Set d(K) = 5«p{||x-|/|| : x,y G K}. 
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We define a function h defined on Ai x A\ as 

h(S,T) = Sup{\\Tx - 5x11 : x G K}. 

Then h obviously satisfies the following properties 

(i) h(S, T ) > 0 and h(S, T) = 0 iff S = T, 
(ii) h(S,T) = h(T, S), 

(iii) h(S, T) < h(S, Si) + hiSuT!) + h(Ti,T), 

if S'i, T\ are different and also different from S and T (at all x G X). However 
in the view of the condition (*) it can be shown that 

(**) h(S,T) < h(S,Si) + koh(S!,T) a n d h(S,T) < k0h(S, Si) + h(SuT) 

where S, S±,T € A\. 
Now as in a metric space or a g.m.s open balls can be defined in (A\,h). 

Observe here that because of condition (**) , it can be easily proved that 
given any two open balls B(S,p) and B(T, s), T\ e B(S,p)DB(T, s) implies 
B(Tx,t) C B(S,p) n B(T, s) where t = ^ { p - ^ T ^ s - h ^ T ) } _ H e n c e &g ^ 
a normed space (or a metric space) the open balls form a base of a topology 
on (A\, h). We can then introduce the following concepts of porosity (cf. 
[13], [15], [16], [17]) on (A1,h) as follows. 

Denote by B(S,p) the open ball with centre S £ Ai and radius p > 0. 
Let M C A\. Let 

7 ( 5 , p , M) = Sup{t > 0 : there is a T G B(S,p) 

such that B(T, t) C B(S,p) and M D B(T, t) = <j>). 

Note that if M is dense in A\ then 7 (S ,p , M) = —00. Let 

p(S,M)= l im s u p ^ ^ 
p—>o+ p 

p(S, M) = lim i n f ^ M > 
- p—>o+ p 

and if p(S, M) = p(S, M) then we set 

p(S, M) = p(S, M) = p(S, M) = lim sup 
- p 

A subset M of A\ is said to be porous at S G A\ if p(S, M) > 0 and 
a-porous at S G Ai if it is a countable union of porous subsets in {A\, h). 
M is called porous or cr-porous in A C A\ if it is so at each S £ A. 

We also introduce the following definitions which will be needed in the 
next section. The set M is said to be very porous at S G A if p(S, M) > 0 
and very strongly porous at S G A if p(S,M) = 1. Also M is said to be 
uniformly very porous in A C A\ if there is a c > 0 such that for each S G A 
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we have p(S, M) > c. M is said to be uniformly <j-very strongly porous in 
A C Ai if M = U ^ L i M n and each Mn is very strongly porous at each S G A. 

We say that a mapping T G A\ is contractive (following Rakotch [10]) if 
there exists a decreasing function <f>T : [0, d(K)\ —> [0,1] such that <f>T(t) < 1 
for all t G ( 0 , d (K) \ and \\Tx - Ty\\ < (f>T(\\x - y | | ) | |a: - y\\ for all x,y£K. 

Now we prove our main theorem in this section which shows that almost 
all non-expansive mappings (in the sense of porosity) have fixed points. 

T H E O R E M 2 . There exists a set F C A\ such that Ai\ F is a-porous in 
(A\, h) and each T G F is contractive. 

Proof. For each natural number n denote by Mn the set of all T € A\ which 
have the following property 

(PI ) there exists c € (0,1) such that ||Tx - Ty\\ < c\\x - y|| for all x,y € K 
satisfying ||x - y\\ > 

Let n > 1 be an integer. We shall show that A\\Mn is porous in {A\, h). 
Set 

= mm{d{K),l} 
{> 8ko2 (2n)[d(K) + 1] 
Fix e € K and let T <E A\ and r € (0,1]. Set 

r r 
(2) 7 = 2k0[d(K) + 1] and S = 4k0[d(K) + 1] 
and define 

Tyx = (1 - 7 ) T x + 76» and Tsx = (1 - S)Tx + 66, for all x € K. 

Clearly T7 and Ts G and h(T^,T) < -yd(K) and 

(3) /i(T5,T7) = Sup{\\STx - ~iTx + % - <5)|| : x G K} 
= ( 7 - J ) 5 n p { | | T x - 0 | | : x e K } 
<(7 -S)d(K) 

r 
~ 4k~Q 

We also note that for all x, y € K 

(4) | |T sx - Tsy\\ < (1 - S)\\Tx - Ty\\ < (1 - i) | |x - y\\. 

Assume that S £ A\ and 

(5) h(S, Tg) < ar. 

We will show that S G Mn. Let x,y G K and 

(6) l l s - ^ ^ T -
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Now from (4) and (6) 

(7) \x-y\\-\\Tsx-Tsv\\>5\\x-y\\> 
5d(K) 

2 n 

Next we consider the following two cases. 
Case I. If Sx, T$x, T$y and Sy are all distinct then 

\\Sx - < \\Sx - Tsx|| + \\Tsx - Tsy\\ + \\Tsy - 5y|| 
< 2ar + ||Tsx - Tsy\\ (using (5)). 

Case II. If Sx = Tgx or T$y = Sy then by the condition (*) and using 
(5), we have, 

\\Sx - 5y|| < ||TiX - Tsy\\ + k0\\T5y - 5y|| 

< k0ar + \\Tsx - Tsy\\ 

or 

||5x - Sy|| < \\Tsx - Tsy\\ + ^oll^ - Tsx\\ 

<koar + \\Tsx-T5y\\. 

Since k0 > 1, combining both the cases, we have, 

\\Sx-Sy\\<k0ar+\\Tsx-Tsy\\. 

Now from (7), (2) and (1) it follows that 

II® - y\\ - HSz - Sy\\ > ||x - y|| - ||Tsx - Tsy\\ - k0ar 
Sd(K) > 

2 n 
ko ar 

rd(K) 

4k0[d(K) + 1]2 n 

> 

r 

4fco 
r 

4 
r 

d(K) 

— ko ar 

- 4k02a 
[id(K) + 1]2 n 

d(K) _ m i n { d ( K ) , 1 } 

[d(K) + 1]2n ~~ 4n[d(K) + 1] 

d(K) 

Thus 

||5x-5y||<||x-y|| 

4k0 [d(K) + 1]4n 

rd{K) 
< Ik - 2/11 1 16fcon[d(A") + 1] ~ " "V 16k0n[d(K) + 1] 

Since this holds for all x,y G K satisfying (6), we conclude that S G Mn. 
Thus we have shown that 

(8) {S g Ax : h(S, Ts) < ar} C Mn. 
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Next if Ts ± S, Vx and if S G Ai satisfying (5), then by (3), (1) and (2), 
we have, 

h(S, T) < h(T, T7 ) + /¿(T7, TS) + h(Ts, S) 

< 7d{K) + + 
4 ko 

r r r 
< 2 ^ + 4 + 1 6 < r -

Also, if Ts = S, for some x then 
h(S,T) < /i(5,T7) + koh(Ty,T) < - f - + < r. 

4/co 

Thus { 5 £ 4 : h(5,T5 ) < a r } C { 5 € Ax : h(S,T) < r } . When combined 
with (8), this inclusion implies that A\ \ Mn is porous in (A\, h). Set F = 

f T = 1 Mn. Clearly A\ \ F is cr-porous in (A\,h ) . By property ( P I ) each 
T € F is contractive and hence the proof follows. 

4. Porosity of a certain class of operators 
In this section we investigate a similar type of problem for a different 

class of mappings whose condition arises from quasi-contraction maps (see 
[8], [3]). Such an investigation has already been done in a metric space by 
one of the authors [9]. We do the same here in the more general structure 
of a g.m.s where due to the absence of triangle inequality the methods of 
proofs do not appear to be analogous. 

We consider the following classes of operators. Denote by A2 the set of 
all mappings T : K —> K such that 

||Tx - Ty\\ < max{||x - Tx||, ||y - Ty\\} = mT(x,y) for all x,y e X, 

where as before K is a closed bounded convex subset of a generalized Banach 
space (X, ||.||). Now we equip A2 with the same function h as in Ai. 

Let B be the collection of all those T G Ai such that \\Tx — Ty\\ < 

c(T)rriT{x, y) for all x, y G K where 0 < c(T) < 1 and c(T) is a constant de-
pending on T only. In view of [6] every member df B has a unique fixed point. 
As in the previous section we now intend to study the porosity behavior of 
B or A2 \ B in A2. 

We also recall that if (Y, d) is a metric space and A C Y be an Fa-set 
in Y then A is uniformly <r-very strongly porous in Y \ A (see [13]). Now it 
can be easily proved that a similar result also holds in (A2 ,h). 

LEMMA 1. B is an Fa-set in (A2,h). 

Proof. Clearly B — |JreA_Br, where A is an enumeration of the set of all 
rationals in (0,1) and 

Br = { T G A2 : ||Tx - Ty\\ < r.mT{x, y) for all x, y G K}. 
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To prove that B is a FCT-set, we have to show that for a fixed r E A, Br is 
closed. Let Tn —> T as n —> oo, where Tn € Br for all n. Now if Tx, Tnx, 
Tny and Ty are all distinct then 

||Tx - Ty\\ < ||Tx - Tnx\\ + ||Tnx - Tny\\ + ||Tny - Ty\\ 
< ||Tx - Tnx|| + ||Tny - Ty\\ + r.mTn(x,y) 
< ||Tx - Tnx|| + ||Tny - Ty\\ 

+ r. max{||x - Tx|| + k0\\Tx - Tnx||, ||y - Ty\\ + k0\\Ty - Tny\\] 

< r.mT(x, y) + { 1 + k0r)(\\Tx - Tnx\\ + ||Ty - Tny\\). 

Since {Tn} converges to T, then it follows that 

||Tx - Ty\\ < r.mT(x, y) i.e. T £ Br. 

Also, if Tx = Tnx or Ty = Tny we have by the condition (*), 

||Tx - Ty\\ < ||Tnx - Tny\\ + k0\\Tny - Ty\\ 

or 
||Tx - Ty\\ < ||Tnx - Tny\\ + k0\\Tnx - Tx||. 

Since {Tn} converges to T, we have again in this case also ||Tx — Ty\\ < 
r.rriT(x,y) i.e. T € Br. This shows that in any case Br is closed and this 
completes the proof. 

Hence we have the following result. 

T H E O R E M 3 . The set B is uniformly a-very strongly porous in Ai \ B. 

Now, for S > 0 denote by Bs the collection of all T G A2 for which there 
exists a constant c(T), 0 < c(T) < 1 such that 

(B) ||Tx - Ty\\ < c(T).mT(x, y) + 8 for all x,y € K. 

Then B C Bs C A2. 
As a corollary to the next theorem, we observe that most of the mapping 

of A2 are of the form (B). 

T H E O R E M 4 . For any 6 > 0 , A2 \ is uniformly very porous in (A%, h). 

Proof. Let T € A2 and r e (0,1]. Fix 9 G K and set 
r r 

01 = k0{d(K) + 1)2™ a n d 13 = 2k0(d(K) + l)2m 

where m is a natural number such that 2 - m < |. 
Now define Ta and Tp by 

Tax = (1 - a)Tx + aO and Tpx = (1 - f3)Tx + [39 for all x € K. 
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Then Ta,Tp : K K and for all x,y e K, 

\\Tax - Tay 

IITpx - Tpy 

But 

= ( 1 - a ) | | T x - Ty\\ < ( 1 - a).mT(x,y) 

= (l-(3)\\Tx-Ty\\<(l-P).mT(x,y). 

\x - Tx|| < ||x - Tax|| + ||Tax- Tpx\\ + \\Tpx - Tx\\ 

< ||x - T a x | | + (a - 0)\\Tx - 9\\ + (3\\Tx - 0|| 

< \\x - Tax\\ + ad{K). 

Similarly, \\y-Ty\\ < \\y-Tay\\+ad(K). Therefore, mT(x,y) < mTa(x,y) + 

ad(K). Thus 

\\Tax-Tay\\ < (l-a)mra(x,y) + a ( l - a ) d ( K ) 

< (1 - a)mTa (x, y) + ad(K) 

6 
< (1 - a)mTa{x,y) + 

2k0 

< (1 - a)mTa (x, y) + - (since fe0 > 1). 

Since 0 < 1 — a < 1, Ta G Bs. Similarly 

\\Tpx-Tpy\l < (l-(3)mT0(x,y) + P ( l - P ) d ( K ) 

< (1 -f3)mTf3(x,y) + (3d(K) 

S_ 

4fc0 
< (1 -0)mrp(x,y) + 

< (1 ~ P)mT0{x,y) + - (since k0 > 1). 

Hence from the relation 0 < 1 — / 3 < l , w e conclude that Tp & B$. 
Also, h(T, Ta) < ad(K) < ^ < 
Further we choose the positive integer m in such a way that 

n—m 8 
Z ^ 8(fc0+l)-

Let S G A2 be such that h(Ta,S) < 7r where 7 = (fc0 + l ) 2 " m < f . 
Since for any x G K 

\x — Tax|| < ||x — S'xH + fco||5x — TQx|| < ||x — iSxH + kg^r 

and 
I\y ~ Tay|| < ||y - Sy|| + fc0||Sy - Tay\\ < \\y - Sy|| + ko7r 

we have, rriTa{x,y) < ms{x,y) + k^r. Hence 

||Sx - Sy\\ < ||5x - rQx|| + ||rQx - Tay\\ + ||Tay - Sy\\ 

< (1 - a ) m T a ( x , y ) + - + 2 7 r 
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< (1 - a)ms(x, y) + 27r + (1 - a)fco7r + -

^ / x 5 6 5 
< (1 - a)ms(x,y) +4 + 3 + 3 

< (1 - a)ms(x,y) + 6 

if Sx, Tax, Tay, and Sy are not distinct then some easy calculations will 
again prove the same result. 

This shows that {S € A2 : h(Ta, S) < 7r} C Bs. Also we have, if S, Ta, 
T, and Tp are all distinct at all x 6 K, then 

h(S, T) < h(S, Ta) + h(Ta, TP) + h(Tp, T) 

< 7 r + (a - 0)d(K) + (3d(K) 

<7r + ad(K) < r. 

Also if Sx = Tax for some x G K then, we have, 

h(S,T) < h(S,Tp) + koh(Tp,T) 

<(a- 0)d(K) + kopd(K) 

< k0(a - (3)d(K) + ko/3d{K) 

= k0ad(K) < r. 

Therefore {S G A2 : h(S,Ta) < 7 r } C {S G A2 : h(S,T) < r}. This proves 
that A.2 \ Bg is uniformly very porous in h). This completes the proof 
of the theorem. 

CONCLUDING REMARK. Since porous sets should be nowhere dense (in 
a metric space), we could only use the well known definitions of porosity in a 
more general structure of a generalized metric space when it satisfies an ad-
ditional condition (*). We are not sure whether the condition (•) is essential 
for introducing the notion of porosity, as it exists in the literature. However 
it appears that, as the topology on a generalized metric space (without any 
additional property) is often generated by finite intersection of open balls 
only (see Example 1), this may cause that the porosity (as defined here in 
accordance with the literature) in a g.m.s may not imply nowhere dense in 
the induced topology. Under the circumstances the following open questions 
seems natural. 

PROBLEM 1. Investigate the category position of non-contractive mappings 
in a generalized metric space or a normed space without any additional 
condition. 

PROBLEM 2. Define the notion of porosity as an extension of nowhere dense 
sets in a generalized metric space. 
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PROBLEM 3. Investigate the porosity position of non-contractive mappings 
in a generalized metric space without any condition or under some condition 
which is weaker than (*). 
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